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BBenenue

HekoTophiM unuTaTesisiM TeEMa 3TO# KHMXKKH ITOKAXKeTCsl Ha IepBbIi
B3IVISII CTPAHHOM, TaK Kak 00beIUHSIET BMECTE COBEPIIEHHO Da3HbIe
U JajieKue IpyTr OT Apyra noHsitus. leficTBUTEIBHO, YacTh yYanuX-
Cs1 CYMTALT, YTO ajiredpa U reoOMeTpusi — COBEPIIEHHO pa3Hble HAYKH,
1 Hu4ero obmero Mmexay HuMu Her. Ho 310, KOHEuUHO, HeBepHO. EcTh
MHOT'O IIyHKTOB, B KOTOPBIX airebpa CONPHKACAETCS C TeoMeTpueil.
OpvH U3 HAX — 3TO reOMeTPUYECKHe HEPABEHCTBA, T.€. HEPABEHCTBA
MEyK/Ly YHCJIOBBIME MepaMi (/1M U3MEPEHHUsIMY ) PA3/IN4HBIX T€OMET-
puyecKux 00beKTOB. Bosiee TOYHOe OIpeesieHNe He MMeeT CMbICIa
3/71eCh YKa3bIBATh, TAK KaK JAJIee CTAHET SICHO, O YeM NOHIET Deyb.

Joka3aTe/IbCTBO HEPABEHCTB B IIKOJIE CYUTAETCA TPYAHOM U BTO-
pOCTENEeHHOI1 TeMOlt, yualuecs Jalle CTaJKUBAIOTCsI ¢ PABEHCTBAMHU,
TOXKJIeCTBaMH, ypaBHeHUsIMU. HaBepHoe 10o3TOMy, Kak Halucaau B
MIPeAUCIOBHU K CBOell KHIKKU «BBeneHue B HepaBeHCTBa» aMepu-
KaHCKHMe MareMaTuku Bekkenbax u BesuiMaH, 0 MareMaTHKe 4acTo
OcTaeTcCsl BIleuaT/leHue KaK O HayKe TaBTOJIOTMYECKOH, T.e. NOKa3bl-
BaIOIIEH YTO NpeaMeThl paBHbI camuM cebe. OHAKO, 9TO He TaK, U
6oJIbIIasT YACTH MATEMATHUYECKUX YTBEPXKICHUN — 3TO HEPABEHCTRA.

TleoMerpuueckune HepaBeHCTBA — elle O6GJIbINAs PEJIKOCTh B IIKO-
Jie, 4eM npocto HepaseHCTBA. OTHenpHbIE 33J1a4K Ha 9TY TEMY pac-
CHIIIAHbI 110 Pa3/IMYHBIM KHUraM u cOopHukam (Hanpumep, [15, 19,
20, 31, 32, 39, 45, 51, 52, 53, 47, 48, 49, 66, 72]), B OCHOBHOM OJIHM-
nuaIHOTO XapakTepa. CrenuaabHOr0 MOCBSIIEHHBIX 3TOH U OJIM3KUM
TeMaM KHUT CPABHUTEJILHO HEMHOTO (HEKOTODBIE U3 HUX NPHUBEIEHB!
B CIIMCKe JIMTEPATYPbl B KOHIe KHUTH, Hanpumep [9, 12, 10, 14, 25,
26, 37, 42, 40, 56, 60, 69, 73, 74, 77]), He Bce OHM paccYMTaHbl Ha
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IIIKOJILHUKOB, M OOJIBLIIMHCTBO M3 HHUX U3JABAINCh HaBHO. Mexay
TEM 3TO OYeHb KpacuBasi 00JIaCTh reoMeTpum (BCE K€ CKOpee 3TO
reoMerpus, 4eM anrebpa), B peLIeHHsIX 3884 B Hell WMHOra Npu-
YyUIMBO TIEPEIIETAIOTCS U anrebpandyecKre U reOMETPHUIECKHNe pac-
cyxnenust. Koneyno, HanbOJIeE NPUBJIEKATEILHO BBITVISIAUT HMCIIOJ/Ib-
30BaHHE I'€OMETPUUECKUX PACCYKAECHUH ¢ MUHUMYMOM BBIYUCIIEHHH,
HO ¥ BBIYHCJINTE/bHBIE DEIIEHUS YacTO TOXKE YAOBJIETBODSIIOT BCEM
3CTeTUYECKNM TpeOOBaHUAM.

XoTsa reoMerpuyecKkue HEPABEHCTBA JOBOJIBHO CIEIMajibHas Te-
Ma, KOJIM4YeCTBO PA3/IMYHBIX (DAKTOB M 3aJa4 B Hell OYEeHb BEJIMKO,
U TIO3TOMY IS KHUXKKH ObLIO BLIODAHO CpaBHHUTEIbHO Y3KOEe Ha-
npasiieHue. llenTpanbHOE TOJIOXKEHUE B Hel 3aHMMAIOT 3aj@aun 06
9KCTPEMAaJIbHBIX CBOMCTBaX MHOIOYrOJIbHUKOB. TouHee, B Heil cobpa-
Hbl HEPABEHCTBA, CBSI3bIBAIOINHE MeXKAy coDOi pa3jud4HbIE 3jIeMEH-
ThI (M YUCIIOBBIE XaPAKTEPUCTUKYN PA3MEPOB) MHOTOYTOJIBHUKA, IIPH-
YeM 3TH HEepPABEHCTBA KAaK IIPaBHJIO TOYHBIE, T.€. OHM OoDpalaioTrcs
B DABEHCTBA, IPUYEM B OCHOBHOM Il NPABHUJIbHBIX MHOI'GYTOJIbHU-
KOB. [TosTOMYy Kaxxnoe U3 3THX HEPABEHCTB COOTBETCTBYET HEKOTOPO-
MY 9KCTPEMAJILHOMY CBOMCTBY MHOTOYTOJILHHAKA, KOTOPLIM 00J181a€T,
KaK IPABHJIO, IIPABUJIBHBI MHOTOYTOJILHUK (M M3PEIKa HEKOTOPBIE

IIPYTHE).

YacTHbIe Clydan TAKUX HEPABEHCTB JJISl TPEYTOJbHUKE ¥ YEThI-
PEXYTOJIbHUKA TAKXKe IIPEICTABIISIOT HHTEPEC U BLIIEJICHBl B OTAE/Ib-
HBIM pa3/es1, BO-IIEPBbIX, IOTOMY, YTO ¥ HHX eCcThb 60Jiee IIPoCcThbie J10-
Ka3aTebCTBa (M NpeXXAe YeM YUTATb Pa3fiel O MHOIOYTOJIbHUKAX,
TI0JIE3HO IIPOPElIaTh 3384y PO TPEYTrOJbHUKH 1 YeThIPEeXyroJIbHHU-
KH#), & BO-BTOPbIX IIOTOMY, YTO B 3TOM CJIy4ae H3BECTHBI pa3HOOOpas3-
HbIE YCUJIEHUSI M yTOYHEHHS] TUX HEPABEHCTB, B KOTOPHIX YYaCTBYIOT
BBICOTBI, MEIMAHBI, OUCCEKTPUCHI, CPEIHUE JUHUM U Jp. BeJIMYUHBI,
OIIpeJiesIsieMbIe JJIsl TPEYTOJbHUKOB ¥ 4EThIPEXYTOJbHUKOB.

EcTecTBenHO Takke HApSIAY € IPOU3BOJIbHBIMU BBITYKJIBIMH MHO-
TrOyT'OJIBHUKAMH PACCMOTPETDh TaK>Ke MPOU3BOJIbHBIE BBHIITYKJIbIE (OU-
rypbl, X 3TOM TeMe IOCBAIIEHb! ClIENHabHbIe Pa3enl, B KOTOPbIX,
B YACTHOCTH, 1a€TCsI CTPOroe JIOKa3aTeNbCTBO N30IIEPUMETPUYECKOTO
cBOMCTBa Kpyra, 1 PacCCMaTPUBAIOTCS Pa3JIMYHbIE 33/1a4¥ O BO3MOXK-
HOCTH HaKPbITh IIPOU3BOJBHYIO (PUIYPYy MHOTOYTOJHHUKAMY JAHHO-
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I'o BHJa HJIM IOMECTHTHh TAKHE MHOIOYTOJIbHUKH B JaHHYIO (PUTYDY.
OTH paszesibl 6oJiee CIIOKHBI JJIsT IOHUMAaHHUS, TaK KaK B HAX UCIIOJb-
3YIOTCSI HE COBCEM 3JIEMEHTApPHbIE MOHSTHS IUIOIAJN U IIepUMeTpa
IIPOM3BOJIbLHLIX (DUTYpP, HO HAYYUTCS MOHUMATh, KAK PEIIAIOTCs I0-
J100HbIe 381841, MOXKHO ¥ HE BIABasiCh JeTajIl TEOPHM, TPAKTYOUUX
NOHSITUSA IUIOIAIM U JJIMHBI KpUBLIX uryp. UHTerpanbnHoe ucyuc-
JICHHE B KHUJKKE HOUTH HUTLJE J1aKe HE YIOMHHAETCS.

Tax Kak cpejy BEIWYMH, YYACTBYIOLUIUX B PACCMATPUBAEMBIX HE-
PABEHCTBAX, BCTPEYAOTCs AUAMETD M IIMPHHA, TO IIOKA3aJI0Ch €cTe-
CTBEHHBIM BKJIIOUHTh B KHHXKKY TAKXKe Pa3feiibl ¢ pa3HOOOpa3HbIMHU
3afa4aMy, CBSI3aHHBIMM C IIOHSITHEM auaMmeTpa (HAIpUMEp, 3a/1a4u
0 TIOKPBLITUSIX MHOXECTB JJAHHOrO JuaMerpa (pUrypamiu pasHbIX BH-
JIOB) M 33J1a4i O TaK Ha3bIBaeMbIX (PUrypax IOCTOSIHHOM HIMPHHBL

3HauKTebHAS YACTh IJIAHUMETPUIECKMX 38184 U3 3TON KHUXKKHI
MMEEeT CTePEOMETPUIeCKHEe aHasoru (06G00IIEHuSs), ¥ C LEJIbIO TIOJTHO-
Thl B Hee ObL/I BKJIIOYEH Pa3/esl O HePaBEeHCTBAX JJIsl IPOM3BOJIbHBIX
TEeTpa3Apa M Napasulelieluiea, U TAKXe Pa3ies O MPOU3BOJIbHBIX
MHOT'OIDAHHMKAX W BBIMYKJIBIX TejJax(KOTODbIf, BBHUIY CJIOKHOCTH
MaTepuaa, IOYTH He COIEPXKHUT JOKA3aTEeJILCTB ¥ HOCUT MHGOPMa-
THUBHBIH XapakTep).

Bpsin sin 3nechk cobpaHbI BCe 3a1a41 HA FeOMETPUYECKHE HEPABEH-
CTBa, JaXke MONaAlole B YKa3aHHbIE BhIIIE PAMKHU, HO yIUBUTE/Ib-
HO, KAK MHOI'O UX OKA3aJI0Ch. [109TOMY 3aTpy/IHUTE/BHO U3JIOXKUTH
UX PeIlleHUs] B 9TOM KHMXKKE M3-33 OrPaHH4YEHHOro obbema, ¥ MHO-
T'Ue 33844 OCTABJIEHbl YMTATEIO [AJisi CAMOCTOSTEJILHOIO PelleHus.
K yacru 3aj1a4 Bce ke faHbI O0see UM MeHee OAPOOHbBIE YKA3aHUSI.

OcobGeHHOCTHIO TEOMETPHH SIBJISIETCSI MHOXKECTBEHHOCTh J0Ka3a-
TEJIbCTB, MO3TOMY JJIsl HEKOTOPBIX 38/1a4 NPUBOAMIIMCH HECKOJIBKO
pa3HBIX penieHuil (B OCHOBHOM IO TOM mpW4uWHE, 4TO GoJice obiee
YTBED2KJEHUE [OKA3bIBAJOCh COBCEM HE TaK, KaK 4acTHOE), HO He
6bIIO CTpeMJIEHHsT K MEPEYUCIIEHHI0 BCEX M3BECTHBLIX PELIEHHH U K
KaKOM-TO KjaccudUKaIMy Pa3iIMYHbIX METOMIOB PEIleHHUs] MOK00HbBIX
3aJ1a4.

B ssemeHnTapHON reoMeTpHUN YacTO TPYOHO YCTAHOBHUTH, KTO IEp-
BbIl OIyOJIMKOBAJI TEOPEMY, 33/1a4y HMJIU €€ PEIIeHne, IOITOMY YKa3a-
HUsI HA aBTOPCTBO 3834 WM pellleHuit (pparmeHTapHbl. B niesgoM Best
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npeajiaraeMast nmogbopKa 3a/a4 HAKPHIBAETCS 3aJadaMy U TeOpeMa-
MH M3 KHUT, YKQ3aHHBIX B CIIMCKE JIMTEPATYPhl, HO €CTb ¥ MaTepHaJ,
OTCYTCTBYIOIIMHA TaM. DOJILIINHCTBO KHAI M3 CIIUCKA JINTEPATYPHI, K
COXKAJIEHUIO, MAJIOJIOCTYIIHO s ydamuxcst (yiubo B cuity 6ubnuorpa-
dudeckoit pekocTH, b0 B CUITy 0COOEHHOCTEH M3/I0XKEHUs, He OpH-
SHTMPOBAHHOI'O HA LIKOJBHUKOB) UIu Majou3BecTHo. Ho coscem cra-
pble KHUrY (WM KHATH Ha WHOCTPAHHBIX sI3bIKaX) B Gubsnorpaduio
He BK/IIOYAJIUCh. ABTOD HAJIEETCs, UTO IpeajiaraeMasi KHUXKKa byzer
COLeNCTBOBAThL, B YaCTHOCTH, IOIYISPU3ALUN KAaK 3aMedaTeIbHBIX
KHHUI M3 CIICKA JINTEPaTyPhl, TaK ¥ BCEH 9TOM TEMATHKH.

3aaum pacIo/IO>KEHbI B ONPEIE/IEHHOM TIOPSIIKE, ¥ PEIIeHHUs CJle-
AYIOIIKAX 337184 4aCTO MCIHOJb3YIOT MPEABLAYIHE, [I03TOMY pPelaTh
UX HY>XHO B yKazanHoM mnopgazke. CiioBo 3aga4a B pOpMYyIHPOBKAX
[UIsl KPATKOCTH OIYIIEHO, & 3allauy 3aHyMEpOBaHb! CIUIOMIHON Hy-
Mepanueii. 3a1a4u MOBBIMIEHHON C/IOKHOCTH OTMEYEHbI 3Be3I0YKa-
mu (ocobo TpyzHbie —HECKOIbKUMHU). Eciu 3ama4a mipejaranacs Ha
OJIMMIIMAJE, TO B CKOOKaxX yKa3aHo, Korga u rie. Eciiv u3BecTeH ee
aBTOp, TO MHOTZA YKA3BbIBAJICSI OH BMECTO YKA3aHWsI HA OJTMMIIHA/LY.



I'maBa 1

HepaBencrBa i
TPEYTOJIbHUKOB,
YeThIPEXYTOJbHUKOB
11 MHOT'OyT'OJIbHIKOB

Mupom npaeut reomerpus, ubo reomeTpus —
3eMHOe OTpakeHHe GOXKECTBEHHOTO NPOMBbICJIA.
Loicon Baneuan, «Kenaeps, 1981

1.1 IlIpocreitinune 3agaun
Ha MaKCHUMYM M MHHHMYM

Crenyromue 3ana4u 3aMMCTBOBaHb! U3 nepesona «Hauan» Epknuna
¢ KOMMEHTApHUsIMHU, cAeaaHHbIMU npodeccopom Kuesckoro umnepa-
Topckoro ynusepcutera M. E. Bamenko-3axapuesko-[18]. B stoit
KHHTe, KCTATH, €CTh GOMbIIas KOJUIEKIHs 38184 ¥ Ha Jpyrue TeMbl.

£1. Eciu faHa BeJIMYMHA ABYX CTOPOH TPEYTONbHHUKA, TO HANGOIIb-
masl IIOMaab TPEyrojibHUKa Oyner Toraa, KOrja HaHHbIE CTOPOHBI
COCTABJISIIOT NPSIMOH yIoJI.
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£2. Ecim Ha JaHHOM OTpe3Ke B3STa TOYKA, TO IIPOHM3BENEHHE €€
paccrostHuit 10 KOHLOB oTpe3Ka Oyaer Haubonbllee, KOrga TOYKA Je-
JINT OTPE30K IIOIIOJIaM, & CyMMa KBaJApPaTOB ITHUX PAacCTOsaHMl Oyzer
HaMMEHbIIAS.

@ 3. ECJII/I B IPOU3BOJILHOM TPEYI'OJIBHUKE OJHY M3 CTOPOH IIOLSJINM
[IOTIOJIAM M YEpPe3 TOYKY JIeJIEHHSI IIPOBEJEM IapaJliebHbIe OCTaJIb-
HBIM IBYM CTOPOHaM, TO 00pa3yeTcsl BIUCAHHBIM I1apaJIIEIOrpamMM,
KOEro IUIOMaAb OyaerT HanbobIIas.

DKcTpeMalsibHbIe CBOMCTBaA
cepeauHbl YT OKPY>KHOCTHU

4. Ecu IIPOU3BOJILHYIO TOYKY OKPYKHOCTH COEIUHHM C KOHIIAMY
OAaHHON XOpAbl IPAMOJIMHEAHBIMHM OTPe3KaMH, TO CyMMa KBaIApaToB
uxX mivH OyeT MakCUMaibHa B cepeguHe OOoJbllei u3 gByX JZyT, CTsi-
TUBAaEMBIX ITONU xOpAoi#l, a MUHUMAJbHA — B CEpEHE MEHbLIIEH U3
9TUX HYT.

&5. Ecny nIpousBOJIbHYIO TOUKY JAHHOM LyT'M OKPYXXHOCTH COENH-
HUM IPSIMOJIMHEAHBIMU OTPE3KAaMHU C KOHIIAMHU CTATHMBAIOLIEH ee Xop-
I, TO CyMMa HX [JIMH, NPOU3BEIEHWE HX JJIMH U IIOIAIb Tpe-
yTOJIbHHAKA, 0DPa30BaHHOIO XOPAOH M 9TUMHU OTpe3KaMu Oyner Mak-
cUMaJjIbHA B CepelMHe JaHHOM JIyTH.

&6. Ecu 4epe3 KOHLB! JaHHOH’ yI' OKPY2KHOCTH IIPOBEAEHb! K Helt
KacaTeabHble, I Yepe3 BHYTPEHHIOIO TOYKY OYT'H TaK>Ke MPOBEICHA
KacaTeJbHas, TO JUIMHA €e OTPEe3Ka, 3aKJIIOUYEHHOro MexJy IIpoBe-
JEHHBIMHU KaCaTeJbHbIMH, KaK U ILVIOIAalb TPEeYroJbHUKa, OCHOBAHU-
€M KOTOPOI'O CJIy>KHT 3TOT OTPE30K, & BEPIIHHOI — HEeHTD JaHHOM
OKpy2KHOCTH, Oy/1eT MUHAMAJIbHA KOIIa TOYKA SIBJISIETCS CepeauHON

OYyTH.

&7, Ecn B yCJIOBUSIX 3aJa4i 6 Iyra MeHbIIe IIOJTyOKPY >KHOCTH,
TO IIONIAAbL TPEYTOJbHIKA, OOPA30BAHHOIO YKA3aHHBIMHU TpPeMsI Ka-
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caTe/IbHBIMH, OyZleT MUHHUMAJIbHA, €CJiM BbIOpaHHas 11a JAyre TOYKa
SIBJISIETCS €€ CEPEeUHOM.

£8. Eciu yepe3 KOHIBI JAHHOH JyTM OKDY>KHOCTH IIDOBEIEHBI K
Hell KacaTesbHble, U U3 BHYTPEHHEH TOUYKM JyTH OINYIIeHbl Ha HHX
NEepIeHIUKYIAPH, TO IIPOU3BEJEHNe UX [JIMH OyJeT MUHUMAJIBHO,
KOTJ]a 9Ta TOYKA COBIAJIAET C cepeAuHoil NaHHO# ayru.

DKcTpeMaJibHbI€ CBOMCTBA NPAMON,
MMPOXO/sIlasi Yepe3 JAaHHYIO TOYKY BHYTPH yIJja

9. U3 Bcex NpsMbIX, IPOXONSIIMX Yepe3 JaHHYIO TOUKY, M 06pa-
3YIOUIUX C ABYMsl JAHHBIMH IIPSAMBIMH TPEYTOJIbHUKH, HAUMEHBIIYIO
IJIOUIaIb UMEEeT TOT U3 HUX, KOTOPbIil 00pa3oBaH npsiMoit, fessieit-
csl B IAaHHOHM TOYKE IOTMOJIaM.

£10. BuyTpu manHoro yriia OaHa TOUYKa, 4Y€PE3 KOTOPYIO IIPOBeE-
JIeHa IpsiMas, lepeceKaomasi cToponsl yria. Ilpoussenenue nsyx
OTPE3KOB, KOTOPHIE BBICEKAIOTCSI Ha 3TOH IpsiMOll HAHHOM TOUYKOil U
CTOpOHAMM yria, OyJeT MaKCHUMAaJIbHBIM Y IIpsiMOi, obpa3yromeii co
CTOPOHAMH JAHHOI'O yIJIa PaBHOOEAPEHHbI TPEYroJbHHUK.

JIBa mepecekapIuXcs Kpyra

211, Yepes TOUKy nepecedeHus AByX KPYr'oB IIPOBEIEHA HpsiMast.
IIponsBenenme Xopa faHHBIX KPYTOB, JIEXKAIINX Ha 9TOM mpsiMoii, Oy-
AeT MaKCHMAJIbHO y IIPsIMOii, 0O6pa3yioileil paBHbIE YIVIbI C KACATEIb-
HbIMH K 3THM KDYyTaM B TOYKAaX IEPECedeHUs] C pacCMaTpUBaeMoit
paMoit.

£12. U3 Bcex npsiMbIX, IPOXOMSIIAX YEPE3 OfHY M3 TOYEK Mepe-
CeveHHsl ABYX KPYroB, HanOoJIbLINA OTPE30K, 3aK/IIOUYEHHbI MEXILY
JaHHBIMH Kpyramu, OyZieT y Toi psiMoit, KOTopasl NePIEeHAUKYIISIPHA
obmet xopzie Kpyros, a HauboJIbIIAs WIONAAL OYIeT ¥ TPEeyroJIbHU-
Ka, OCHOBaHHEM KOTOpPOro OyaeT yKa3aHHBIM HaubGosbmuit OTPe3oK,
a BEpIIMHA B APYTroi TOYKE IlepeceveHust Kpyros.



12 TI'nasa 1. Hepasencmea 0af MHOZ0Y20ADHUKOE

1.2 BpimykJjbie MHOTOYTOJIBHUKH

[IpuMepaMu BBINIYKJIBIX MHOTOYTOJIbHUKOB SIBJISIIOTCSI TPEYTOJIbHHU-
KU, apaJjiieJlorpaMMbl U Tpalenyuy, U3BeCTHLIE BCEM IO INKOJIbHBIM
y4yebnukaMm. HekoTopbie ciplmanyu TakKe Npo NpaBUIbHbIE MHOTO-
yTOJIbHUKH.

Hanum obiee onpenesnenue, naxe nsa. Mroz2oy204vHUKOM HA3BI-
BAETCsI KOHEYHAS YaCTh IVIOCKOCTH, OrpaHUYEHHasl 3aMKHYTOH Here-
pecekaronieiicss sjomano#t smHueR. Jlomamaa aunus — ITO KpuBasi
JIMHHS, COCTOSIIAS M3 KOHEYHOIO UHC/Ia [IPSMOJIMHEHHBIX OTPE3KOB
(3senves somanoti), mobbIe 1Ba COCEAHNX U3 KOTOPHIX UMEIOT 0Bmuit
KoHel. JIoMaHasi 3aMKHymMa, €cJid IIEPBOE H IIOCJIEAHEEe 3BEHO TOXKE
uMeroT obmiuit KOHel, (1 [I03TOMY TOXKe CUUTAIOTCs coceuumu). Jlo-
MaHasl HecaMONePeCcexaoWaics, eCJii ee HecoceJHNe 3BeHbsl He UMe-
10T 061X ToueK (He nepecekatorcsi). OueBHIHO, TPEX3BEHHAS JIOMa-
Hasl HECAMOIIEPECeKAaIOMIAasiCsl U OIPAHNYNBAET TPEYIOJbHUK. HeTbl-
pex3BeHHas JIOMaHAasI yKe MOKeT camonepecekarbest. Eciiu ona Heca-
MOIIEPECEKAETCs, TO OTPDAHUYNBAET YEThIPEXYTOJIbHUK, HE 00513aTeb-
HO BBINYKJIbIH. Jlaee 63 OroBOpOK paccMaTpUBaEM TOJIBKO 3aMKHY-
Thle HecaMollepeceKalolyecs JoManbie. OroBopka 0 KOHEUHOU 4acTH
Hy?KHa, IIOTOMY YTO 3Ta JIOMaHasi OTPAaHUYUBAET JBE HEIepeceKalo-
IIgecsl 4acTH INIOCKOCTH — KOHEYHYIO, JIEXKAIIYI0 BHYTPH JIOMAHOH, 1
HeckoHeUHY10, JIeXKaUlyio BHe ee. B o6IeM cilyuae n—3BeHHAas! JIOMa-
Hasl OrpaHuYMBaeT N—yroipbHukK. OAHAKO 3TO yTBEpXKIEHHE He TaK
OYeBUJIHO, KAK ITO KAaKeTCsl Ha NEpPBBbIf B3IV, U SBJISIETCS 4aCT-
HBIM CJIy4aeM 3HaMeHuToi Teopembl 2Kopnana o kKpuBbiX. Jlokaza-
TeJIbCTBO TOI'0 YAaCTHOIO CiIydasi MOXKHO Haiitu B Kuure [38] . Ho-
Ka3aTeIbCTBO OOLIero ciay4das (fa u crporast GOpMy/INPOBKA TOXKeE)
Gostee CI0XKHBI M BBIXOJAT 38 PAMKH JOCTYIIHOTO IIKOJBHUKaM (I10-
IIyJISPHOMY M3JIOXKEHHUIO ITOM TEMbl y>Ke IIOCBSIIIEHBI LIETIble KHUIH).

Mmuoroyronssuk (#a 1 Boobiie y106ast WIocKas (pUrypa) Moxer
paccMaTpUBATHCS KAK MHOXKECTBO, COCTOSIIEE U3 TOYEK IJIOCKOCTH U
HA3BIBAETCSI GUINYK.AbIM, €CTTH BMECTE C JIOOLIMA AByMS TOYKAMH OH
COZEPKUT COEINUHSIONIUN X OTPE30K. JIoMaHasi, OrpaHuyYuBaIONast
MHOTOYTOJIbHUK, HA3bIBAETCS ero zpanuyeti. TOUYKHM rpaHUIBI MOXKHO
BKJIIOYATh B COCTAB MHOTOYTOJIbHUKA, TOTA €r0 Ha3bIBAIOT 3aMKEHY-
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muim. Eciin ke MHOrOyroJibHHK paccMarTpuBaercsi 6e3 rpaHHuHBIX
TOYEK, TO €ro Ha3bIBAIOT OMKPHMbIM, & €T0 TOUKH — BHYMPEHHU-
Mu. CaM 3TOT OTKPBITHIH MHOI'OYTOJIbHUK HA3bIBAIOT €IIE 8HYMpPEH-
HOCMBI0 3aMKHYTOTO MHOT'OYTOJIbHMKA. EC/IH OJMH M3 HMX BBIIYK-
Jibli, TO OyaeTr BHIMYKJIbIM ¥ BTOpoil. Boobiie asst reomerpun ya-
CTO Pa3JIH4Ne MEXIY 3aMKHYTBIM M OTKDBITBIM MHOT'OYTOJBHHKOM
HECYIIECTBEHHO, HAIpUMED IOHSTHE nepumempa (IJIMHBI TPaHULBL
MHOTOYTOJIbHMKA) U IUIOLIAAH OT 3TOro He 3aBUCHT. Ho B HekoTo-
pPHIX ciy4asix u3 (popMayibHBIX coobparkeHuit ynobHO paccMaTpH-
BaTh 3aMKHYTbl€é MHOI'OYTOJIbHUKH. 3aMETHM, YTO IIOHSTHE ILIOIIa-
JI1 JIaJKe B CJIyuyae MHOTOYTOJIbHUKOB HE TaKO€ IPOCTOE, KaK IIOHS-
e nepuMmerpa. Hanpumep, ecnm Mbl IBYMsI Da3HBIMH criocobamu
TpuaHrysupyeM (pas’obbeM Ha HelepeceKaloliuecs! 110 BHYTPEHHHM
TOYKAM MHOTOYTOJIbHUKH) MHOTOYTOJIbHHUK, TO NIOYEMY CyMMBI ILIO-
maJei TpeyroJbHUKOB Pa3HbIX TPUaHTynsuit OyayT pasabi? Mbl He
Oy/ieM yruiy6asThCsl B 9TH BOIIPOCHI, TOJIBKO JIMIIHL BBeZeM 0603Haue-
uue S(M) ngna nnomann muoroyronsauka M, u p(M) ans ero nepu-
MeTpa. ByzneM cumraTh OUE€BHAHBIM, YTO €CJIH OJMH MHOTOYIOJIbHUK
comepkuT B cebe Apyroit, To mIOMIaAb NEPBOro GoJblle IJIOHIATU
BTOpOro (CBOMCTBO MOHOTOHHOCTH Iwtomaan). [TonobHoe yTBepxme-
HUE JIJIsI [IEPHMETPOB YK€ HeBEPHO [iJIsl IPOU3BOJIbHBIX MHOTCYTOJIb-
HHKOB, HO OCTa€TCsl BEPHBIM IS BBIIYKJIBIX MHOTOYT'OJIbHUKOB.

213, Jokakure CBORCTBO MOHOTOHHOCTH IEPUMETPOB JIJIsI BHIIIYK-
JIBIX MHOTI'OYTOJIbHHKOB U IPHUBEIUTE NPHUMED HEBBIIYKJIOIO MHOIO-
YT'OJIbHUKA, BJIOXKEHHOTO B BBIIYKJIBIH, 111 KOTOPBIX OHO HE BBINOJI-
HSIETCSI.

Yxazanue. MHOTOKPATHO NIPUMEHUTE HEPABEHCTBO TPEYTOJILHH-
Ka.

ITpusenem Teneph obeImaHHOE BTOPOE ONpeNesIeHUE BBIYKJIOTO
MHOTOYTOJIbHHKA. DTO OrpaHHYEHHAas IUIOCKasi purypa, siBjsioua-
SICST TIEPECEYEHNEM KOHEYHOT'O YHC/IA 3AMKHYMBIT NOAYIMOCKOCTE.
IonymsockocTs — 3TO Jitobast M3 ABYX HacTell ILUIOCKOCTH, Ha KO-
TOphble ee pa30buBaeT IIPOU3BOJIbHAs NpsaMas JuHUS. Ecam K mosy-
IIOCKOCTH NPUCOEAUHUTL 3TY JIMHHUIO, TOJIy4aeTcsl 3aMKHyTasl II0-
JyniockocTb. IlomymnockocTs (M 3aMKHYTasT U OTKDBITasT) SIBJISIETCSI
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BBIIIYKJIBIM MHOXKECTBOM. Hamm,m{o 3TOT (baKT OYEeBHAECH U IIPOILEe
BCEr'o €ro IpUHATDb 38 aKCUOMY.

£14. JlokaxxuTe, YTO NepecedeHne BHITYKILIX (GUIYD — BHITYKJIas
durypa.

ITosromy siaHHOE BbllIE ONPEAETIEHHE 38/1aeT BBIIYKIYIO (burypy.
OroBopka 06 OrpaHH4YeHHOCTH Hy»KHa, TaK KaK HalPUMEp Iiepecede-
HU€ IBYX IIOJIyILIOCKOCTEH 06pa3yer yeo., ec/u uX I'pPaHuYHble Ips-
MbIE HE MApaUIejibHbI (IPaBa, 9TOT yroj He MOXKeT ObITb pa3eep-
HYMbM), TOAOCY, €CIA OHU IIapaJIIeJIbHBI U IIOJIYIIJIOCKOCTH HAIIPaB-
JIEHBI JIpYT Ha apyra (paccTosiHAE MEXKIY NapaJjule/IbHbIMH KPastMM
HOJIOCHI HA3bIBAETCsl €€ Wupurol), U OyueT IyCTHIM MHOXECTBOM,
€CJIN TIOJTYTJIOCKOCTY HAIIPABJEHBI B IPOTUBONOJIOKHBIE CTOPOHbI. Y
YTJIbI Y [IOJIOCHI SIBJISIIOTCS. BBIMYKJIBIMH (DUTypaMil ¥ OHH MOTYT OBITH
KAK OTKPBITBIMH, TaK ¥ 3aMKHYTBIMH, & B CHJIy HEOTDAHWYEHHOCTH
HE UMEIOT HYU [epUMeTPa HU IUIOIANHU.

£15. Kakue hurypbl MOTYT [OJTYYHTHCS IIPH IIEPECEICHUN
® JIByX yIVIOB,
e yIVia U IOJIOCHI,
e JBYyX T0Jioc?

Ilpsimyio Ha30BeM onoproti (Unu eparuynol) 1JIst nanHo#N ¢ury-
PBI, ecyiu (pUrypa JIEXKHUT B OJIHOM M3 MTOJIYIIJIOCKOCTEH, OrpaHnYeHHON
3To# npsiMoit, U X0Ts1 6Bl OJHA TOYKa (PUIYpHI JEXKUT HA ITOH Ipsi-
MOM. YKa3aHHYIO [OJIyILUIOCKOCTD TAKXKe Ha30BeM onophod (Wi zpa-
nuyroti). OroBopka 06 OrpaHNYeHHOCTH HYXKHA, TaK KaK, HAIPUMED,
KpPYT SABJISIETCS TIEPECEUEHUEM CBOUX OIIOPHBIX IOJIYILUIOCKOCTE.

I'panuneit MHOTOYTOJIBHUKA SIBJSIETCSI 3aMKHYTAasl JIOMaHasl, 0b-
pa30BaHHAas OTPE3KaMU, KOTOPhIE ABJIAI0TCH IIepeceYeHUsIMU MHOTO-
YTOJILHUKE C OMPEAESISIIOIIUMU ero moyIutockocTamu. KoHipr aTux
OTPE3KOB Ha3bIBAIOTCA 6E€PULUHAMYU MHOTOYTOJIbHUKA, & CaMH OTpe3-
KH — - €10 CMopoxamy. PaBHOCWIIBHOCTD JIBYX OIpPENEJIEHHI BBIIYK-
JIOr0 MHOT'OYTOJIbHUKAE KarKeTCsl OY4E€BUIHON, HO CTPOI0 3TO JOKa3aTh
He TaK IpocTo (M LOKA3aTeahCTBO 3aBHCHAT OT UCIIOJIb3YeMO aKCHO-
MaTHKH), [IO3TOMY MbI He ByzeM yriyOJisiThCsi B B 9TOT BOIPOC.



1.2. Bunyxavie MHO20Y20A40HUKY 15

OTpeskH, COeAUHSIIONIAE BEPIIUHbL, He JieXKalllie Ha OLHOH cTo-
pore (He COoceHHE), HA3BIBAIOTCS OUA2OHAAAMU.

£16. CxosbKo Anarosajeit y n—yrojbsuxa?

Hekoropble BEJUYUHBI,
xapakTepusymoliine ¢popMy MHOrOyroJIbHUKOB

Haubospmass 3 JuaroHajeil m CTOPOH N—YTOJbHUKA Ha3bIBAETCS
ero duamempom. JuaMeTpoB y MHOIOYTOJIbHUKA MOXKeT ObITh MHOTO.
Ho ux pjuHBI BCe PaBHBI, M YHCJIO, KOTOPOMY OHH DaBHBI TaKKe
HA3bIBAETCS JUAMETPOM MHOTOYTOJILHUKA.

&17. lnamerp 3aMKHYTOrO MHOTOYTOJIbHHKA DaBeH HauboJIbIIeMy
PACCTOSIHUIO MEXKIY €ro TOYKaMH.

Hanpumep, juameTp TpeyrojbHHKa — 3TO HAHOOJIbIIasi U3 €ro
CTOPOH.

Yro Takoe auameTrp Kpyra, 3Haior Bce. OH OYEBHIHO COBIANAET
C BBEIEHHBIM BBIIlle OOLIUM IIOHSITHEM JHaMeTpa.

&18. Y OTKPHITOrO MHOTOYTOJbLHHKA HAHOOIbIIee PACCTOSTHIE MeXK-
Jly ero TOYKaMH MOXeT He CylIecTBoBaThb (He mocTurarbesi). Ha ca-
MOM JieJIe, OHO BCEI/la He JOCTUTAETCs.

ITousrTe muameTpa MOXKHO BBECTH JJIs JiioOOi 3aMKHYTOi orpa-
nu4enHoM purypst @ u o6oznaunts d(®P) (uTo Takoe 3aMKHyTas ¢u-
rypa B o6IIeM cily4ae OMpeesisTh 314eCh HEYMECTHO).

Jia Takux puryp MOXKHO TaK>Ke BBECTH IOHITHE WUPUHHL, KaK
HayMeHbIIeH MMPHHLI TI0JIOCHI, COAepXKalleit JaHHyio durypy, mo-
HATHE 6NUCAHHO20 KPY2a, KaK Hauboavwezo kpyea, aexamero (Io-
MEILAIOIIErocsi) B T (urype, u MOHITHE ONUCAHHO20 KPYed, KAK
HAUMEHDWER0 KPY2a, cojepxkaiero (HAKpPBIBAIOIIEro) ee. YKasaH-
HbIE [10JI0CA ¥ KPYTH Y HEKOTOPBIX (PUTYP MOTYT OIPEesiTHCI HeO -
HO3HAYHO, HO JyIst Jioboi manuoi durypst ® ee mmpuna u paduy-
Cbl BNUCGHHO20 U ONUCAHHO20 KpY206 (BHYMpenHul u enewnul pa-
Ouycol) KOHEYHO OIPENEJIEHbl OAHO3HAYHO U Jajiee 0D03HAYAIOTCS
b(®),r(®), R(P). norna BHewmnnit paguyc Ha3sBaioT paauycom FOu-
ra, a BHyTpeHHU# paauyc — paauycoMm Bustmke. CymecrBoBanue
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BBEJICHHBIX IOHSITHH IJIsl IPOU3BOJIBHON (DUT'YDBI HE OYEBHIHO, O-
HAaKO I MHOTOYTOJIbHUKOB (He 00s13aTeJIbHO BBIIIYKJIBIX ) MOXKHO J0-
Ka3aTb u 60JIee TOYHbIE YTBEPXKACHUS (ZJ1s1 BBIILYKJIBIX TO MOJIETYe).

Buoicomoti, onywerHotl Ha CMOPOHY MHO20Y20AbHUKGA, HA3BIBAET-
cs1 CaMBIf JUIMHHBIN IIepleHIuKy1ap, ONyNIEHHbI Ha ee U ee IIPo-
JIOJDKEHNE U3 BEPIINH MHOI'OYIOJbHHMKA (M jo0od U3 HUX, €Ciiu
MX HECKOJIbKO). B cilyuae TpeyrosibHUKa 3TO [OHSITHE COBIIAJAAET CO
BCEM HU3BECTHLIM NOHATHEM BBICOTHI TPEYTOJIbHUKA.

£19. [llupuna MHOIOyrO/IbHNKA PABHA HAMMEHbIEH U3 €ro BHICOT.
Huamerp Bcerna 60JIbIe MIUPUHBL.

ITosToMy mIMpuHa TpeyroJibHUKA PaBHA HAUMEHbIIEH U3 ero Bbl-
COT.

Haumenbmyio BbIIyKJIYIO (DUTYPY, COMEPXKALLYIO JAHHYIO HEBbI-
IyKJIyIo hurypy, Ha30BeM 6binykaoti 060404K01l.

&20. TIpu HEYETHOM T JJIsl IPABUIIBHOIO N—YTOJbHHKA CIPABEL-
JIMBBl PABEHCTBA

i T n T,
2 bt -— = = D mn — = — 2 — P
nbtg o - =p 2nD sin o S 2D cos tg o

&21. Jokaxkure, YTO nMpu 3aMeHE ITPOU3BOJILHOYU HEBBIIYKJION (u-
T'YPBI €€ BBIIYKJION 060/I0YKOM quaMerp, HIMPHUHA U BHENTHUH pajau-
yC He MEHHAIOTCH, [IePUMETD YMEHbBIIAECTCS, IVIOMA/tb YBEJIMYUBAETCS,
BHYTDEHHUH pajyC He yMEHbIIAETCH.

€22, JIokaxKuTe, 9TO MOJIOCA, KPasi KOTOPOHA MPOXOMSIT 9epe3 KOH-
IIbl JJAHHOTO JHaMeTpa BBIMYKJIO#! (pUTYpBl MEPIEHAUKYIAPHO EMY,
COZIEPKUT ITY purypy BHyTpH cebsl.

Cnenymomniue HepaBeHCTBA [IOYTH OYEBHIHBI.

£23. JlokaxuTe, 9TO AJlsl JIOObIX BILYKIIBIX GUIyp
d(M) < 2R(M).

PaBeHCTBO BO3MOXKHO JIMINIb KOTZIA HEKOTOPBI# AUAMETp BHENIHE
OKPY2KHOCTH SIBJISIETCSI IUaMeTPOM MHoxkectBa M.
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& 24. lokaxxuTe, 4T0 1151 MOGLIX BRINYKJbIX uryp 2r(M) < b(M).
PaBeHCTBO BO3MOXKHO JIMINb KOTJA KOHIBI HEKOTOPOLO JMaMeTpa
BHyTpEHHell OKPYXHOCTH IPHHAJJIEXAT IpaHule MHOoxecTBa M.

&25. Jlokaxure, 4TO ISl LEHTPAJbHO-CHMMETPHYHBIX BBIIYK/IBIX
MHOT'OYTOJIbHUKOB (H JIIOOBIX IEHTPAJIbHO-CHMMETPUYHBIX BBLITYKJIBIX

dburyp)
d(M) = 2R(M), b(M) = 2r(M).

£ 26. OnucasHblii KpyT' JAHHOI'O MHOTOYTOJIbHMKA JIM60 UMEeT JHa-
MeTp, COBNAAAIIMHA C AMAMETPOM MHOrOyrosbHuka M, u Torna
R(M) = d(M)/2, mubo ou ommcaH BOKPYr OCTPOYTOJBHOTO Tpe-
yTOJIbHUKE, C BEPIINHAMH, SIBJISIIOIUIMMUCS BEPUIMHAMU MHOTOYTOJIb-
uuka M.

Vxaszanue. Ecnu Kpyr He cOmepXKUT auaMeTpa, TO BhIOepeM Ha
HEM MaKCHMaJIbHYIO AyTY, He cofepaxamiyio Bepius u3d M. Cummer-
puuHasi e ayra AoJKHa counep:KaTh XOTs Obl OfHY BepmuHy U3 M
(uHavYe ee MOXKHO yBeJMYHUTH 10 GoJIbIIEH «IyCTOM» JIyrH, 4em pac-
CcMaTpUBaeMasl), KOTOpasi BMECTE ¢ KOHIAMH MAKCHMAJIbHYIO IyI'H
obpa3yeT Hy»KHBIA TPEyTrOJIbHHUK.

O6paTuM BHUMaHHE HA TO, YTO B CJIy4ae TPEYTrOJbHUKA BHEITHUH
PaJInyC COBIIAAAET CO IIKOJIBHBIM MTOHSITHEM PaIUyCa OIMMCAHHOTO BO-
KPYTI' TPEYrOJIbHUKA KPYra TOJIbKO B CJIYy4ae OCTPOYrOJIbHOIO MJIU
OpSIMOYTOJIBHOTO TPEYTOJILHUKOB. JIJIst TYOYTroJbHOIO TPEYTOIbHU-
Ka BHENIHU! pDaJiiyC paBeH IIOJIOBMHE AMaMeTpa W MEHbIe Pajiayca
OMMCAHHOTO BOKDPYT TPEYTOJIbHUKA KPYTa.

&27. BuucaHHbI Kpyr ASHHOTO MHOTOYTOJIBHHKA JMOO KacaeTcs
HapaJlIe/IbHBIX CTOPOH MHOTOYTOJIbHUKA (HpudeM GiuKafux apyr
K JpYTY, €CJId €CTh APYTHE Napbl IapaJlJIeJIbHbIX CTOPOH), U TOTAA

r(M) = b(M)/2,

b0 KacaeTcss Tpex CTOPOH MHOIOYTOJIbHUKA.
B cnyyae TpeyrospHuKa BHyTpEHHUH PaIUyC IOSTOMY COBIAJIAET
CO HIKOJIBHBIM IIOHSITHEM PaJuyca BIIMCAHHOTO B TPEYTOJIbHUK KPYyTa.
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B mikosie ompenensieTcst Tak>Ke MOHSITHE BIIMCAHHOI'O B IIPOM3BOJIb-
HBIY MHOTOYTOJIbHHK Kpyra, Kak Kpyra, Kacalollerocss BCEX CTOPOH
JIAHHOTO MHOI'OYT'OJIbHUMKA (KOTODBIM HpH 3TOM Oyner obsi3aTesibHO
BBIIYKJIBIM).

& 928. Eciin B MHOTOYTOJBHAK M MOXKHO BIIHCATDH KPYT B IIKOJILHOM
CMBICIIe, TO er0 PaAnyC COBIALAeT ¢ BHyTPeHHUM pasuycoM (M) (u
caM OH SIBJISIeTCSI €MHCTBEHHBIM BIIMCAHHLIM KPYroM B 06061IEHHOM
CMbICJIE), pUYeM

p(M)r(M) = 25(M).
Boobiue, ecnu Kpyr paguyca T KacaeTcsl WK IIEPECEKAET BCE CTOPOHBI
MHOTOyrosbHuka M, To

p(M)r = 25(M).

€29, Jljis1 NpOM3BOILHOTO BBIIYKJIONO MHOTOYrobHUKA M I0Ka-
xutre, yto p(M)r(M) < 28(M), npudeM paBeHCTBO BO3MOYKHO JIUIIb
KOI[Ia MHOTOYT'OJIbBHUK M — OlMCAaHHBI# BOKPYT HEKOTOPOI'O KPYTIa.

Cnenytomast 3ama4da npefjarajach B 1966 rogy na Bcepoccuii-
CKOU 0JIuMIINae.

£ 30. (BMO,66) Jdnst npou3BOSIbHOTO BBIIYKJIOTO MHOTOYTOJILHUKA
M nokaxure, yro p(M)r(M) > S(M).

Yraszarue. K Kaxxno#t cTOpoHe MHOrOyrosibHUKa M mpuiioxKurte
HPSIMOYTOJIBHUK C OCHOBAHMEM, DaBHBIM eif, u BbicoTolt r(M). Tak
KaK OHM IE€PECEKAIOTCs, TO IUIONIAAh MMOKPBITOM uMmu (urypsl 6ymer
MeHbIlle CyMMBI uX mwiomageit, r.e. p(M)r(M). C agpyro#t cTopomnsl,
OYeBHUHO, YTO BeCb M TOKPBIT 3TUMHU NPSIMOYTOJIbHUKAMHU, B PO-
THBHOM CJIydae Kpyr ¢ EHTPOM B HEMOKPBHITON TOUYKE U PauycoM,
Gonbmum (M), ueauKOM JieXKUT B M, 9TO IPOTUBOPEYUT ONPEE-
senwuio T(M).

Uctonp3yst 3amaun 29, 30, pemnre caeayomyo 3a1a4y.

231. (Mocksa, 81) Ecya BBIyKJIbI#i MHOTOYTOMLHUK M comeput-
CsI B BBITIYKJIOM MHOTOYT'OJIbHUKE N, TO

s(M)/p(M) < 25(N)/p(N).
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Vkazanue: s(M)/p(M) < r(M) < r(N) < 2S5(N)/p(N).

DTa 3a/a4a UMEET eCTECTBEHHOEe 0600IeHre U Ha IPOCTPAHCTBEH-
HbI CJTy4dait, TOJBKO HepaseHCTBO Oyaer umets Bug v(M)/s(M) <
3v(N)/s(N), rae v o6o3Havaer 06beM, & § — ILIONMIAb HOBEPXHOCTH
MHOrorpansuka. st ee pelieHus: HAAO COOTBETCTBYIONIUM 00pa3oM
[EPEHeCTH B IpocTpaHcTBo 3amaun 29, 30.

232, Jlokaxkure, 94TO [JisI MEIUMAHA MEHbBIIE II0JyCYMMbI OKDYKa-
IOIMUX €e CTOPOH.

& 33. Iokaxkure, ITO JJIs BBILYK/IBIX MHOTOYT'OJBHUKOB (u JI06BIX
BBIIYKJBIX (UTYD, JJIs KOTOPBIX MOXKHO BBECTH IIOHSATHE IIEpUMET-

pa)
p(M) > 4R(M), p(M) > 2d(M).

Yxaszanue. Ha rpanuine ¢urypsl BeiOEpeM JiBe TOYKH, JEJISIINE
[IepUMETP IOI0JIaM, U PACCMOTPHUM OKPYKHOCTb, B KOTOPOH 3TH TOY-
KU SIBJISIIOTCST AuaMeTpoM. Torma ajis s1o60it TOUKK HA rpaHule ¢u-
rypbl CyMMa PacCTOsIHUI IO KOHIIOB 3TOr0 AuaMerpa He Gosblie p/2,
HO3TOMY COIVIACHO 3aJ1a4e 32 PAacCTOsIHUE OT HEe JI0 LEHTPA PACCMAaT-
pPHMBaEMoii OKPY>KHOCTH MeHbLIE p/4, 103TOMY KPYT Paguyca MeHbIIe
p/4 vakpbiBaer durypy, 3uadur R < p/4.

1.3 HepaBeHcTBa A1 TPEYTrOJILHUKOB

3pech Mbl npeiaraeM YUTATENIO HECKOJILKO 337184 O HEPABEHCTBAX
IJ1sl TPOM3BOJIbHBIX TPEYTOJILHUKOB, KOTOpPBIE Jajiee 6yayT obobmie-
HBI JIJ151 IPOU3BOJIbHBIX BBIIIYKJIbIX MHOI'OYTOJILHUKOB. [1pu sToM mc-
noJjib3yeM 06O3Ha4YeHMs] MHOIAA B HECKOJIBKO MHOM CMBIC/IE, YEM B
IpeabIAYIIEM pa3zene, a UIMEeHHO, Kak M B mikoje obo3nadaem R pa-
OHYyC OIIMCAHHOrO Kpyra, p — nogaynepumerp. Kak u B npeapiayiemM
pa3nene d — nuaMmerp, T.e. JJIUHHeHIIasl CTOPOHA, b — mupuHa, T.e.
Kpar4yaiiias BBICOTA.

HayunaeM ¢ HECKOJNIBKMX 33Jay IJIf TPEYTOJIbHUKOB CIIEIUAsIb-
HOTO BHZA.
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HepaBencrBa OJisi IpsIMOYTOJIBHBIX
U OCTPOYT'OJIBHBIX TPEYTr'OJbHUKOB

€ 34. BricoTa IPSIMOYTOJIBHOIO TPEYTOJILHUKA, OIYIIEHHAS HA I'H-
IOTeHY3y, He D0JIbIlle MOJIOBUHBI TUIIOTEHY3bI.

235, CyMmMma KaTeTOB He HOoJbIlie TUIIOTEHY3bl, YMHOXKEHHOM Ha V2.

£ 36. JlokaxkuTe AJisl UPSIMOYTOJIBHOTO TPEYTOJbHUKA HEPABEHCTBA

R>VS, r+2R> V28,

& 37. Noxkaxure nepasencrso T < ¢/(2+ v/8), rae ¢ — rumnoreny3a.

£ 38. Ioxaxure nepasenctso 7/h > 1/(1 + v/2), rae h — Bbicora,
OIyIICHHAS] HA TUIIOTCHY3Y.

£ 39. JIokaxkuTe, UTO ISl OCTPOYTOJBLHOIO TPEYTOILHUKA

d

RS ——,

& 40. Jokaxkute, 9T0 IJIsl OCTPOYTOIBHOIO TpeyrojbHuKa p > 2R.

241, (Mocksa, 1992) BuccekTpuca npsiMOTo yIiia HE IIPEBOCXOJUT
IO JIINHE ITOJIOBUHY IPOEKIIMH I'MIIOTEHY3bl Ha IIPSMYIO, IIepIeHu-
KYJIsIpHYIO OuCCeKTpuce.

DKcTpeMaJibHbIE CBOCTBA PaBHOGEPEHHBIX
TPEYroJIbHUKOB

3ajlaun TOr0 1MKJa, HHTePeCHble U camu 1o cebe, ByayT vyacTo uc-
TIOJIB30BATHCS B CJAEIYIONINX pa3leiax.

242, Zokaxkure, 4TO Cpeau BCEX TPEYrOJbHUKOB C JAaHHbIM LA, 6
HaMOOJILINIUY TIEPUMETD U IIOIIAIb UMEET PaBHOOEAPEHHDIH.
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£43. U3 1Byx HEpaBHBIX TPEYrOJHLHHKOB C OBIIMM OCHOBAHMEM M
PABHBEIMH yTJIaMy TIPH BepILIMHE OOIBIIYIO VIOMAAb ¥ IIEPUMETD UMe-
€T TOT, Y KOTOPOT'O Pa3HOCTb YIJVIOB NP OCHOBAHMH MEHbIIIE, UJIH, YTO
PaBHOCHJILHO, PA3HOCTb OOKOBBIX CTOPOH MEHBIIIE.

& 44. JlokaxkuTe, YTO CPEAH BCEX TPEYTOJLHUKOB C JAHHBIM YIJIOM
ZA u JaHHOH ILUIOMAAbLI0 HAubOJIBIIYIO BBICOTY h,, HAMMEHBIIYIO
CTOPOHY G W HAUMEHBIIUH [ePUMEeTD UMeeT paBHOOEIPEHHBIM.

&45. I3 1ByX HEpaBHBIX TPEYrOJBHHKOB C OGIIMM OCHOBAHMEM H
PaBHBIMHU llepuMeTpamMu OOoJIbIIYIO IUIOLIaJhb UMEET TOT, Y KOTOPO-
IO Pa3HOCTb YIVIOB IIPH OCHOBaHUH MEHbIIE, HJIH, YTO PaBHOCHJIBHO,
Ppa3HOCTb OOKOBBIX CTOPOH MEHbILE. '

2 46. Jokaxkure, 4TO Cpeay BceX TPEYTrOJbHUKOB C JAHHBIM OCHOBa-
HHEM M PaBHBIMH IEPUMETPAMH HAMOOMBIIYIO IIOMIAIbL UMEET PaB-
HOGePEHHBDIIA.

Vxasanue. CMm. 3amauy 49.

& 47. JlokaxuTe, 9TO CPEAH BCEX TPEYTOJIBHHKOB C JAHHBIME 4, g
BBICOTOM HAaMMEHBIIN IEpUMETP 1 HAMMEHBIUUA paiyC MUHUMAJIb-
HOTO OOBEMJIIOIETO KPYTra UMeeT paBHOOEIDEHHbI.

& 48*. JlokaxuTe, YTO CPEIU BCEX TPEYrOIbHAKOB C JAHHBIMU LA,
he HAUMEHBIIYIO ILIOIAAb ¥ HAUMEHBIIHA IIepUMETDP HMEeeT PaBHO-
OeJipeHHBIH.

& 49*, JlokaxkuTe, 4TO Cpeay BCeX TPEYT'OJIbHUKOB C JAHHBIM OCHO-
BaHMEM W BEpHOIMHOM, Jlexkamieil Ha JaHHOH MpsiMoil, HE IIPOXOIs-
mieil yepe3 OCHOBaHMHE, HAMMEHBbUINH ITepUMETp UMeeT TPeyrobHUK,
Yy KOTOpOro OMCCeKTpuca IIpY BEPIUMHE NEPIEeHAUKYJ/ISPHA JAHHOMN
npamoit. Kak Ha#iTu ¢ mOMOMIBIO IUPKYJIst U JIMHEHKM Cpeau yKa-
3aHHBIX TPEYT'OJBbHUKOB TOT, KOTODbIil HMeeT HauMeHbIIUH Yo IIpU
BepuiuHe?
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250" Jlokazkure, 4T0 Cpey BCEX TPEYTOJIBHUKOB C NaHHBIMH G, Mg,
HaUOOJILIIMI TepUMETP M HaubGOJIBbIIYIO ILUIOMIAaAs UMeeT paBHOOeH-
peHHbI.

£51. Cpeu BCEX TPEYTOJIbHUKOB, Y KOTOPHIX AaHBl ZA,a, paBHO-
GenpeHHbIl UMEET HAUMEHBIIYI0 MEeIHuaHy Mg, ecim ZA Tynoi, u
HanbOJIbUIYIO MEIUaHy, ecjid OH OCcTpbii. B ciydae mpsimoro yriia
MeJana My = a/2.

€ 52*. Cpeau Bcex TPEYTOILHHKOB, Y KOTOPBIX JaHBI ZA, Mg, HaitT
UMEIOIE HAMMEHBIIYIO IUIONA1h ¥ HAUMEHbBIINH IIepuMeTp.

£53. Cpemy BceX TPEYTOJNBHUKOB, Y KOTOPBIX JaHbl ZA, a, paBHO-
Henpennblit umeeT Haubosbulyo duccekTpucy lg.

£54. Cpenyu BCex TPEYroIbHAKOB, Y KOTOPHIX Jaubl ZA, l,, pasHo-
6eIpeHHbIN UMEET HAUMEHBINYIO CTOPOHY .

2 55**, Cpeny Bcex TPEYTOJBHHUKOB, ¥ KOTOPHIX A8HHI a,l, HAHTH
UMEIOIIME HAMMEHBIIYIO [LIONIAAh ¥ HAUMEHbIINN EPUMETD.

VYroa U TouKa BHYTPH HETO
JlBe 3a11a4n Ha TOT CIOXKeT y>Ke O6butu B pa3nene 1.1.

256. JlokaxkuTe, 4TO Cpely BCEX TPEYTrOJbHUKOB, OTCEKaEMBbIX OT
JAHHOTO yIjla IpsIMOH, IpoxoAsiell depe3 HaHHYIO TOYKY, JIeXKa-
myio Ha OucceKTpuce, HAUMEHBIIYIO IJIOUIALh UMeeT PaBHOOEeIpeH-
HbIA TpeyTOJIbHUK.

& 57*. JloKaxuTe, UTO CPENH BCEX TPEYTOJIbHUKOB, OTCEKAEMBIX OT
JAHHOTO YIJia HPSMO, IPOXOsiieil yepe3 JaHHYIO TOUKY, JIEKANLYIO
Ha OucceKTpuce, HAMMEHBLINUN TMEPHUMETP U HAMMEHBHIYIO CTOPOHY
IIPOTHUBOIOJIOXKHYIO TaHHOMY YIULy, UMEET paBHOGEIPEHHbI! TpEyro-
JIbHUK.



1.3. Hepueercmea 04 mpeyzoivHuxos 23

&58*. C noMOLIbIO UHPKYJIS U JMHEHKHA OTCEKUTE OT JAHHOTO YIJia
IIPSIMO#, MIPOXOASAIIEH Yepe3 NAaHHYIO TOYKY, TPEyIOJbHHMK JAaHHOI'O
[EpUMeTpa.

£59*. C noMowmpIo NUPKYJIs U JIMHEHKH OTCEKUTE OT JAHHOTO YTJla
IpSMOI, IPOXOASAIIEH Yepe3 JaHHYIO TOUYKY BHYTPHU YIVla, TPEYTrOb-
HUK MHHHMMAJIbHOIO TIEPHMETPA.

& 60**. JJokaxxure, 4TO CPEH BCEX TPEYTOJbHUKOB, OTCEKAEMEIX OT
JaHHOTO yIiia ¢ Bepmmbol C npsiMoi, nmpoxozsiell yepe3 JaHHYIO
TOYKYy M BHYTpH yIJia, HAMMEHbILYI0 CTOpoHY AB HMeeT TpeyroJb-
HUK, y KoToporo Beicota C H onyckaercs B TOUKy H, cuMMeTpHYHYIO
M ornocurensno cepenunnl AB (T.e. Takyiwo, yro AH = BM).

JII060IILITHO, YTO B OTJIMYME OT OCTaJbHbIX TMOAOOHBIX 3a/ad,
IIpeblyinas 3a7a4a He UMeEET SIBHOI'O MeOMETPHUYECKOI'0 DelleHus,
U PElIaeTcsl C MCIOJIb30BAHMEM MOHSITUsI HpOou3BOAHOM. BeposiTHo,
3TO CBSI3aHO C TeM (PaKTOM, YTO IOCTPOUTh YKa3aHHBbIA B ee (op-
MYJIMPOBKE OTPe30K ADB LHPKYyJIeM K JIMHEAKOH HEBO3MOXKHO (CM.
[74, 56]).

261. (H.D. Ilapwzun) B yrne ¢ Bepuunnoit O maust Touku M, N.
[TpoBecTn yepe3 N mpsiMyio, IEPECEKAIOULYIO0 CTOPOHBI YIJia B TOY-
Kax A, B, Tak, yTobbl yeTbipexyroibHuk AQBM uMesr HanbobIILy 0
JI0IIAdb.

SKCTpeMaJIbeIe TOYKH B IIPOX3BOJIBHOM TPE€YI'OJIbHHUKE

B sTrom nukie B Buae 3a1a4 coOpMyJIMPOBAHBI HECKOJIBKO KJIACCH-
JECKHMX TEOPEM F€OMETPHM TPEYTOJIbHUKA, PEIIEHHs] KOTOPBIX MOXKHO
HaiiTi Hanpumep B [74, 51, 56, 59, 32, 57].

62", (Toppunesnru) Haitnure B TpeyrosbHIKe TOUKY, CyMMa pac-
CTOSIHUH OT KOTOPOH [0 BEepHIMH MHUHUMAJbHA.

Yxazanue. Eciiu B TpeyrosbHuke Bce yminl MeHbie 120 rpanay-
COB, TO HCKOMasi TouKa (Touka Pepma-Toppuyesn) — 510 TOYKA, U3
KOTOpO#i BCE CTOPOHBI TPEYTOJIbHHUKA BUAHLI IIOJ PABHBIMH YIVIAMH.
HelicTBuTeNIbHO, COEIMHUM €€ OTPe3KaMM C BEpIIMHAMH TPEYTrOJlb-
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HUKA ¥ [POBEIEM Yepe3 HUX IIpsIMble, IEPIEHIUKY/ISPHbIE 3TUM OT-
peskaMm. ITomyduTcst TpaBA/IbHBIM TPEYTOJBHUK (BBICOTA KOTOPOTO
paBHa CyMMe JJIMH 3TuX 0oTpe3koB). s moboit Touku sToro Tpe-
YTOJbHUKA CYMMa PACCTOSTHUM [0 ero CTOPOH IOCTOSIHHA U PABHA €ro
BbicoTe. Tak Kak MpOeKIlusl KOPO4Ye HAKJIOHHOU, TO JJist j1t060# TOY-
K4, OTJIMYHOM OT TOuKHM Toppuuesin, CyMMa PacCTOSIHUH OT Hee J0
BEpPIIVH JAaHHOT'O TPEYTOJIbHUKA HO0JIbIe CYMMBI PACCTOSIHHN [0 CTO-
POH IOCTPOEHHOTO IIPABWIBHOI'O TpeyrobHuKa. Ecii oqus u3 yrios
He MeHbie 120 rpamycoB, TO HCKOMAas TOYKa COBIEAAET C BEPIINHON
aroro yria. [loapoGrocTu cM., HapuMep, B [38].

Ipyroe, B ueM-To GoJiee IPOCTOE JOKA3ATENBCTBO, MOKHO HaliTH
B [59]. Cm. Takske [3], 3amaua 363, a Takxke [74, 51].

263*. (Jletibruy) Halinure B TpeyToNbHEKE TOUKY, CyMMa KBaJIPa-
TOB PAacCTOSHUI OT KOTOPO# 10 BEpIIHH MHHMMAJbHA.

Vxasarnue. DTa TOUKA — IEHTP TSIXKECTH TPEYTOJbHUKA, KOTOPHIH
COBIIQIAET C TOYKON INepecedyeHus] MenuaH. PellleHne MOXKHO HaWTH
B [3, 74, 51].

&64*. (IMO, 1981) Haitri BHYTpM TpPEYTOJLHHKA CO CTODOHAMH
a, b, ¢ TouKy, 1yst KOTopo#t a/x+b/y+¢/z, roe z,y, z ee paccTOsIHUS
COOTBETCTBEHHO 110 CTOPOH a, b, ¢ MUHUMAJILHO.

Vrasanue. I1a TOUKA — LEHTP BIMCAHHOIO Kpyra. Pemenne c
IIOMOIIBIO puHLMIa Jlarpanxa cM. B [65]. Ipyroe peruenne n 0606-
IIIeHUe CM. B paszesie 2.2,

265. (/Trouave) Halinure TouKy, CyMMa KBa/IpaTOB PACCTOSIHUN KO-
TOPO# JJO CTOPOH TPEYTOJIbHUKA MUHUMAJbHA.

Vxasanue. D10 TOUKA, PACCTOSTHUSI OT KOTOPOM J0 CTOPOH IIPO-
HOPIUOHAJbHLI CTOPOHAM. Fe Ha3BIBAIOT MHOLMA TOuYKoH JleMyaHa,
XOTsI MOXKHO Ha3BaTh TOuKol Jlemyana-Jlrounbe. Hanee cMm. ykasa-
Hue K 3anade 253. Pemenne moxuo Halitu B (3], 3amaun 197, 365, a
Takxke B [74, 51].

Cumeduaroti Ha3bLIBAETCS! TIPsiMasi, CAMMETPUYHAST MEIVaHe OT-
HOCUTEILHO OHCCEKTPHCHI.
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& 66. CumennaHna eJAT OCHOBAHHIE TPEYTOJIbHHUKA MPOIIOPLHOHAb-
HO KBajpaTaM 60KOBbIX cTOopoH. CuMeamaHa eCcThb MeOMETPHYECKOe
MECTO TOYEK, PACCTOsIHKS OT KOTOPBIX J0 GOKOBBIX CTOPOH IIPOIOP-
IMOHAJIbHBI UX JIJIMHAM.

Yxasanue. IIposenem Memuany k cropose ¢. Ona pasbuBaer ero
Ha [Ba TPEYTOJIbHUKA PaBHOM ILIOMI&AN, & YTOoJl IPHU BepIIHHE Ha yT-
JIBI 71, Y2, TAKHE, 9TO sin~y; / sinvy, = b/a (cornacuo 3anaqe 104). Cu-
MeauHa pa3buBaer TPEyroJIbHUK Ha JIBa TPEYTOJIbHUKA C YIJIAaMU IIPH
o01eit BepiIHHE Y2, Y1, II09TOMY corsiacHO 3asxade 104 oTHomeHne ux
mwrompaaeit passo a/b?. IIpuHIMas 3a OCHOBAHMST ITHX TPEYTOJIbHU-
KOB CTOPOHBI @, b IoJiy4aeM, 4TO HX BBICOTHI, OIyLIEHHbIE U3 KOHIA
CHMEIMaHBI Ha 3TH CTOPOHBI, OTHOCsITCst Kak a/b. TlogpobuocTu cM.
8 [3], 3anaua 365, a Takke [51].

&67. Nokaxute, 4ro TouKa JleMyaHa COBIAJaeT C TOUKON Iepece-
JYeHMsT CHMeIUaH .

Vxasanue. CornacHo 3amade 66 TOYKa, PACCTOSTHUSI KOTOPO# 10
CTOpPOH a, b,c paBuwl d, = ka, d, = kb, d. = kc, nexxur Ha reo-
METPHYECKOM MECTE TOYEK, PACCTOSIHUSI OT KOTOPBIX JI0 CTOPOHA @, b
IPONOPIUOHAJIbHEI THM CTOPOHAM, T.€. Ha CUMEJMaHe, IIPOBEIEHHOM
K ¢. AHaJIOrM4YHO, OHA JIEXXHT YU Ha ABYX OCTAJIbHBIX CHMEIHMAHAX.
IMoapo6roctu cM. B [3], 3amaqa 365, a Takxke B [51].

£68*. lan yroa u Touka BHyTpH Hero. Hajimure TpeyroipHuK Mu-
HUMAJIbHOI'O MEPUMEeTPA C BEPUIMHON B JAHHOH TOYKE M BEPITHHAMH
HA CTOPOHAX JAHHOI'O YIJIa.

Yxasanue. Pa3BepHuTe CTOPOHBI TPEYTOJILHUKA B JIOMAHYIO JIK-
HUIO ¢ (PUKCHPOBAHHBIMU KOHI|AMH, OTPA3HB CUMMETPUYHO JAHHYIO
TOYKY OTHOCHUTEJLHO CTOPOH JAHHOTO YIVIA.

&69*. (Panvano) Brmmure B 0CTPOYrOJbHbIA TPEYTOJBHUK Tpe-
YTOJIbHUK MUHHUMAJILHOTO [IEPUMETPA.

Yxazanue. MUHNMAJIBHBIM SIBJISIETCSI OPMOYEHMpuYdeckuti mpe-
y204vHUK, OOPA30BAHHDBI OCHOBAHHSIMU BBHICOT JAHHOIO TPEYTOJILHHU-

Ycnons3ys crnenualbHy0 TEPMHHOJOTHIO, STO YTBEPXKAECHHE MOXKHO ChOp-
MyJMPOBATh TAK: TO4Ka JleMyaHa M30rOHAJIbLHA TOYKE MEPECeYeHMs] MeAUaH.
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Ka. Y OPTOLIEHTPUUECKOTO TPEyroJbHUKA YKa3aHHbIE BHICOTHI JAHHO-
ro TPeyrojibHUKa COBIIALAIOT ¢ OMCCEKTPHUCAMU OPTOLEHTPUIECKOTO
TpeyrosbHUKa (<«IBOMCTBEHHOCTh BBICOT M OuccekTpuce» ). Ilpume-
HUTE IPEAbIIYILYIO 3334y U IOJYYHUTe J0Ka3aTeIbCTBO, HallleHHOoe
M3BECTHLIM BeHrepckuM mareMartuxkoM JI. PeitepoM B ero crynende-
ckue rofpl (eM. [59], rme npuBeseHO TakXKe elle [Ba JOKA3aTeIbCTBa
teopembl OanbsiHo, a Takke [3], 3ama4a 362). Cam PaubsiHo HOKA3AI
3Ty TeopeMy B 1775 I. ¢ IOMOINIbIO I'POMOBKUX BHIYHUCIIEHUI).

OpTOLeHTPHUYECKMIT TPEYTOJbHUK MOXKHO PACCMATPHBATh KaK
IyTh Wapa B TPeyroibHoM Gwumapse (MM TPaeKTOPHIO JIyda CBeTa
B TPEYTOJIbHOM KaJIEHI0CKOIIe). DTa Iy Th SIBJISETCS ePUOIUIECKUM,
Tax Kax map 6yneT mo HeMy aBurarbesi beckoHeuHo moaro. Bormpoc o
JIPYTHX BO3MOXKHBIX (IEPUOANYECKMX U HETIEPHOAUYECKUX) TPAEKTO-
pHUSX B MHOIOYTOJIbHBIX OUIMADAAX CJIYKUT IIPEIMETOM aKTUBHBIX
COBpeMeHHbIX mccsiefoBanuit (cM., Hanpumep [67]).

Crnenytonme Tpu 3ana4u B3saTel u3 [57]. OrBeroM B nocnenuux
JIBYX U3 HUX SIBJISIETCS TIOOXOMAIIME nedasvHbuill mpeyzosvruk. Tax
HA3BIBAETCS TPEYTOJIbHUK, 06pa30BaHHbIM OCHOBAHHSIMU IEpIICHIN-
KYJISIPOB, OIYIIEHHbIX M3 OJHONA TOYKH Ha CTOPOHBI NAHHOIO Tpe-
YTOMbHUKA.

&70. Ilycrs A’ B'C’ Brucan 8 Tpeyronsunk ABC (A’ nexxur na BC
u T.1a.). Jokaxkure, 4TO &) OKpYKHOCTH, OnucanHble BOKpyr AB'C,
BA'C', CA’'B’ nepecekatorcs B omuoit Touke M b)nesanbHbiit Tpe-
yrospauk A” B”C”, onpenienennsiit Toukoit M, 1momobeH TpeyroJsib-
auxky A'B’C’ u menbiie ero.

Vxasanue. Tpeyronsunx A” B”C” nepexomur B A’B'C’ npu ro-
MOTETHH M T0BOPOTe Ha yroa LZB"MB' = LC"MC' = LA”MA'.

&71*. Brmmure B JaHHBIA TPEYTOJLHUAK TPEYTOIBHHIK, Y KOTOPOTO
MUHUMAJIbHA CYMMa KBaJPaTOB CTOPOH (3Ta 3ajada uMeercs: B [3],
c. 295., Ha ¢.296 cdopmyaupoBaHo ee oboboieHue).

Yxaszanue. MunuMassHbIM OyeT Ne1aIbHBIN TPEYTOJIbHUK, Y KO-
TOPOr0 MEAUAHBI COBIAJAIOT C MEPIEHIUKYIISIPAM1, OCHOBAHUS KOTO-
peIX ero obpa3ytoT (B 3asade Toppuyesin COBHAJAN C IEpIeHIu-
KyJISIpaMi GUCCEKTPUCHI IIJAJIbHOTO TpeyrojibHuKa). Bocronbayii-
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Techb TEM, YTO IeOMETPHYECKOE MECTO TOYEK, JJI KOTOPBIX CyMMa
KBaJ[paTOB PAaCCTOSHHA [0 KOHIOB JaHHOI'O OTPe3Ka eCThb OKPYXK-
HOCTb C IIEHTPOM B €ro cepeute. Touka, onpeessioniast yKa3aHHbId
nefaabHbll TPEyroJibHUAK, COBIIAAAeT ¢ TOYKON IiepecedyeHus] CHUMe-
JMaH JaHHOTO TPEyroJibHHKA. PaccrosiHust OT 9TO# TOYKM (TOUKH
Jlemyana-Jlronnne) 10 CTOPOH AAHHOTO TPEYTOJILHUKA IIPOTOPIIHO-
HAJIbHBI 3THM CTOpOHaM. M3 Bcex TOYEK IMJIOCKOCTH MHUHHMMAJIbHAsI
CyMMa KB3/IpATOB PACCTOSTHHH IO CTOPOH JAHHOI'O TPEYTroJIbHUKA J10-
cruraercst B Touke Jlemyana-Jliounpe (3amaua 65). Cymma kBaapa-
TOB CTOPOH TPEYroJIbHUKA BTPoe GOJIblie CYyMMbl KBaIPATOB PacCTO-
SIHMH OT LEHTPA TPEYTOJIbHUKA 10 ero Bepiuud. Ilogpobroctu cM. [3],
3a21a4a 366.

&72. Ecin w3 toukn Jlemyana-JIionspe OMyCTHTh HEPIEHAUKYIIsI-
Pbl HA CTOPOHBI TPEYTOJBHUKA, OHA COBIAIET C TOUKOH repecedeHust
MeJUaH 3TOrO MeJaJbHOrO TPEYrojibHMKa (3Ta 387844 TOXKE €CTh B

[3])-

Yxasanue. Bo3abMeM B nemasibHOM TPEYTOJIbHHKE JIOOYIO TOUKY,
TOTJa CyMMa KBaJpaTOB PacCTOSHHI OT Hee JO CTOPOH HCXOZHOIO
TPEyroJbHUKA HEe MeHblue, 4eM y ToukH Jlemyana (3azau 65), u He
GoJsibIe, YeM CyMMa KBaJPaTOB PACCTOSIHUI OO BEPIUHH IeJaJIbHOTO
TpeyroJIbHHKa, T.e.ToOuKa JleMyana uMeeT MHHUMAJBHYIO CYMMY Dac-
CTOSIHHII IO €ro BepIIMH, 3HAYUT COIVIACHO 3ajade 63 oHa coBHAzaeT
¢ TouKoii itepecedenust ero Meguad. IlogpobrocTu M. [3], 3amaun 365
.3 u 366.

273, (A.3acaascxuili) Buninre B faHHBIN TPEYTONBHUK TPEYTOJIb-
HUK, Y KOTOPOTO MUHMMAJIEH JHUAMETP.

Yxazanue. MunuMasnbHbIM OyHeT NMpaBUWIBHBIA IeNAJIbHBIA Tpe-
yronbHuk. Touka, ompenesstionast STOT TPEYyrobHUK, YIAJIeHA OT
CTOPOH TPEYTOJIbHUKA Ha PACCTOsIHMSI, 0OPATHO IPOIOPLHAOHAILHbIE
3THUM CTOPOHAM U JIEXKHT Ha [IepecedeHur TPEX OKpy»KHocTel Anos-
JIOHMsI IAHHOTO TPeyroJibHUKa (rostomy B [57] OHa Ha3BaHa TOUKOM
Anosnonns). Ilogpo6roe peinenne MoxHoO Haiitu B [6, 57).
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1.4 SDkcrpeMaJibHbIE CBOICTBa NPaBUJIBHOIO
TPEYTrOJbHUKA

B sToM 1uKJiie 38024 B BYJI€ HEPABEHCTB CGOPMYIUPOBAHBI Pa3/Iny-
HbIE 3KCTPEMAJIbHbIE CBOMCTBA IIPAaBUJILHOTO TPeyroJibHuKa. Jasee B
pazgenax 1.5,1.9,2.1 Bce atu cBoiicTBa, a Takze HEKOTOpPble ApyTrHe,
BynyT IOKA3aHbI, & HEKOTOPhIe U 0000IIEHbI HA Cllyyalt MHOTOYTOJIb-
uukoB. Ho npusenenunie gasee 3azaum Gojiee pOCThI, ¥ HE3HAKO-
MOMY C HUMM YHUTATENI0 PEKOMEHIYeTCsl MMONpOoOOBaTh DPEIIUTh 3TH
3amauu camocTosTesibHo. HauunaeM ¢ mpocrteiimeit 3agatdu Taxkoro
THIIA.

&74. JlokaKuTe, 9TO yroJ IPOTHB HAHGOIbIIIEH CTOPOHBI TPEYTOIb-
HuiKa He MeHbie 60°, a yroJy mpoTHB HaMMEHbIIEH CTOPOHBI He 00JIb-
me 60°. PaBeHcTBO BO3MOXKHO JIMUIb IJIsI MPABUJIBHOIO TPEYTOJIbHU-
Ka.

Hanee B momo6HBIX 3371a4aX C HEJIbI0 KPATKOCTU IIPEJIOKeHUe
«PaBEHCTBO BO3MOXKHO JIMIUD [JI8 IPABUJILHOTO TPEYTOJIbHUKAY, KAaK
TPaBUIo, OYIAEM OMYCKATb.

HekoTopble u3 criieAyiomux jgajiee 3aza4 OyayT o6obuieHbI Ha
HPOU3BOJILHBIE BBIIYKJIbIE MHOTOYTOJIbHUKHY. HO [1Jis1 TPEyTroasHUKOB
OHU DEIIalOTCsl JIerde, U YNTATENI0 PEKOMEH IyeTcsl monpoboBaTsh pe-
LIUTh UX ceHyac.

&75. Jokaxure, 4to 2r < R. YKasKnTe TPEyroJbHUKH, JJIsi KOTO-
pbix 7/ R ckoib yropuo 6susko k 0.

Yxaszanue. OKPYy>KHOCTh TPOXOZsIIasl YEPE3 CEPeMHbI CTOPOH
TpeyToJbHUKA UMeeT paauyc R/2 n nepecekaer (MM KacaeTcsi) Kax-
nyio cropony. Cilydai OZHOBPEMEHHOIO KACAHHSI BO3MOXKEH JIMIb
JUIsl MIPaBWIBHOrO TPEyrosibHUKa U toraa R/2 = r. B ocranbhbIX
ciyuasx R/2 > r.

OT0 KOPOTKOE pelllenre IPUHAJIEXUT BeHIepPCKOMY MaTeMaTuKy
Anamy.

Yrounennem HepaseHcTBa 2r < R cayxuT TeopeMa Diyiepa-
Yaruruia:
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2 76*. Ilokaxkure, 4TO PACCTOSTHHE MEXKIY NEHTPAMM BIIHCAHHOH U
OIIMCAHHON OKPY>KHOCTEH TPEyroJIbHUKA BBIMHCJISIETCSI II0 (bopMyJIe
Vv R(R — 2r). [Jokaxxute, 4TO €C/id PAcCTOsIHME MEXJY LEeHTpaMu
OKpy»HocTelt pamuycoB R, r pasHo p = /R(R — 2r), T0 mist kax-
Z0# To4YKY DOJIbIIet OKPYKHOCTH HaliAeTCst BIUCAHHBIA B HEE U OIH-
CaHHBLI BOKPYT MEHBIIeH OKPYYKHOCTH TPEYTOJIbHUK C BEPIIWHOHN B
9TOl TOYKe.

B caenyiomeit 3agave, npuHagexkamei aHIVIMHCKOMY MaTeMa-
Tuky FOHIY, paBeHCTBO JOCTHIaeTCsd He MOoAbKO IJisl IPAaBUJIBHOIO
TpeyrojbHuKa. Bee nomobHble caydam OyleM OroBapuBaTh OTIENb-
HO.

7. Hokaxwure, uro R < d/ V3, te non R nonumaercst paguyc
HAMMEHBINEr0 KPyra, HAKPHIBAIOHIEr0 TPEYTOJLHUK. YKAaXKHUTe Tpe-
YrOJIbHUKH, AJ1si KOTOpbix 7/d ckonb yromuo 6iusko k 0. Ykaxu-
T€ TYHOYTOJIbHBIE TPEYTOJbHUKH, JJIsl KOTOpPbIX d/R CKOJIb yromHo
6sm3ko K 0, e R — paauyc omMcaHHOro Kpyra.

Yxasanue. Juamerp — 370 HaubOJbINAS CTOPOHA, & YTOJI IIPOTUB
Hee He bosibmie 60°. CnenoBaresnibHO OHa BUIHA M3 LEHTPA OIMCAH-
HOTO Kpyra Ioj yriioM He Gosibme 120°.

Crnenyiomas 3a7a4ya IPUHAJICKAT HEMEIKOMY MAaTEMATHKY
Basuke.

&78. Hdoxaxure, uto b/3 < r < b/2. PaBeHCTBO BO3MOXKHO JIMIID
JUtsl IPAaBUIIBHOTO TPEYTOJIbHUKA.

&179. (IMO, 1961)Jloka<iTe HEPABEHCTBO

p? <a2+b2+c2.

3vV3~T  4V3

5 <

Hpyrast bopMy/MpoBka TOM Ke 3amadM: CPeIH BCEX TPeyroJibHU-
KOB JAHHOTO IepuMeTpa HanboJbIIyIO oAb UMeeT MpPaBUIbHbIM
U CpeZii BCEX TPEYTOJIbHUKOB C JAaHHOM CyMMO# KBaJpaTOB CTOPOH
HaubOJIBLIYIO TIOIAAL UMEET IIPABU/IbHBIH.
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Vraszanue. Ha onmumnuane npemiarajoch 4OKa3aTh HEPABEHCTBO
2 2 2
S < eitb>te  Oyo gueBnamno crenyeT w3 HEPABEHCTB

4+/3

S < (a+b+c)? < 3(a? +b% +c?).

7
3v3'
(cM. 3amaay 87).

280. JlokaskuTe, 9YTO Cpefy BCEX TPEYTOJHHUKOB JAHHOU ILJIOIA N
HAVMEHBIIUH NepUMETDP ¥ HAMMEHBIIYIO CYMMY KBaJpaTOB CTOPOH
UMeeT IIPaBUIbHBIN.

Yxasanue. Ilpumenuts 3a5a1y 79. Ho Moxxno u Hao60poT, BbIBE-
CTH U3 ITOH 381844 38841y 79.

& 81. Nokaxute, uto 3v/3r < p < 3\/§R/ 2. llpyras dopmyaupos-
Ka TO# >Ke 3aJlauu: CPel BCEX TPEYTOJIbHUKOB BIMCAHHBIX B JIaH-
HbIM Kpyr HAUOOJILIUN [TEPUMETD UMeEET IIPaBUJIbHBIN, & Cpenu Bcex
TPeyTOJILHUKOB ONMCAHHBIX BOKPYT JAAHHOIO Kpyra HAUMEHBbHIUi me-
PUMETD MMEET NPABUILHBIH.

Yxasanue. HimxHsis olleHKa cjefyeT U3 HUKHEH OLEHKM 3aJadu
82 u 79.

&82. Jlokaxure, uro 3v/3r2 < § < 3v/3R?/4. Ipyras dbopmy-
JIMPOBKA TOHU »Ke 33/IaUM: CpPel BCEX TPEYTOJIbHUKOB BIIMCAHHBIX B
JaHHbI Kpyr HauOOJBIIYIO IUIOIIAaAb MMeeT NpaBUJIbHBIM, a cpenu
BCEX TPEYTOJIbHUKOB OIMCAHHBIX BOKPYT JAHHOTO KPyra HauMEHb-
YO TUIOTIA b UMeeT IIPABUJILHbIH.

Vxasanue. BepxHsisi OlleHKa CJ€lyeT U3 BepxHeEHN OleHKH 3aJ1auu
8l u79.

IlepBoe u3 cieayrommx HepaBeHCTB Ipesiarajock B 1984 r. Ha
MockoBckoii onumMrmaze.

&83. okaxure, uto V3b < p < 3d/2. Ykaxure TPEYrOJbHUKH,
J71s1 KoTopbix b/p u b/d ckonb yroguo 6au3ko K 0.

Yxasanue. Huxkusia oueHka ciienyer U3 HUXKHEH ONEHKH 3a4a4u
84 u 79.

&84, Jloxaxure, uro b%//3 < § < /3d?/4.
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Vxasanue. BepxHsisi OlleHKa cyleyeT u3 BepXHeil OLleHKH 3314y
83u 9.

1.5 doka3aTejibCTBO TEOPEMBI
00 3KCTpeMaJIbHBIX CBOiCTBax
IPaBUJILHOTO TPEYTOJbHUKA

HekoTopbie U3 3TUX HEPABEHCTB MOXKHO yTOYHHUTD, €CJIM BBECTH pac-
CMOTPEHHE CTOPOHBI TPEYTOJIbHUKA @, , ¢, OIyIIEeHHbIE HA HUX BBICO-
Tol hg, h, he, ¥ TIPOBEIEHHBIE K HUM OMCCEKTPUCH lg, lp, I, 1 Memua-
HBI Mg, M, M. [IPOTHBOSIEXKATIIHE ITUM CTOPOHAM YIJVIbI 0003HAYAEM
a= LA, = 4By = £C. Kparuaitinyio duccekrpucy obozHauum [,
a anuHHelmyo — L. AHajorudnble 0603HaY€HusI BBEAEM JJisi BHICOT
h, H u menuan m, M. OueBuguo h = b B npexkHux 0603HAUEHUSIX.

Mbl npuBefieM HEKOTOpble M3 3THX YTOYHEHHUH, XOTsSI OHM U He
uMeroT 0600IIeHNn Ha IIPOM3BOJIbHBIE MHOI'OYT'OJIbHUKH.

Teopema 1. J[asa npou3eoavHo20 Mpeyz0abHUKA CNPABEOAUBD: HePa-
eeHCMea

hahsha)?

<332 < ___(;“__c_ <8<

\/_ V3
2(ab+ac+bc) —~a? -0 -

2 2 4 p2 4 2

P B te S3\/§R25ﬁ
3V3 43 4 4
Kaorcdoe u3 nepasencme obpawsaemcs 6 pasencmeo moavko O4f

NPABUALHO20 TPEYZOLOPHUKA.

Y/ (abe)? <

V3
4

d2.

HepagencTBo

2(ab+ac+bc)—a — b -t

IIPUHAJIEXKUT MIBeAIapCKUM MaTeMaTukaM Xazpurepy u Ouncnepy.

S <
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Jlj1s1 oKa3aTesIbCTB NMOHAN00STCS HEKOTOPbIE TOXKAECTBA U HEPa-
BEHCTBa, HEIIOCPEICTBEHHO He CBSA3AHHBIE C TEMON KHUXKKH, HO HH-
TepecHble caMu 1o cebe.

£85. JIokaxKUTe PaBEHCTBO

Y BbIBEJIUTE U3 HEro HEpaBeHCTBO h < J3r.

Ilpumensiem anredpy

JloKazaTenbCTBa CACAYIOMuX aaredpandecKuX HEPaBEHCTB MOXXHO
HalTH BO MHOTMX KHUrax, Hanpumep B [7, 8, 63, 54, 75].

£ 86. JIokarKuTe TOXKIECTBO
Pyt —ay—zz—yz=((z -9’ +(@=z-2°+(y-2?/2
¥ BbIBEJIUTE U3 HErO HEPaBEHCTBA

sy+zz+yz <a?+y¥+22 3y +zz+y2) < (z+y+2)>

& 87. 113 npeiplIyIIEro HepaBeHCTBa, BHIBEIUTE
(.7:-|—y+z)2 < 3(x2+y2+z2)

(uacTHBIN CiTy4ali HEPABEHCTBA MEXKAY CPEIHHUM aprubMETHIECKUM
¥ CPEJHUM KBAIPaTUYHBIM) H

3zyz(z + y + 2) < (zy + w2 + yz)?
(vacTHBIR ciaydail HEPABEHCTB Miopxeza).

&2 88*. Jlokaxkure ofiIee HEPABEHCTBO MeXKy CPeIHHM apudMeTn-
YECKUM U CPEINHHMM KBaJIPaTHYHBIM

(x1+ ...+ zn)? <n(z?+ ... +a2)
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Yka3anue:

nz?+...+22) - (z1+...+2,)* = Z (zi — ).
1<i<j<n

& 89. JIokaxKuTE TOXIECTBO
P+’ +2° —Bayr= (@ +y+2) (-9’ + (@ -2+ @y~ 2)°)/2

" BbIBEIUTE U3 HETrO YaCTHBIN Cﬂyqaﬁ HepaBEHCTBa MEX1y CpCIHHM
apI«Id)MeTI/I'-IeCKI/IM n CpeJHHM I'EcOMCTPDUYICCKUM: JJIed HEeOTpHIaTe/1b-
HBIX T,Y, 2

3zyz < 3 + 93 + 23,

Bonee npusbrunasi GopMa 3alUCH STOI'0 HEPABEHCTBA

r+y+=z

Jryz < 3

£90. BolBesuTe U3 HEPABEHCTBA MEXY CPEIHHM F€OMETPHYECKHM
U CPEJHUM apHU(PMETHUECKUM HEPAaBEHCTBO MEXy CPeLHUM reoMeT-
PHYECKHM ¥ CPEIHUM FapMOHHYECKHUM IOJIOMKUTENbHBIX YHCEN T, Y, 2

27
3 < 7Yz,
1 1 1
(5 Tyt
HJIH, YTO paBHOCHJIbHO
3 .,
T 1,1~V
T Yy z

291. VYb6eaurech, UTO BCE NpeAblAyIiUe HEpaBeHCTBA 00paIaroTCs
B PABEHCTBA TOJILKO DU T = Y = 2.
U3 yrBepxaennt npeablaymux 3a4a4 BEITEKAET CJICAYIOMAst
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Teopema 2. Jlra noaoscumesvuux T, Yy, z

3 ymEs /zm;_tyz <

+14

[ 2 2 2
Ssr:-i—g+zS T -I-z;) +z

Ee HepaBeHCTBa sIBJISIIOTCS YaCTHBIM CiIy4aeM HepaseHcTB Hbro-
roHa-Maxkiopesa (cM., Hampumep, [7]), KOTOpBIE B IOJIHOM BUE HAM
He nonanobsarcs. asee B pasmene 2.20, reopema 61, 6ymer npuse-
JIeHa FeOMEeTPHYECKas MHTEPIPETALUS 3THX HEPABEHCTB.

8l
L L]
V=

£92. BoiBeuTe U3 HEPABEHCTBA MEXKIY CPEJHHM [EOMETPHUECKHM
U CPEJHUM apUPMETHUECKUM HEPaBEHCTBO

7? V(abe)? <

2

3

3

)

HepaBencTBa st yrjios

£93. Ecm a,B,7v>0,a+ B+ =2m 10
cosa + cos 3 + cosy > —3/2.

Yxaszanue. PaccMoTpuM eauHUYHBLIE BEKTOPA ¢ OOIMM HAYaJIO0M
C yraMu @, 3,7 MexXAy HUMH U BO3BEIEM UX CYMMY CKAJIIDHO B
KBazpaT. Tak Kak CKaJIsIpHBIN KBaZpaT J1o60ro BEKTOpa HEOTPUIa-
TeJIeH, TO, DACKDPBIBasi CKOOKK M MCIIOJIb3ysl CBOMCTBA CKAJISIPDHOIO
[IPOU3BEICHHS, UMEEM

3 + 2(cosa + cos 3 + cosy) > 0.

Crnenyromast 3a/1a4a JOIOJHSET MPEAbIAYIYIO, HO HaM Jlajiee He
MTOHAI00UTCSL.

294*. Ecm a, 3,7 — yIJIbl TPEYTOJILHUKA, TO

3r/R < cosa+ cos B+ cosy < 3/2,
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cos a.cos Fcosy < 1/8,
2 < cos(a/2) + cos(8/2) + cos(v/2) < 3V3/2,
ctga +ctg B+ ctgy > V3,
V3 < tg(a/2) + tg(8/2) + tg(v/2),
ctg /2 + ctg B/2 + ctgy/2 > 3V/3,
Y15l OCTPOYTOJIbHBIX TPEYTOJbHUKOB

1/2 < cos(a/2) cos(3/2) cos(v/2) < 3v3/8,

0 < tg(e/2) tg(8/2) te(v/2) < V3/9,
3v3 <tga+tgf+tgy,

IUIsl TYHOYTOJIbHBIX TPEYTOJIbHUKOB
0 < cos(e/2) cos(B/2) cos(v/2) < (1 + V2)/4.
Pemenne MoxxHO Haitu B [43].
£95. Iokaxure, 4T0

4p? = (a + b+ c)? < 3(a® + b + %) < 27R2.

35

Vxaszanue. O6o3nauast o, 3,7 ymibl, IO KOTOPbHIMH BHUAHBI K3
LIEHTPA ONMCAHHOK OKPY>KHOCTH CTOPOHBI @, b, C, ¥ IIPUMEHSIS TeOpe-

My KOCHHYCOB M HEDABEHCTBO
cosa + cos 3 + cosy > —3/2,

HMeeM

a? +b% + c® = 2R%*(3 — cosa + cos § + cosy) < 9RZ,

OTKyZa

4p® = (a+ b+ ¢)? < 3(a® + 0% + ¢?) < 27TR%.
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&296. Joxkaxure, uto a?+b?+ c? < 2p?, a [Ig TYHOYTrOILHOTO TPe-
yrompuuka a? + b2 + ¢? < 3p?/2, u npoBephTe, YTO 3TH HEPABEHCTBA
TOYHBIE.

97. Ecin o, (3,7 nexar B npejenax or —w Jo T u o+ B+ =7,

TO
sin o + sin B + siny < 3v/3/2.

Yrasarue. Eciv oquH U3 yIJIOB OTPUIIATENEH, TO IB& IPyrHe Io-
JTOXKUTEJIbHBI 1 HEPABEHCTBO OUEBHJHO, TaK Kak 3v/3/2 > 2. Cuutas
o, 3,7 yIaaMu TpeyrojbHUKA, PACCMOTPHM APYro#t TPEyTObHUK, Y
KOTOPOIr'0 CTOPOHBI BHZHBI U3 IIEHTPa OMUCAHHOTO BOKPYT HErO KPyra
C eIUHUYHBIM DaJMycoM Ioj yriamu 2, 23,2y (ecam cyMMa IBYX
U3 HUX MEHbIIE T TO BMECTO TPETHEro yriia GepeM CyMMy OCTaJlb-
HBIX JBYX), TOLZA €ro IOJIynepuMerp paseH sina + sin 8 +sinvy, u
ocTaeTcsl IIPUMEHHTH HepaBeHCTBO p < 3v/3/2.

298*. Eciu a, 3,y yrisl TpeyrojbHUKA, TO JJIsl OCTPOYTOJIbHBIX
TPEYTrOJIbHUKOB

2 <sina+sinf+siny < 3\/5/2,
2 < Vsina + /sin 8+ y/siny < 3/3/4,
V2 < sina/2 +sin 8/2 + siny/2 < 3/2,

a JJIs1 TYIOYTOJIbHLIX TPEyTOJILHUKOB

0<sina+sinf+siny < 1+ 2.

0 < Vsina + /sinf3+4 /siny <1+ V3.

€99, Ecnu a+ f+v =, 10
4sin asin Bsiny = sin(a + f — ) +sin(a — B+ ) +sin(G + v — @).

Yxasanue. amensis 2sin asin 8 Ha cos(a — ) — cos(a + ), B
dopmye
(cos(a — B) — cos(a + B)) siny
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JiBa pa3a BBIIOJHSS NpeoOpa3oBaHue Npou3BeIeHus! 2Cos ¢siny, B
cymmy sin(@ + ) — sin(¢ — ), u yunrsiBag, uto sin(a+ G +7) =0,
uMeeM

4sin asin Bsiny = sin(a+ 3 —v) +sin(a — B +v) +sin(B+ v - a).

£100. Ecnu o, 8,7 — yrJibl TPEYroJIbHUKA, TO
sin asin Bsiny < 3v/3/8.
Yxazanue. [lpumenuTe JBe npeablaynine 3aJa4u.

£101. Bo Bcex npenblIyIIEX HEPABEHCTBAX PABEHCTBO BO3MOMKHO
JIMIUG TIpH & = 3 = 7.

£102*. Eciiu a, 8,7 — yIiIbl TYIOYTOJIBHOIO TPEYTOJbHUKE, TO
YT Y

sin asin Bsiny < 1/2.

£103*. Ecu @, 8,7 — yIiIbl OCTPOYTOJIBHOTO TPEYTOJIbHHUKA, TO
0 < sin(a/2)sin(8/2) sin(y/2) < 1/8.

Pemrenust Mmoxkno Haiitu B [43].

IIpumensiem TpUroHOMETPHIO

£104. JlokaxuTe, 4TO IUIOWAIb TPEYTOIbHAKA CO CTOPOHAMH @, b
U YIVIOM ¢ MeXKIy HUMH DaBHa %ab sin .

£105. JlokaKnTe HEPABEHCTBO

S < —? ¥/ (abc)?.

Vxazanue. Ilepemuoxxue pasencrsa 25 = absin~y, 25 = besin ¢,
2S = acsin §, 1 npuUMeHUB NIpeABIAYIIEe HEPABEHCTBO, UMEEM

853 = (abc)? sin asin Bsiny < 3(abc)?v/3/8.
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£106. JlokarKuTe paBeHCTBO

abc

S=1r

11 HEPaBCHCTBa

Yabe < V3R, S<3\/—

Vxasanue. IIpumenute paBeHcTBa 25 = ab sin~y, = 2R sin~y u npensl-
LYLYIO 3a8a4y.

£107. Bo Bcex OpeaplayniuX HEPABEHCTBAX PABEHCTBO BO3MOXKHO
JuIIb TIpy a = b = ¢.

£108. Jlokaskure paBeHCTBO

Vxaszanue. [Tlepemuoxbre pasencrsa 25 = ahg = bhy = che.

Jdoka3aresibcTBO Teopembl 1

HepasenctBo h < 3r yxke aokazano. HepaBeHcTBo

cienyeTr u3 COOTHOIICHUSA
1_1,1. 1
r h ha hb hc

H HEpaBEHCTBa MeXKJly CpeJHUM I'eOMEeTPpHUYECKNM U CpeJHHUM rapmMo-
HUYeCKUM. Buipaxkas mmomans S mo ¢opmyne Apxumena-I'epona,
noJicTaBIsist B Hee BMecTo p (p—a) + (p—b) + (p — ¢) u3 HepaBeHCTBa

3zyz(z +y + 2) < (zy + 22 + y2)°?
BBIBOIUM HEPABEHCTBO

4v/38 < 2(ab+ ac+ bc) — a? — b2 — 2.
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Ucnonnays dopmyny Apxumena-I'epona MOAKHO IPOBEPUTH, YTO Be-

JUYINHa

2(ab + ac + bc) — a® — b? — 2

B 16 pa3 Gonbnie KBaApaTa IUIOW@IM TPEYTOJbHUKA CO CTOPOHAMH
Va, Vb, \/c. (uposepsre, uTo on cymectsyer!) [losTomy u3 mokazan-
HOr0O BBILI€ HEPABEHCTBA

S < —\/ (abc)?

ciielyeT HEpaBE€HCTBO

2(ab+ac+bc)—a®—b%—c <16(\/§\3/ Vavb/e) ) {/(abc)2.

W3 ‘roro »xe HepaBeHCTBA, YYUTHIBas, UTO

893

hahbhc = EEE,

BbIBOJAHMM HEPaBEHCTBO

V3 V3 (abc)? ~
s noka3aTenbCTBa MOC/AEAHET0 HEPABEHCTBa TEOPEMbl IPUMEHUM

3aja4uy 26. Bce ocrasibHbIe HEpABEHCTBA TEOPEMBI yKe ObLIN JOKa-
3aHbI BBILUE.

IIpumenenna k anrebpe

Cnenyromas 3ana4a npejjoxena B.A.AnekceeBbiM (TOrma HepBo-
KYyPCHMKOM, HbiHe rnpodeccopom B CIIIA).

£109. (Mocxea, 1982) Jlokaxkute ns moGHX HEOTPHIATEIbHBIX
41cesl HEPABEHCTBO

a* + bt + c* — 2(a?b% + a?? + b?) + abc(a +b+¢) > 0
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Vxasanue. Eciu cyuecTByeT TpeyroJbHEK CO CTOPOHaMH a, b, c,
TO 9TO HEpaBEHCTBO PaBHOCHJIBHO HepaBeHCTBY abc > 8s2/p.

A 3Ty 33/1a4y aBTOp 3TO# KHUTH IpPEIJIarajl Ha CTYAEHYECKYIO
OJIUMITHALY.

2110*. (Cmydenveckas orumnuada mexmama MI'Y, 1984) Hoka-
JKUTE HEPABEHCTBO

a* + b* + ¢ — 2(a?b? + a®c® + c?b?) + 3¢/ (abe)t > 0.

Yxaszanue. MoxkHo cuuraTh, 4TO @, b, ¢ > 0. Eciu He cymecTByer
TPEYTOJIbHUKA CO CTOPOHAaMHU a, b, ¢, TO

a* + bt + ¢t — 2(a?b? + a®c® + c%b?) > 0.

B npoTuBHOM CiIydae NPHMEHMTE HEPABEHCTBO TEODEMEI 1.

HepaBeHCTBa C MeagruaHaMm

HanomuuM, 4TO Meduana — 3TO OTPE30K IIPSAMON OT BEPIIUHBI TPE-
YIOJIbHUKA [10 CEPEIUHBI IIPOTHBOIIOIOXKHOM CTOPOHBI ¥ OJIHOBPEMEH-
HO €ro JUINHA.

2111, CyMMa KBaJpaToOB AMaroHajieit nmapaJsijiesiorpaMma paBHa
cyMMe KBaJIpaTOB €ro CTOPOH.

Vxaszanue. CupoeKTHPOBATH OQHY CTOPOHY IapajuiesiorpaMMa Ha
[IPOTHBOIIOJIOXKHYIO U PUMEHUTh Teopemy I[Tudaropa.

£112. Menuanbl MOXKHO BBIYHC/SATD TI0 cjenyionieit hopmyse
v2a? + 20 — ¢?
Mg = 2 .

Yxazanue. JocTpouTs TPEYrOJBLHUK [0 TIapaJlyiesiorpaMMa, IpoioJI-
KB MEIUAHy 38 CTOPOHY Ha OTPe30K, PaBHBIM JJIMHE MEIUaHbI, U
HPUMEHUTD NPEABIAYILYIO 3a0a4y.

£113. CupasenyiuBo paBEHCTBO

4(m2 + m? + m?2) = 3(a® + b + ).
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Yxasarue. Tpu bopmynsl u3 npegpiayueil 3a1a4uu BO3BECTH B KBaJl-
paT ¥ CJIOXKHUTbD.

€114. nomaas TPEYTOJIbHHKA, COCTABJIEHHOI'O M3 MeJUaH, paBHa
TPeM YETBEPTAM IUIOMIAIN UCXOJHOIO TPEYTrOJIbHUKA.

Yxasanue. Yepes BepuInHy TpeyrojibHHKa IIPOBECTH OTPE30K, PaB-
HbI ¥ MapaJuIeIbHbIA MenuaHe, He BBIXOASINEN U3 3TOI BepINUHBI.
TpeyronbHuK, 00pa30BaHHbI#l 3THM OTPE3KOM M BBIXOJseH U3 9Toi
BEPIIMHBI MeAUaHOH U OyAeT TPEyroJibHHKOM, COCTaBJIEHHBIM U3 Mée-
auaH. Ero Tperbsi cropoHa aenuT G0KOBYIO CTOPOHY HMCXOLZHOTO Tpe-
YIOJbHUKA B OTHOIIEHUM OOUH K TPEM.

Teopema 3. s npous3sosvroz0 mpeyzoivHuKa, CNPasediust. Hepa-
eencmea

2(mgmyp + magme + mpme) — m2 — mZ — m?

3v3

< &/ (mgmpme)? < (mg + mp + me)? <
V3 9v/3
< me+mp+mé _ a?+b +c < 3\/§R2.
3V3 43 4

Kaoicdoe u3 nepasencme obpawaemcs 6 paseHcmeo moavko 0As Npa-
BUADHO20 MPEY204bHUKG.

S <

Jlna noka3aTenbcTBa IEPBBIX ABYX HEPABEHCTB COCTABUM K3 Me-
IUaH TPEYTOJIbHUK U IIPUMEHUM K HEMY HEPABEHCTBO TeopeMsl reftrl.
Iocnenuee HepaBeHcTBO AoKa3aHo B TeopeMe 1. IIpeanocnennee pa-
BEHCTBO J0Ka3aHo B 3agade 113. OcraybHble HEPABEHCTBA BBHITEKAIOT

13 HEPABEHCTB MEXKJY CPEIHHMH.
£115. Ykaxure TPEYTOJILHUKH, Y KOTOPBIX
o (mgmpmc)?/S Moxer BBITh CKOJIb YTOIHO BETHKO
2/8 6
o (mg + mp + mc)*/S MoxeT ObITh CKONb YIOTHO BEIRKO

e (m2+ m?2 +m?2)/S moxer GbITb CKOMb YTONHO BETHKO.
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£116. Hepagsenctro

5 < (Ma+ms +me)

= 9v/3

Beurepckuit maremaruk J1.®edtenr-Tor 0606mmn cienyomum obpa-
30M (nouemy 310 0600uIeHue?) @ [ OOOH TOUKH CyMMa €e PaccTo-
siHU 10 BepLIMH TPEYTOJbHUKA He MeHbine 2v/3v/S.

¥xaszarue. MOXHO CYHTATH, YTO T4 TOUYKA BHYTPHU TPEYTrOJbHHU-
ka. Coracuo Teopeme Topmuesnnu (3amaua 62) , MUHAMYM CyMMBI
PAcCTOSIHMM O BEPIUMH IOCTUTaeTCs B TOYKE, U3 KOTOPOM CTOPOHBI
BumHb! ox yryiiamu 120°, wiu B BepumHe ¢ yrjiom He menbme 120°.
Ecau 0603HaYUTH PACCTOSIHUST OT 3TOM TOYKHU JO BEPIUMH I, Y, Z, TO
B IEPBOM CJ/Iydae IUIOa b PABHA

3
S= {——(wy +az +yz),

a BO BTOpOM citydae zyz = 0,

S < -é—g(wy + zz + yz).

OcTtaeTcst TpUMEHATL HEPABEHCTBO 3aJa4u 86.

Jpyroe H0Ka3aTeIbCTBO MOXKHO IIOJIy YMTh CJIEAYIOUIMM 006pa3oM.
OTpa3uM TOYKY OTHOCHTEJIbHO CTOPOH TPEYIOJIbHHKA W PaccMOT-
pUM IIeCTHYTOJIbHUK, OOpPA30BAHHBIN IMOJYYEHHBIMU TPEMSI TOYKA-
MU M BEPUIMHAMM TpeyroyibHuKa. Ero miouaap paBna 2S5, a mnosy-
IIepUMeTp paBeH yKa3aHHON cyMMe paccrosuuit. Ocraercs rnpume-
HHUTBH U30IIEPUMETPUYIECKOE HEPABEHCTRBO JIJIs1 9TOT0 NIECTUYTOJIbHUKA,
(vacTHBIA ciyyail TeopeMbl 3€HOAOPA, KOTOPasl MOSIBUTCS Jasiee).

ITosiBieHne OGucceKTpUC

Buccexmpuca — 3T0 OTPE30K NpsiMOM, Aessiedl BHYTPEHHME Yol
TPEYTOIBbHUKE MOI0JIAM, OT BEPUIMHBI 3TOT'0 YIVIa J0 IPOTHBOIIOIOX-
HO# CTOPOHBI, U OJHOBPEMEHHO IJIMHA 3TOT0 OTPE3KA.
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£ 117. BHCCEKTPUCH MOXKHO BBHIUMCIISTH TI0 Ciledyiomeit dhopmysie

bca? 2

la= bc—(b+c)2:b+c

bep(p — a)

Yxasanue. IlpuMenuTh TEOpeMy O AejieHUN OHCCEKTPHUCOM NMpOTHUBO-
II0JIOXKHOM CcTOpOHBI U TeopeMy [Iudaropa.

2118. CupasefjiuBbl HEPABEHCTBA

PaBencTBa BO3MOXKHBI JIMINb IIpH b = c.
Vxazanue. IIpuMeHnTD NPEABIAYILYIO 38144y U HEPABEHCTBO

4bc < (b+c)®.

&119. (IlImetinep-Jlemyc) Eciu B TpeyroibHuKe e GHCCEKTPUCH
paBHBI, TO OH paBHOGexpenHsbiit. U3 aByx OuccekTpuc Ta Gosblie,
KOTOpasl [IPOBEEeHa K MeHbIell CTOpOHE.

Vxazanue. DTa 3afaua ¢ TPYIOM PENIAETCS TN€OMETPHYECKH, HO
JIETKO C TTIOMOIIbI0 (pOpMyIIbl AJis1 AyHbI 6uccekTpucsl. ['eomerpuyue-
CKHe peIlieHHs] MOXKHO HalTH B [3], 3aja4a 361, a Takxe [39, 35].

Teopema 4. Jaa npoussosbrozo mpeyzosvHuKa cnpasedaust, Hepa-
sencmea

h2 l2

< ab + ac + bc) — a® — b? — 2

43
3vV3 T 3V/3°~ 3V3 - 4

Kaotcooe u3 nHepasencms 06pauiaemca 8 paseHcmso moavko 0As Npa-

BUABHO20 MPEY20ALHUKA.

<

<s<X

S

T S

Hoxasatenscrso. Cxnaapisas nepaperctsa l2 < p(p — a), mony-
JaeM, 4To

Z+Z+12<plp—a)+pp—b)+pp-c)=p
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C be— 2 < (2
K/1a/ipiBasi HepaBeHcTsa be — &- < [7, u mCnoIb3ysl HEPABEHCTBO
a?+b%+¢? > ab+ac+be,

nMeeM

a2 +b2 +c2
4

5 3(2(ab+ac+be) — a? — b — %)

— 4 .

P+2+12>ab+ac+be— >

£120. JokaxuTe, 4TO ILIOMA/]b YETHIPEXYIOJIbHUKA PaBHA IOJIO-
BUHE IIPOU3BEECHUST JUATOHAJIEH HA CHHYC YIVIa MEKJIY HUMH.

2121. Jlokaxure, 410 \
Ccs
3=
Pemenne. O603naunmM Guccekrpuckt uyeped AAj, BB;,CC,. Bes
orpaHudeHus obmHEOCTH cuuTaeM, 4To ¢ < a,c < b. Torma cormacHo
cBOHCTBY OMCCEKTpHC

CA, __l_)> 1, CB;
c~ B

a
= =—-2>1
A1B c ™"

u coryacuo opMmysie IJIsl IJIONIaNM TPEyrojbHuka 2S5 = absin-y
MMeeM HEPaBEHCTBO Jyist mwiomaneit Sca,B, = 18 4Bc, 13 KoTOpO-
ro CIEIyeT, YTO ILUIOUIaab deTbipexyronbuuka ABA;B; He 6Gosblne
Tpex yerBepreit Sppc. O6o3naunm O TOUKy nepeceueHus: GUCCEK-
tpuc AA1, BB;. CoryiacHO TeOpeMe O BHEILHEM YIVIE TPEYTOJbHUKS
yroa Mexny sHumu pased I + 1, rne v — yron npu Bepumne C Tpe-
yronsuuka ABC, a Tak kak ¥ > 7/3, 10 5+ 1 > 2, 3nauur

0% Tr_\/ng

1 . ™ 1 .
SaBA B, = Elblc sin (5 + 5) > —2-l2 sin % —

Bropoe pemenne. PaccmorpuM paBHOGeApeHHbBIN TPEYTOJIBHUK C
YIJIOM < IIpH BepuuHe u Guccekrpucoit pnunst .. Tak kax v > /3,
TO €ro MIOMRAbL He MeHbIe, HeM l2/+/3. CpaBHuBas €ro ¢ JAHHBIM

4 312
orkyza uMeeM Sapc > 5S4BA; B, = 2%—
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rpeyrosibaukom ABC, BuauM, uro y Hux obmuil yros u obias Touka
Ha IIPOTHBOIIOJIOKHON CTOpOHE — KOHeI[ OMCCEeKTPHCH], KOTOpas Je-
JIAT TI0TI0J1aM OCHOBaHME paBHOOepeHHoro TpeyrojpHuka. Ocraercs
IIPUMEHNTH 3a71a4y 56.

£122. Jokaxure, 4T0

2 2 2 2
h ! <8< L_ < %
GBS
Vxasanue. Ilpumennre 3agauy 121 u yxke noxa3annoe nepasell-
CTBO TeopeMsl 4:
l2 + l2 + 12
S < .
3\/_

£123. Jlokaxute, 410

3(lalple)?? < W<l2+l§+l§gp2§

27
<miimi+m?< 4R2

Yxasanue. Ipumenute 3anaun 87,89 nepasencrso 12 + 2 + (2 < p?

U TeopeMmy 3.
Teneps TeopeMy 4 MOXKHO CUMTATH IOJIHOCTBHIO JIOKA3aHHOMN.
Hexoropoe nonosinenue K 3agade 123 maer cieaymomast 3aaa4a

£124. Jokaxure, 4T0

(lalple)® < (pS)?/* < %

Vxasanue. [lepeMuoxkast HepapeHCTBa 3aa4n 117 u ucnosn3yst ¢pop-
Mmyay Apxumena-I'epona u Teopemy 1, umeeM

212 < p*(p— a)(p — b)(p — ¢) = p*S? < p¥/27.

&125. Jlokaxute, 910
9 < hg+hp+he <lg+ U+ 1. < pV3.
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Vxasanue. [lpumenure 3amauu 85, 123 u HepaBEHCTBO TEOPEMEI 2.
HononuenneM k 3agadge 125 ciryKkuT 3amada

£126. Jokaxure HepaBeHCTBO pV/3 < r + 4R.

Pemenne. Beesiem o6osnavenns 4 = S/(p — a), rp = S/(p — b),
re = S/(p — ¢) (Ha caMoM Jiesie 9TO PafUyCHl BHEBNUCAHHBIL OKPYHK-
HOCTell TpEyTroJIbHUKa CO CTOPOHAMH a, b, ¢, HO 3TOT (hakT Jajee HE
nonanoburcst). Y3 ¢popmynst Apxumena-I'epona u 3azaquu 106 BbiBO-
JATCST TOXKIECTBA

52 S2 S?
TaT el e = T =) —a)p-0)  B-0p-b)

=plp—c)+p(p—b)+p(p—a)=pBp—a—b—c)=p?

S S S S

Ta+To+Te—1= + + -——=
p—a p—-b p—-c p

_ 2p—a—> c _
‘S(@-w@—w+p@—d)‘
_ g (PP=)+-a)p-b)\ _
‘S(p@—w@—w@—@>

2 2 _ap—bp+ab
Y ok a4 S2ap pta =§(2p2-p(a+b+c)+ab)=

Ilpumensst 3agagay 86, nmeeM
3p% = 3(raTy + TaTe +Ty1e) < (ro + 1+ 70)% = (r + 4R)2.

Kak ciencTBue AByX NpeablAyIUX 387184, IMEEM IEMOYKY Hepa-
BEHCTB:

Or <hg+hy+he<lg+1lp+1.<pV3<r+4R.

ILOHOJIHSIGT 9TH HEPABEHCTBa 3a4a4a
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&€127. Jlokaxure, 4To
Or <hgt+hy+h <lg+lp+1l.<mg+mp+m. <IR/2.

Yxazanue. [Ipumennre 3aauu 123, 87.

3azauy 127 MOXKHO PacCMATPHBAThL KaK YyTOUHEHUE HEPABEHCTBA,
Yarmrma - Ditsiepa Mexy paguycaMu BIIMCAHHOR M OMHUCAHHON OK-
pyxuocrett Tpeyronbauka 2r < R (cMm. 3amady 75).

&128. Jokaxure, 9TO
27r2 < R2+ G +h2 <2+ 13+ 12 <p® <m2 +mi +m? < 27TR*/4.

Yxazanue. Ilpumenure 3amauu 85, 123 u Teopemy 2.
W3 npenpiayme#t 3agauy Tak>Ke BBITEKAeT HEpaBeHCTBO Yamriia-
Qitnepa. U u3 cienyionieit 3a1a4m ToXe.

2129, okaxute, 4TO

Yxazanue. IIpumenure 3amaun 85, 123 u Teopemy 2.

£130. Jlokaxure, uto V3h < V3 < V3m <p< 3\/§R/2.
Yxasanue. CBeCTH K Ciy4yaio paBHOGEAPEHHOIO TPEYTOILHUKA (C
JaHHOI GOKOBO¥M MELMAHOM).

£131. Jlokaxure, uto p < 3v/3R/2 < v/3M.
Yxasanue. OKpy>KHOCTD C LIEHTPOM B TOUKE [IEPECEUEHUs] MEAUAH
u pajuycoMm 2M /3 HaKpBIBAET TPEYroJIbHUK.

£132*. Jokaxure, 910
V3h < V31 < V3m < p < 3V3R/2 < V3M.

PaBeHCTBO CcrpaBefJInBO TOJILKO AJIsl IIPABUJIBHOIO TPEYrOJibHUKA.
Yxa3anue. IIpuMeHuTs ABE HpeAbLIAYyILIHE 380241,
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1.6 OnaTbs HepaBEHCTBa 4JIsI TPEYTOJIbHUKOB

Hecko/bKO KOHTPIIPUMEPOB 1 HEPAaBEHCTB
YKaxxuTe TPeyrojbHUKH, ¥ KOTOPBIX
e H?/S moxer 6bITH CKOJIb YTOHO MAJIO U CKOJIb YTOIHO BEJIMKO

L?/8S moxer GBITb CKOJIb yTOIHO BEJIHKO

e M?/S moxer GbITb CKOJIb YTOEHO BEJIMKO
e m?/S MoXeT BBITH CKOMIb YTOHO M&JIO U CKOJIb YTOJHO BEJUKO

(lalblc)Q/ 3/8 Moxer GHITL CKOJIB YTOIHO MAJIO.

£133. YKaxKuTe TPeyroJbHUKH, ¥ KOTOPbIX

o p?/S MoxeT ObITH CKOJIb YTOMHO BEJIHKO

(a? 4+ b% + ¢?)/S Moxer 6BITh CKOJIb YTORHO BETHKO

(abc)?/3 /S moxeT GbITH CKOJIb YTOMHO BEJIMKO

h2 + h2 + h?)/S Moxer 6BITH CKOJIb YIOIHO BEIMKO ¥ CKOJIb
a b c
YTOIHO MAJIO

(ha + hp + he)?/S MoxeT GbITH CKOJb YIOJHO BEJIMKO 1 CKOJIb
YTOI{HO MAJIO

(hahohe)?/? /S Moxer 6bITh CKOMb YTOIHO MAJIO.

2134, Jokaxkute HEPABEHCTBO

1 <1+1+_1_
2Rr — a2 b2 ' %’

£2135. Jlna moboit TOYKH CyMMa KBaJpaTOB ee PACCTOSHuI [0 Bep-
IIMH TPEYTOJbHHUKA TOJymepuMeTpa p He Menbine 4p%/9. Hepasen-
CTBO 0OpAaIaeTcss B PABEHCTBO TOJIBKO IJIs IPABMJIBHOIO TPEYTOJIb-
HUKA.
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Vxaszanue. Ilpumennts 33724y 63 u Teopemy 4.

£136. [l moboii TOYKN CyMMa ee PacCTOSHEH JO BEpIIMH Tpe-
yTrOJIbHUKa IoJynepuMmerpa p He MmeHbuie p. Ilokaxkure, 4TO OTHO-
IIEHHE YKA3aHHON CyMMBbI K P MOXKET HEOTPAHHYEHHO CTPEMHTCS K
EIVHUTIE.

&137**. Bepro 1, uro p < V3L?
IIpn3saku paBHOOEOPEHHOCTH

£138. JlokaxkuTe, 9TO M3 JBYX BHICOT Ta GOJIbIIE, KOTOPAs IPOBE-
¥ ’

JleHa K MeHblel cropone. B cnyyae paBeHCTBa BBICOT TPEYTOJBLHUK

paBHODEIPEHHDINA.

£139. Jlokaxku1e, 4TO U3 JBYX MeIuaH Ta GoJblle, KOTOPas IIpOBe-
JleHa K MeHbIIeii cTtopose. B ciiyyae paBeHCcTBa MeIMaH TPEyTrOJbHUK
paBHOOEIPEHHBII.

Yka3aHue: CIpOEKTUPOBATH OOKOBBIE Me[aHbl HA OCHOBaHHE WK

HIpuMEHNUTD 3a1a4y 112.

£140*. Jokaxute, Y4TO U3 ABYX GHCCEKTPHC Ta GOJIbILIE, KOTOPAs
npoBeAeHa K MeHblueli ctoporne. B ciiyuae paBercrsa GuccekTpuc
TPEYTOJbHHUK PAaBHOOEIPEHHBIN.

Yxa3arnue. BUCCEKTPHUCHI MOXKHO BBIYHCIIUTD TI0 pOpMysIaM

2ac 2ab
agcP2l=

Ecan b > ¢, 10 8> 9, cos 3/2 < cosv/2,
c/la+c)=1-a/(a+c)<l—-af(a+b)=0b/(a+b),

cos /2.

lp =

3HAYHT, HEPEMHOXKAs HEPaBEeHCTBA, uMmeeM lp < lc.
Hpyroe pemenue cM. B [3], 3anaua 361a.

@141.IL0K3>KHTe, yuro 2r < h<l<m<HLKL<M<d<2R.
PasencTso m = H cripaBeIjInBO TOJIBKO sl IPABUIIBHOTO TPEYTOJib-
uuxka. HepasencrBo ocraercss BepHbIM M eciid noj R noHuMaercs
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pasnuyc HAaMMEHBILEro KPyra, COAEPXKAIIEr0 TPEYTOMbHUK. Y KAXKUTE
TpeyrosibHukdy, st koropeix H/d u H/(2R) ckoib yrogso 61u3K0
1. Ykaxkure TpeyroJbHUKH, JJIsl KOTOPHIX /T CTpeMuTcs K 2.

Yxaszanue. Ilyctb a > b > ¢, Ttorma m = mg, H = he > hy.
IIycte D — cepenuna BC, DE, DF — nepueHAuKy/ISpbl Ha JpYyTHe
croponsl. Torga BC = h./2 > hy/2 = DF. Ecniu m > H, To yroa
LDAFE < 30° £LDAF < 30°, orkyna LA = 4ZDAE+ ZDAF < 60°,
HO NPOTHB HanbOJILIIEH CTOPOHBI @ JOJIKEH ObITh YroJl HEe MEHBIIUH
60°. IIpotTuBopeune o3nauaer, yro m < H. PaBenctBo m = H BO3-
MOXHO Jiutib Korza ZA < 60°, Ho 3TOT yroJ AoJiKeH ObITh HE MEHb-
mte 60°, 3HauuT OH paBeH 60°, a Tak KAK OH He MEHbIIIE OCTAJIbHBIX
YIVIOB, TO OCTaJIbHbBIE YIJIbI TOXKE paBHbI 60°.

£142. Jokaxure, aro et H = M, win L = M, wiua H = L, T0
TPEYTOJIbHUK paBHOOEIPEHHBI.
Vxasanue. [Ipumennts 3amaun 138,139, 140.

£ 143. Jokaxure, uro ecit h = m, wu | = m, wm h = I, 1o
TPEyTrOJIbHUK paBHOGEIpEeHHBIH.
Yxasanue. Ilpumennrs 3amaun 138,139, 140.

£ 144. Jlokaxure, uro ect @ = B, tne a = h,l,m B = H,L, M,
TO TPEYTOJIbHUK TPABUJIbHBIMH.

Yxasanue. [lpumennts 3amaay 141.

Canenyrommas 3a/1a4a npejaraiach Ha BeecoiosHolt onumnuase.

2145, (BMO, 1967) dokaxkure, 4T0 ecin Meauana, GucceKkTpuca u
BBICOTA, IIPOBE/IEHHBIE U3 Pa3HBIX BEPIIHH, PaBHbI, TO TPEYTOJbHUK
IIPaBWILHBIH,

Yxasanue. Ilycts h, = ly = me. Torna hq 2> he, by, T€. hgy = H.
Hanee, me < mp, mg. nosToOMy m, = m. IlpuMennre 3anauy 144.

2146. Uz KaXXZI0#f BEpIIMHBI OCHOBAHHUS NAHHOTO TPEYTIOJILHHUKA
IpoBeAeHa OUCCEKTpHCA M NepIeHAuKYaap K Hei. [Ipsmast, coenu-
HSIIOWIAs BEPUIMHY YIVia, 0Opa3s0BaHHOIO STUMH IEPIEHINKYIIPAMH,
C BEPIIMHOH INAHHOIO TPEYTOJIbHUKA, SIBJISeTCs OMCCEKTPHUCOH 3TOro
yriia. Jlokaxkure, 4TO TPEYTOJbHUK PaBHOOEAPEHHBIH.
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Vxaszarue. MOXKHO CUMTATD, YTO ONMHCAHHASI BOKPYT TPEYTO/IbHY-
K8 OKPY>KHOCTb MMeeT efuHu4Hbil auamerp. O603naunm GoKoBbIE
CTODPOHBI €ro a, b, a yIJIbl, JIesKalue IpoTHB Hux — 2a, 203. YroJ, o6-
Pa30BAHHBIN IEepHeHIUKY/IspaMy, oboHaYuM 27, a OTpe30K, COenu-
HSIIOIIHI €ro BePIIMHY C BEPUIMHON TpeyrosibHuKa obo3nauum [. M3
TEOPEMBI CHHYCOB HMeeM a = sin 2¢, b = sin 23,

a/siny = 1/sin(n/2+ 8) =1/ cos B,b/ siny =1/ cos a,
orkyJaa sin 2ccos B = lsin-y = sin 23 cos o, 3HaYUT
2sin acos acos 3 = 2sin G cos B cos o, sin o = sin G,

aTak Kak 0 < a, 8 < 7/2, T0 00 = 5.
HepasencTBa aj11 MeauaH, BHICOT U ODucceKTpuc

£147. [okaxure, 9TO

3

~2-p<ma+mb+mc< 2p.
YKaxkuTe TPEYroJIbHUKH, IJIsi KOTOPBIX (mg + myp + me)/p ckoiib
yrogHo 6im3ko K 2 u K 3/2.

2148, Hokaxure, uro p < lg + lp + l.. YKaxkute TpeyrojibHUKHY,
111 KoTopbiX (hg + hy + he)/p cxonb yromuo 6musko x 0. Ykaxkute
TPEYTOIbHUKH, A1t KOTOPbIX (lg + Iy + lc)/p cKonb yrogHo 61u3K0 K
1.

&149. okaxure, uto H < L < M < p. YKaxuTe TpeyroibHAKH,
Juist koropbix H/p ckonb yromso 6m3ko K 1. YKaxkure TpeyrojabHu-
KH, JJisl KOTOPbIX M /p CKOMb yroguo 6su3sko x 0.

&2150. Hokaxwure, uto d < 4M /3. YKaxuTe TPEyTOJbHUKH, IJIst
KOTOpbIX d/M ckosb yromso 6su3Ko K 4/3.
Yxasanue. CupoexTHpoBaTh MeAUaHy Ha HAMGOJBLIYIO CTOPOHY.
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&151. Jlokaxute, uro d < 3L/2. YKaxkure TpeyTOIbHUKH, s
koTopeix d/L ckonb yromHo 6iu3ko K 3/2.

Vxaszanue. CripoekTupoBaTh OHCCEKTPUCY Ha HAMOOJIBIIYIO CTO-
pony. IlpuMeHuTs TEOpEMY O AeeHHU GUCCEKTPUCON IPOTHBOIIONIOK-
HO# CTOpOHBI.

&€152**, Haiiaure MunMasbHoe 3uauenne L/R.

Emie Hecko1bKO HEPABEHCTB [IJis OCTPOYTOJIbHBIX
U OPSMOYTOJILHBIX TPEYyTrOJbHUKOB

&2153*. Nokaxute, uto p < V3H < /3L < V3M.
Yxasanue. CBecTr K ciydaio paBHOOEAPEHHOTO TPEYTOIbHUKA (C
JlaHHO# GOKOBOH BBICOTOI).

£154*. Jlokaxcure, uto r + R < H < p. YKaxuTe TpeyroabHUKH,
Juist Kotopelx p/(r + R) ckonb yrogso 6nmsko K 1.

&155*. Tokaxure, uro d < 2R < v/2H. TlepBoe paBeHCTBO BO3-
MOKHO TOJIBKO Il IPSIMOYTOJIbHBIX TPEYTOJIbHUKOB. BTopoe paBen-
CTBO BO3MOXKHO TOJIBKO [IJIs1 paBHOOEIPEHHOTO NPSIMOYTOJILHOTO Tpe-
YTONIbHUKA. YK8>KHTe TYINOYTOJIbHbIE TPEYTOJbHUKH, JJIS KOTOPbIX
H/R ckonb yroaso 6imusko x 0.

Yxasanue. CBecT# K cilyuaio paBHOGEIPEHHOTO TPEYTOJILHUKA (
¢ HanbonpuMu GOKOBBIMH BBICOTAMM).

& 156. (Benepus, 1963) dokaxure, 4ro mg + my + me > 4R mns
OCTPOYTOJILHOI'O M IPSIMOYTOJBHOIO TPEYrOJbHUKOB, & JJIsl TYIIO-
YIOJIBHOTO C JII06BIM 38JIaHHBIM TYIBIM YIJIOM 3TO HEBEPHO.

€157. Iokaxure, ato hg + hy + he > 2R 1151 0CTPOYTOIBHOTO I
HIPSIMOYT'OJILHOTO TPEYT'OJIbHUKOB, & [JIsl TYNOYTOJbHOIO TPeyroJib-
Huka (hg + hp + he)/ R Moxer cTpemutbes K Hysmo. ITokaxuTe, 4TO
Iyis paBHOOeApeHHOro TpeyrosnbHuka (lq + I + l.)/R Moxer crpe-
MUTBCH K 2.
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1.7 HepaBeHCTBa AJId IeThbIPpEeXYIroJIbHUKOB

CropoHBbI YeThIpexyrojibHuKa obo3Ha4aeM a, b, ¢, d. Hauunaem c we-
ThIPEXYTOJILHUKOB YaCTHOI'O BHIA.

ITapannesorpaMMbl ¥ Tpanemuu

£158. 13 Bcex napaJlIeOrPaMMOB C JaHHBIM OCTDPLIM YIJIOM M JaH-
HBIM [IEPHMETPOM HaubOJIbIIYIO ILIOMIAJh UMEET poMb.

2159, Joxkazxkure, 4TO IIOUIaIp [1apaJlIe/IOrpaMMa He MeHblIe IIpo-
U3BEJIEHNs €ro BBICOT M HAalilKuTe YCJIOBHE PAaBEHCTBA.

£160. (Mocxoecxan obaacmuan oaumnuada, 1984) Cpeau Beex ve-
THIPEXYTOJIbHUKOB C JaHHBIMHU JUATOHAJISIMU U JAHHBIM YTJIOM MEX-
Jly HAMM Ha¥MeEHbINUH IIEpIMETPa UMeeT TapaliIeIorpaMM.

&161. Cpean pomGOB, JIeXKAMUX BHYTPH JAHHOIO IIPSIMOYTOTBHH-
Ka, HaitT poM6 a) HaubGosbuel miomanu 6) HaubosbLIEro nepuMer-

pa.
Vxasanue. Bce BrucaHHbIE B JaHHBIM NPSIMOYTOJIBHUK pOMOBI T1O-

[100HBI JIpYT APYTY.

£162. U3 Bcex Tpaneuuit ¢ JaHHBIME OCHOBAHMSIMM 1 JAHHBIM IIe-
pUMeTpOM HauOOJIBILIYIO IJIOUIaIb UMeeT paBHOOEAPEHHAS.

£163. U3 Bcex Tpalteluii ¢ JAHHBIMUA OCHOBAHUSAMHU U JAHHON MJI0-
WaAp10 (WK, YTO PABHOCWIBLHO, BLICOTO!) HAMMEHbIINM HEpUMETD
uMeeT paBHOGeApEHHA.

&164. Tlycrs y Tpamenuu OCHOBaHHsI paBHbI ¢ u b. Jloxaxure,
4TO CpenHss JiMHus Tparneuyud pasHa (a + b)/2, npsiMas, npoxoas-
11851 Yyepe3 TOYKY IepecedyeHHsl JUaroHajiel, IepeceKaeTcsl ¢ Tpale-
uuet 110 orpesky, pasHomy 2/(1/a + 1/b), upsimasi, messimas mwio-
&b TPaIenyy HOI0JaM, EPECEKAeTCs ¢ Helf 110 OTPE3KY, PABHOMY
V/(a? + b%)/2, npamas, aensmas TpANEEIO HA ABE I006HbIE Tpa-
IIeIMH, [IePECeKaeTcsi C Heil Mo OTpe3Ky, paBHOMy Vab. Beemure
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0TCIO4a HEepaBCHCTBa

2/(1/a +1/b) < Vab < (a +b)/2 < /(a2 + b2)/2.
Pemenue sT0# 3a184u MOXKXHO HaltTy B [8].

£165. Ecii o[jHa BepIIMHAS apasIeorpaMMa HaXOMUTCH B HadaIe
KOODJMHAT, & JBe Apyrue UMEIOT KOOpIUHATH (Zj,¥;), TO €ro Io-
Waab paBHa |T1Y2 — T2y1|. Eciin otGpocuTs 3HaK MOZyIst, TO 1OJIY-
quTcst POpPMyYTIa IS 0puenmuposarHot INTOIAAH, TIOJIE3HAS B HEKO-
TOPHIX 3a7a4ax. BriBeuTe U3 HEe «KOOPIMHATHYIO» (HOPMYILYy [Jist
IUIOIIAAM TPEYTOJIbHUKA.

Yxasanue. Ilposepbre 31y dopMmyisy Uil HpsIMOYTOJIBHBIX Tpe-
YTOJIbBHUKOB C KaTeTaMH, Napajijie/IbHBIMU OcsM KoopauHat. Ceenu-
Te 3a/a4y BBIYMCJIEHUS IUJIONIAAM NPOH3BOJIBHOIO TPEYTOJIbHUKA K
TPEYI'OJIbHUKaM YKa3aHHOI'O BHJIA.

Bnucannbie 1 onucaHHbIE qeThIPpeXyTOJIbHUKHA

N3 mikonbHBIX yUeOHUKOB U3BECTHO, YTO B TPEYTOJIbHUK BCET1a MOXK-
HO BIIMCATH OKPY?KHOCTb H BOKDYT HETO BCETJa MOXKHO OIHCATH OK-
pPy>XHOCTb. /151 4eTbpexyroJbHIMKOB 9TO BEPHO HE BCEra, ONHAKO
M3BECTHHI IPOCTHIE MPU3HAKH, KOT/Ia 3TO MOXKHO CAENATh.

£166. Bokpyr YeTBIPEXYTOJbHIKE MOXXHO OIIUCATH OKPYXKHOCTD
TOTHA U TOJBKO TOTAA, KOTZIa CyMMBI IIPOTHBOIIOJIOXKHBIX YIJIOB B
HEM DABHHI.

£167. B ueThIpexyroJbHIK MOYKHO BIHCATH OKPY?<HOCTb TOT/Ia M
TOJIBKO TOrla, KOTOa CYyMMBI IIPOTHBONOJIOXKHBIX CTOPOH B HEM paB-
HbI.

£168. Eciu ABCD — BuucaHHbIA B OKPY»KHOCTb YE€THIPEXYTOJIb-
kK, u K, L, M, N — nepueHauKyJ/isipHble TPOEKIMHA TOYKH Iepece-
YEHMs ero JuaroHajieit Ha ero croponsl. JloKarkuTe, UYTO YETHIpEX-
yronbHuk K LM N — onucaHHBI# BOKPYT HEKOTOPO# OKPY>KHOCTH.
Yxasanue. Yernipexyronsuuk PN AK, roe P — Touka nepece-
yeHust puaronanest, N — npoekuus na AD, K — npoeknus Ha AB,
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omucannstit. [Tosrtomy LPAN = LPKN = LZLBP = ZLKP, rne
L— npoeknust Ha CB, T.e. KP — 6uccekrpuca ZLKN.

£169. Eciu ABCD — BuucasHbI B OKPY>KHOCTb Y€THIPEXYTOJTb-
HHMK C HepHeHIUMKY/IsSpHbIMA auaronansamu, u K, L, M, N — nepnes-
JUKYJISIPHBIE IIPOEKIMU TOUYKU P niepeceyenusi ero AuaroHaseil Ha ero
croponsl. Ilycre R — paguyc onucanuoit BoKpyr ABC D okpyzXHO-
CTH, T — paAWyC BIHUCAHHOM B ueTbipexyrojbHuK K LM N okpyx-
HOCTH, d — PACCTOSIHHE MEXKJY IEHTPOM GoJiblleii OKPY>KHOCTH
touxoit P. Jokaxwure, uro R%2 — 2rR = d°.

£170. B ycnoBusix 3anauu 169 JOKAXKUTE, YTO YETHIPEXYTOJLHUK
?
KLMN Takxke sIBJIsIeTCsl BIUCAHHBIM M B Ty K€ OKPY>KHOCTb BIIH-
CaH YeThIPEXYroJIbHUK, OOpa3sOBaHHBIA CEpEeIUHAMHM CTODOH HeTbl-
pexyronbhuka ABCD. Ecan R’ — paauyc sTOit OKPY>KHOCTH, TO
R =1V2R? - &2
5 .

Vxasanue. llentp sToit okpyxkHocTH NexuT B cepenune OP.

B cienyiomeit 3aa4e peub UIET O YETHIPEXYTOJIBHUKE, BIMCAH-
HOM M OIMCAHHOM OZHOBPEMEHHO. DTa 3a/a4a SIBJISIeTCS aHAJIOTOM
TeopeMbl Jiyiepa-Yanmia B 4acTHBIM cjydaeM TeopeMbl [loHcene
(em. [30]).

217*, JlokaxkuTe, YTO PaCCTOSTHME MEXKAY LEHTPaMU BIIMCAHHOMN
U ONHCAHHON OKDYXKHOCTEN ueThIpexyroJIbHUKA BBbIYHMCJIAETCS I10
dbopmyne p = Vr2+ R? — r/r2 + 4R2. Jlokaxure, 4TO ecld pac-
CTOsIHME MEXJY LIEHTPaMH OKpY>KHocTel paauycoB R, paBno d, TO
JUIST KaxKJIo# To4uku Oousibliiedt OKPY2KHOCTH HaMeTcsl BIHUCAHHBIN B
Hee U OIMCAHHBI! BOKPYI MEHbIIEH OKPYXKHOCTH 4eThIPEYTOJIbHUK C
BEpIINHON B 3TOM TOUKE.
Yxasanue. [Ipumennts 3anaun 168,169,170 u nokasats, uro

i__1 .1
r2 (R+p)? (R-p)*

ABTOD cirenyonmx 3aJa4 — TOT CaMbIli 3HAMEHUTBIH ACTPOHOM
ITronemeit, KoTOpBIN Hamucall «AnbMarecr», COIEpKaliuil reoueH-
TPHYECKYIO KAPTHHY MHpA.
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&172. (Teopema [Tmonemes) Eciu e, f — IuAroHAIM BIMCAHHOTO
YETBHIPEXYTOJIbHUKA, TO

ef =ac+ bd.

2173. (Obobwenran meopema ITmosemesn) Ecim a — cymma mpo-
THBOIIOJIOXKHBIX YIVIOB, TO

(ef)? = (ac)? + (bd)? — 2abed cos a.

&174. (Hepasencmeo ITmosremes) Jlns NpousBOILHOTO YeThIPEX-
yroJIbHUKa ClipaBeiyiuBo HepaBeHCTBO ef < ac + bd. PaBencrBo mjist
HEBbIPOXKIEHHOI'O YeTHIPEXYT'OJIbHUKA UMEeT MECTO TOJIBKO AJIsi BIIK-
CAHHOTO 9eTHIPEXYTOIbHHKA.

&175. Jlist IpousBOJIBHOIO YETHIPEXYTOIbHHUKA CIPABEI/INBO HEpa-
BeHCTBO €2+ f2 < a? 452+ % +d?. PaBeHCTBO 1151 HEBLIPOXKIEHHOTO
YEeThIPEXYTOJIbHUKA MMEET MECTO TOJIBKO JIJIsl IapaJsiiesorpaMma.

W3 3azmaun 117 cnenyet, 4To GUCCEKTPUCA TPEYTOJIbHUKA MEHbILE
HIOJIyCyMMBbl OKPY>KAIOIINX €e CTOPOH.

2176. (Mocxsa, 1986) BuccekTpuca TpeyronbHHKA NPOAJIEHA IO
HepecedeHus! C ONMCAHHON BOKPYT TPEYI'OJIbHUKA OKPYKHOCTHIO. J[o-
KayKUTe, YTO €€ JyinHa 6OoJIbIle II0JIyCYyMMbI OKPY2KaIOIINX €€ CTOPOH.
Yxasanue. IIpumenuts Teopemy Iltosemest.
Cnenyromas 3aa4a IPUHAUIEXKUT CPEIHEBEKOBOMY HHAMNCKO-
My MaTeMaTHKy Dpaxmarynre.

2177. (Bpazmazynma) Eciu yeThIpexyrosibHEK BIMCAHHEIH, TO €0
ILJIOIab PaBHA

Vip—a)p-b)(p-c)(p-d),

rae a,b,c,d — croponst, a p — nosynepumerp. Ecimm on ogHOBpE-
MEHHO M OIHCaHHBIH, TO § = Vabed.

Cnenymomue 3agaun gaaee OynyT naHnsl B 6osiee o6mem suge. Ho
YUTATENI0 PEKOMEHIyeTCsl ITOIpo0OBaTh PEIINTb UX ceifdac.
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2178. Cpeay ogHOBpPEMEHHO BIIMCAHHBIX U OIUCAHHBIX YeThbIPeX-
YIOJIbLHUKOB KBAJAPAT MMeeT HaubOJIbILYIO ILIOHIaab.

B cnenylomeii 3anage gaercst obobmennas dopmysa Bpaxmaryn-
THBI.

2179*. (Popmysra Ilmetinepa) Tlromamp HeTHPEXYTOILHAKA C
CyMMO# IIPOTHBOIOJIOXKHBIX YIJIOB (¢ PABHA

V(p—a)(p - b)(p - ¢)(p — d) — abed cos*(ar/2).

Crnenymomgas 3a1a4a IPUHAIEKNUT IIBEHIAPCKOMY MaTEMATHKY
18-ro Bexa Kpamepy (ToMy camMoMy, KOTODBI#f OTKDBLI OIIpeJesTuTe-
o).

&180. (Kpamep) Cpesit BCeX HETHIPEXYTONLHUKOB C JAHHBIMU CTO-
poHaMu HauGOJILIIYIO ILIOIIAAb MMEET BIMCAHHBIA B OKPYXKHOCTb.
[Inom@aae 4eThpeXyroJbHUKA Y/I0BJIETBOPSIET HEPABEHCTBY

s<V(p—-a)p-b)(p—c)p—d).

Yxasanue. Ilpnmennre 3anaun 177, 179.

Cnenyomas 3anaua upuHaiexur Jlounbe, mBelnapiyy, akaje-
muky Bepaunckoit u C.-Ilerepbyprckoit akazemuit HayK, OIyOJINKO-
BaBIIEMY CBOIO KHuUry B Bapase.

&181*. (/houwve) Cpeau BCEX YETHIPEXYTOJLHUKOB C JAHHBIM IIe-
pUMETPOM U JAHHBIMYM HAIPABJIEHUSIMA CTOPOH HAauGOJBIIYIO ILIO-
1]8Jlb UMEET OIUCAHHBIA BOKPYT OKPY>KHOCTH.

Y obonx 3TUX 3884 H3BECTHBI YUCTO F€OMETPHYECKHE DELIEHNUS],
HO OHM He O4YeHb npocTsl (cM. [73, 37]).

DKCTpeMajibHbIE CBOMCTBA KBaJApaTa

3ajaun 3TOro paszesa B AajbHeiem 6yayt ob6obmenst. Ho yntare-
JIIO TIOJIE3HO MOTPEHUPOBATHCS B UX PELICHUH.

&£182. HoxkaxxuTe, 4TO Cpeu BCEX IPSIMOYTOJLHUKOR JAHHOTO IIe-
puMerpa HanboJIBIIYIO IIOWaLb uMeeT KBaapar. Cpeau Bcex npsiMo-
YT'OJIBHUKOB JAHHOM IUIOIIaf¥ HaUMEHbIINM IEpUMETD MMEET KBaJl-
part.
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£ 183. [TokaxnTe, 4TO CPEJIU BCEX YETHIPEXYTOMLHUKOB JAHHOM TI0-
A HauMeHbIuM nepumerp umeer kpaapar. Cpenu BCeX 4eThI-
PEXYTOJIbHUKOB JAHHOIO IepuMeTpa HauOOJIbIIYIO ILIOIAAb UMEET
KBaJpar.

& 184. Cpeliu BceX 4eThIPEXyrOIbHIKOB, BIMCAHHBIX B JAHHBIN KPYT,
HauboJIbIIK ITIEPUMETD UMEET KBAAPAT, a CPEAU BCEX YEThIPEXYTOJIb-
HUKOB, ONMCAHHBIX BOKPYT JAHHOT'O KpyTra, HAMMEHBLIINI IIepuMeTp
uMeeT KB3JIparT.

&185. Cpenu Bcex 4eThIPEXYTOJIbHUKOB, BIIMCAHHBIX B JaHHBIN KPYT,
HanboJIBIIYIO IO b UMEET KBAaJApaT, & CPeiu BCeX YeThIPEXYTrolb-
HUKOB, ONUCAHHBIX BOKDYT' JAHHOTO KpPYra, HauMEHBIIYIO ILIOIadb
uMeeT }KBa,LLpaT.

W nmaxkosnerr,

IIpoun3BoJibHBbIE YEeTHIPEXYTOJIbHUKI

Jlokaxkure ciieAyIoniue yTBEPKIAEHHUS.

£186. (Bapunvon) CepeiuHBI CTOPOH YETHIPEXYI'OJIbHUK 00pa3yioT
MapaJjuIe/IorpaMM BABOE MEHBINEH IJIONIaIH.

£ 187. B 4eThIpexyro/bHUKe HAfTH TOUKY, CyMMa PACCTOSIHUM KO-
TOpO#l IO BEPIIMH MUHUMAJILHA.
Yxa3anue. TO TOYKA MEPECEUEHHsT JUATOHAIEH.

£188. CyMMma JiytiH nuaroHajieli MeHselile Iiepumerpa.
Vxasanue. IlpuMmenure HEPABEHCTBO TPEYTOJILHUKA.

&189. (Mocrosckas obaacmuas osumnuada, 1985) Cymma paccro-
AHKH 0T M060R TOYKH YETHIPEXYTOJLHUKA, JI0 €T'0 BEPIIHH HE MEHBIIE

V/8s.

Yxazanue. Ilpumennre 3amaay 187.

£190. MuHIMATBHBIH IHAMETP BBIIYKJIOTO UETHIPEXYTOJBHUKE C
€IMHUYHBIMU CTOPOHAMHU PaBEH V2.
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B cienyiomux tpex 3amagax D — sto guamerp, H — mmpuna
YeThIPEXYTOJbHUKA.

£191. CnipaBenBo TouHOE HepaBeHcTBO s < D?/2.

£192. Crpasegnupo nepasercrso HD/2 < s. TIpusenure npume-
Pbl TAKUX YETHIPEXYTOJBHUKOB, ¥ KOTOpbix H D /2s crpemutcs K enu-
HHUIIE.

£193**. CrpaseynBo TOYHOE HepaBeHcTBo p < (2 + 4sin7/12)D.
ABTOpY M3BECTHO TOJIBKO KOCBEHHOE M JIOBOJIBHO CJIOXKHOE JIOKa-
3aTEILCTBO 3TOTO HEPABEHCTBA.

&£194. Tlyctb a,b,c,d — CTOPOHBI YETHIPEXyrobHUKA. JloKaxKuTe
HEPaBEHCTBA

2s < ab+cd, 2s < ad+ be, 2s < ac+ bd,
4s < (a+c)(b+d), 4s < (a+ b)(c+d),
4s<a’+b02+2+d%16s<(a+b+c+d)%ds<ef

¥ HaituTe YCIOBHS MX OODAIIEHHS B DABEHCTBA.

Yxaaanue. Tperbe HEPABEHCTBO BLITEKAET U3 TIEPBOTO, €CJIH OJ[UH
M3 TPEYTOJIHLHIKOB, OTCEKAEMBIX JUATOHAJIBIO, OTPA3UTh CHMMETPHY-
HO OTHOCHTEJILHO CPEMHHOTO HepIeHAMKYIIpa K ITOM AMarOHAJM.
TpeTbe HEPABEHCTBO — CyMMa IIePBHIX JByX. UeTBepToe cymMMma BTO-
poro u Tperbero. IlsToe cexyer u3 moboro u3 NEpBLIX TPeX ¥ Hepa-
BercTB 22y < 22 + y2. llectoe (KCTaTH, 3TO U30NEPUMETPUYECKOE
HEPABEHCTBO JJIs1 YeThIPEXYTOIbHUKA ¥ U3 HETO CiIeyeT 3a1aua 183)
TIOJIyYaeTCsl CyMMUPOBAHMEM IISITOTO, ¥ YIBOEHHbIX HEpPBBHIX TPEX.

£195. Jokaxkure, ITO ILIOLIAAb IPOU3BOILHOIO YETHIPEXYTOIbHHU-
Ka paBHa

%¢4(e - (@ -BrE )R

£196. Cpenu Bcex YeThIPexXyTOJIbHHKOB C JaHHBIMU CTOPOHAMM HAaH-
O0JIbLIYIO IIPOM3BEJEHNE JUATOHAJeH MMeeT BIIMCAHHBIA B OKDPYK-
HOCTb.
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£197. V 4eTHIpexyrobHIKA JUATOHAIN NePIeH UKy ISIPHBI €CIIH U

TOJIBKO €CJIx
a®+c? = b2+ d%

&2198*. Ilycts A1 Ay A3 Ay — BHIIYKIIBIA Ye€TBIPEXYTOMBHAK 1 O —
TOYKa BHYTpH Hero. Jlokaxkute, 9yTo HauMmeHbIn#d u3 yrios O A; Ay,
OAq43, OA3A4, OA4A) ue Gonbine 45 rpaaycos. [IpuBenure npu-
Mep, KOrza CIpaBelyiiBO PaBEHCTBO.

£199*. O603HaUNM [JIHHBI IEPIEHINKYIISPOB, OIYIIEHHbIX Ha IIpsi-
mble A1 Ag, AgAs, AzAs, A4A; u3 Touku O uepes dy,ds,ds,ds coor-
BETCTBEHHO, & PAacCTOsIHUsI 10 BepuinH A; depe3 a;. Jokaxure, 4To

ai1a9a3a4 Z 4d1d2d3d4.

[IpuBenuTe mpuMep, KOI/a CIPABEJINBO PABEHCTBO.

1.8 Teopembl ¥Onra, bagmike u Ilana

Cienyiomasi TeopeMa Oblia JoKa3aHa aHIVIMACKMM MaTEMAaTHKOM
FOnrowm B 1901 rony asst n—MepHoro npocrpascrsa. Mu1 ee dopmy-
JIIDYEM B ILJIOCKOM CJIyd4ae.

Teopema 5 (FOur). /las npouseoavrozo (He 06asamenvHo ebinyk-
2020) MHozoyzoavnuxa M (u 8oobwe dasn 4106020 3amrHYMO20 O2pa-
HUNEHHOZO MHOHCECTNEG HA MAOCKOCTIU,)

R(M) < d(M)/V/3.

Hepasencmao obpaujaemcs 8 pagercmeo Auld K020a 6 MHO20Y20/4b-
Hux M MmoocHO enucams NpasuAbHbIl MPEY20ALHUK 020 dice Jua-
MEMPA, BNUCAHHBIT B0 BHEUHION OKDYHCHOCTNG MHO20Y20AbHUKG M.

st nokasaTesnbCTBa JOCTATOYHO TIPUMEHUTH YTBEDPXKACHUS 3a-
nav 26,77.

Cnenyiomas TeopemMa 6b11a JOKA3aHA M3BECTHLIM HEMEIKUM Ma-
TemaTukoM Birsimike B 1914 roay B myiockoMm ciyyae. Ee 06obienne
Ha n—MepHOe IIPOCTPAHCTBO, nosydenHoe [llelinxarenom, Oyner na-
HO B OJHOM M3 CJIEYIOIMX Pa3IesioB.
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Teopema 6 (Brsmke). Jaa ewnyraoeo muozoyzorvnuxa M (u eo-
obuie 0as 1106020 3AMEHYMO20 BHINYKAO20 MHOHCECTNEA HA NAOCKO-

cmu)
b(M) < 3r(M).

Hepasencmeo obpaujaemcs 6 paseHcmeo AuuLb 044 NPABUALHOZ0 Mpe-
Y20A0HUKA.

st nokasaTesnbCTBa IPUMEHMM YTBepxKIeHust 3anad 24,27, 78.
Mo:kHO cuMTaTh, YTO BHYTPEHHMIL KPYT KAcaeTcs B TPeX TOYKaX I'Pa-
HUIB! AaHHON (DUTYpPBI, B €CJIM Yepe3 3TU TOYKHM IIPOBECTH K HEMY
KacaTeJIbHBIE, TO OHM OyyT ONOPHBIMU NPSIMBIME ISl Hee, [09TO-
My OTrpaHMYEHHbI! MMM TPeyroJjbHuK Oyzer comepxxarthb dburypy, u
HMETb HE MEHbIYI0, YeM OHa IIMpUHY. PaBeHCTBO BO3MOXKHO JIMIIb
KOI'/Ia 9TOT TPEYTroJIbHUK MPABHJIbLHBIN M €ro IMPUHA PaBHA IIUPHHE
¢burypsl, 3HaYUT PUIYPa CONEPKUT €r0 BEPUINHBL, & IIOTOMY U BECh
TPEYTOJIbHUK, T.€. COBIAAET C HUM.

Cnenyomast Teopema Oblta fnoxkazana B 1921 r. BeHrepckuMm ma-
tematukoM FO. ITamom.

Teopema 7 (Ilan). Jas svinyxaozo muozoyzoavruxe M (u soobue
Ons m106020 3AMERYMO0 BHINYKAOZ0 MHONCECTNBA HA TUIOCKOCTIAUL)

s(M) > b3(M)/V3.

Hepasencmeo obpauiaemcsa 8 pasercmeo Aullb OAf NPAGUABHOZ0 Tpe-
Y20AbHUKG.

Jasiee npuBoauTCH HOKA3ATEILCTBO, NI0-BUAMMOMY, OTJUYHOE OT
JokazarenberBa [lasa, a TakyKe OTJIMYHOE OT PEIIeHUs COOTBETCTRY-
1o1elt 3anaun u3 [77]. Brimmem B M tpeyronbuuk ABC naubonbineit
II0AIH, 0603HAYUM €ro BBICOTHI hg, iy, he, TOCTPOUM TPEYTOILHUK
A1 B Tak, 4robbl €ro cpefHue JIMHAN 00Pa30BBIBAIN TPEYTOJbHUK
ABC (C oka3zanace cepenunoit A By u T.4.), Beibepem B nepeceye-
uuu M c tpeyrosbaukoM A1 BC Touky Ag, Hanbosiee yIaieHHyIO OT
npsimoit BC, 0603HaYUM paccTOsiHue OT Hee JI0 TOH NpsiMoli depes
da, 1 aHAJOrUYHO BhIGepeM Touku By, Cy u ONpeses MM pacCcTOsTHUS
dp,dc (Bo3MoxHO, uTo BeIGOD TOueK A, B, C, A, By, Co HeoaHO3HA-
yeH). 3ameruM, uro M comepxkurcsi BHyTpu Tpeyronbhuka ABC,
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TaK KaKk B NPOTHMBHOM ciyuae B M Hanuiach Obl TOYKa, ynaJieH-
Hasl OT OJHOH U3 €ro CTOPOH Ha pPAaccTosiHue, GOJIbILEE ONyIIeHHON
B 9TOM TPEYTOJIbHUKE Ha 3TY CTOPOHY BBLICOTHI, ¥ TOLLA 3Ta TOYKS
06pa3oBbIBaJIa ObI € 3TOI CTOPOHOM TPEYroJbHUK OoJIblIel IJIomaau,
yem ABC, uto nporusopeunt Bbibopy Tpeyrosbsuuka ABC. Ilosro-
My dg < hgydp < hp,de < he, npuvem, eciiu dg = dp = deo =0, To M
cosragaer ¢ TpeyrosbHukoM ABC, a ecnu dy = hg,dp = hp,de = he,
T0 A9 = Ay, By = By, Cy = C1, u Torna M COBIaAaET C TPEyroJib-
uukoM A1 B1Cy = AgByCs. Itu ciiydau Ha30BeM BBIPOXKIEHHLIMIH.
Mposenem uepes Ay npsmyrwo, napasiensayio BC, u aHanormyso
IIpoBezeM npsiMble yepe3d By u C. MHOrOyroibHUK, OTCEKAEMbIH MU
or tpeyrosbarka A;Bi;C) (B HEBBIPOXKIEHHOM Cilydae, Boobie ro-
BODsi, IIECTUYTOJILHUK) 0603HaunM yepe3 M. B cuity Bribopa Touek
Ag, By, C5 0H HaKpbBIBaET , YTO JOKA3LIBAETCH TAKXKE, KAK HAKPBITHE
tpeyroabaukoM Ay ByCh.

MHoroyrosbHuk (B HEBBIPDOXKIEHHOM Cilydae, BOOOILE roBOpsl, 11ie-
cruyronbauk) ACy BAoC By 0603uauuM Mo, a ero wiomaap — depes
82. B cuity BBINYKJIOCTH OH COIEPXKUTCH B HEM. B HEBLIPOXKICHHOM
ClIly4yae He sIBJISIETCsI TPEYI'OJbHUKOM, TaK K&K He CYIIeCTByeT Tpe-
YTOJIbHUKA, JIEXKAIEer0 B MHOrOYTOJIbHUKE M7 ¥ COAEpIXKaIero MHO-
royroJbHuK Mo.

£ 200. JokaxuTe 3T0, 8 TAKIKe, UTO
min{ha + da, hb + db, hc + dc} Z b(M),

da db dc
ha TRy T he)
rae Sape — mwomgaas Tpeyroapuuka ABC.

Vxasanue. Bocionb3yitrech TeM, 4TO

s(M) > sy = Sapc (1 +

82 = Sapc + Sa,BC + Sap,c + Sasc;,

a mupuna M He Gosnbite min{hg + dg, hy + dp, he + dc}.

2201. Hokaxure, uro npu 0 < & < 3 cupaBeJIuBO HEPABEHCTBO

1+=z 1
— T >
B+z)2 ™9
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KOTOpoe obpartaercst B paBeHCTBO Jjiuiib Upu & = 0 uimm ¢ = 3.

ITosioxkuM Jitst KPATKOCTH Ag = dg/hg, Ao = dp/hp,Ae = d¢/he,
A=A+ M+ A mzamerum, uto 0 < A, < 1,0< 0, <1, 0< A < 1,
orkyaa 0 < A < 3. VI3 3agau 82, 85 ciexnyer, uto

3v/3

SA3023\/§7‘2= 5 -
1 1 1
(m+m+m)

YMHOXKas1 0be yacTd HEPaBEHCTBA
min{hg, + dg, hp + dp, he + dc} > (M)
na h7! + by ' + hZl, nomydaem, aro

he+dy hy+dy hetds
>
T

> min{hq + da, b + dp, he + dc} (Rg' + byt + hZY)
> b(M) (At + hyt + RS,

4YTO PaBHOCHJIBHO
B+ A=34 X+ A+ A 2 (M) (b1 + byt + R,

OTKYya HMeeM

1 b(M)
1 1 = :
Etete 3+A
Ilostomy
3v3 3v3(b(M))?
SaBc = T, 2 > \{?:(4—()\)2)) ;
(H+H+E)
cJaea0BaTeJIbHO

de dy d,
> —_— —_— —_— =
s(M) > Sasc (1 + ™ + T + hc)

3VB(1L+ N (6(M))® _ (b(M))?
(3+ )2 ~ V3

= Sapc(l1+A) >
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PasericTBo BO3MOXKHO jimib HpU A = 0 myim A = 3, T.e. B BBIPOX-
JIeNIOM CJiydae, HO Torfa M sBjisieTcst TpeyroJabHUKOM. B ciyuae
TpeyrobHAKA HEepaBeHCTBO § > b%/v/3 mokazaHo B 3azave 84 wmmm
B TeopeMe 1, ¥ paBeHCTBO BO3MOXKHO JIMIIb AJIST IIPABHJIBHOTO Tpe-
YT OJILITHKA.

1.9 HepaBeHcTBa OJi9 BBIIYKJIbIX
MHOT'OYTOJIbHUKOB

Mycts M,, — NpOu3BOJILHBIA BBIIYKJIbIH 7N-YTOJILHUK, Py — €r0 Ie-
pumerp, d, — auamerp, b, — mupuHa, R, — BHeUWHH paauyc,
Ty, — BHYTDPEHHUH pajuyc, S, — KBaIAPATHBIA KOPEHb U3 €ro IJIoIa-
pu. CupaBeyIMBbL CileIYIONEe HEPABEHCTBA (HHIEKC 7 OILyCKAEM),
KOTOpbIe JaJjiee OYIyT NOKa3aHBI.

T R b d s P
r £>0 %bzé £>0 §>20 >0
r 2 < )<
R RS,, S | L<2 (#) . Y
T o = ngin 20
3 13 3 13
b ;22 ﬁZO a‘>0 ;>10 ;>0
r< b 3 2
d d — R <./3 ds (d) < S
singy | d = cos X ZcosZtg L | 2nsin &
te & 2n 3 COS 8o n
(2)"2
s\ = £50 bt/ 250 250
?’Ltg% R s — d P
p)
e 2 [ 32 [,.,] &
2ntgZ | 2nsinZ | 2ntg o d dntg T
Tabauna 1

£202. JlokaxkuTe, YTO BCce HEpPABEHCTBa TabJIMIb! 1 YIYUIINTD HEJlb-
351, TOYHEE YacTh U3 HUX 00PAIIaeTcss B PABEHCTBO 151 IIPABUJIBHBIX
M~—YTOJIbHUKOB, 4acThb 0OpalaeTcss B PABEHCTBO [JIsI MHOIOYIrOJIb-
HUKOB, BBIPOXXIAIOIIMXCS B IPABUJIbHBIM TPEYTOJIbHUK, & OCTAJIbHBIE
obpalaioTcsi B paBeHCTBO, KOTJIa MHOTOYI'OJIbHUK BBIPOXKIAETCS B
OTpe30K.

XoTHTe y3HATDh, KaK PEIIAeTCsl 3Ta 33/a4a — duTaiiTe majblie.
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N3onepuMerpuyeckye HepaBeHCTBA

Teopema 8. IIycmv P noaynepumemp, 8 — naou,ado, T — 6HYmM-
pennut, a R enewnuli paduyc svinyxaozo n-yeoavnuka M. Toz2da
CNPABEAAUBDL HEPABEHCTNEA,

T .
nrtg— < P < nARsin —,
n n

T n o, 2w
r2ntg— <s< R?Zsin ==,
n 2 n
Kaoicdoe u3 nepasencme mounoe, u 0ocmuzaemcsa moavko 0aa npa-
BUABHO20 N-Y2oab Huxa M.

Jloka3aTebCTBO 3TOI TeOpeMBl JIErKO MOXKHO BBIBECTH U3 CJIEY-
IOIUX 3a1a4.

£203. Cpeay BIMCAHHBIX B JIAHHYIO OKPY>KHOCTbH 71— YT'OJIbHUKOB
MAaKCHMAJIbHBIA TIEpUMETP U MAaKCHUMAJIbHYIO IUIONIAJIb UMEET Iipa-
BUJIBHBIHA.

ITpusesmem npsiMoOe peleBMe STOH 3aauu, comepxkaiieecs: B [59].
JonycTuM, 4TO Nn—yroJabLHUK HenpaBuibHbIA. PaspexkeM ero Ha Tpe-
YTOJIbHUKHA ¢ 00mieil BEpmMHON B HEeHTpe okpyxHoctu. Cpeam Hux
€CTb OJIWH C YIVIOM IIDU BepuluHe GOSbIM 27 /1, ¥ OfiMH — C MEHb-
wuM 27 /n. IlepecTaBuM TPEYrOIbHUKH, COCTABIISIIONINE 1 —YTOJIbHH-
K, Tak, 4TOObl 3TH JIBa TPEYTrOJbHUKA OKa3ajuch paagoM. Hu mepu-
METP, HM ILJIONaJb N—YTOJIbHUKA IIPH 9TOM He uaMmensarcs. [lepe-
JBUTAsT BIOJL OKPYXKHOCTH ODIIYIO BEPIINHY ITUX TPEYTOJbHUKOR
TaK, YTOOBI Yyroy1 GOJIbIIEro U3 3THX TPEYTOJbHUKOB OKA3AJICS paBEH
27 /n, u npuMeHsist 3334y 43, TI0JIy4aeM, YTO y N—YyTroJIbHUKA U ILJI0-
a/1b U IepuMeTp yBeaudaTcs. [loBTopsisi, B ciiy4dae HeoOX0IUMOCTH,
IIPOBEEHHOE PAcCy>KIEHHe, II0JIyYaeM B KOHIIE KOHLIOB IIPaBUJIbHBIA
N—YTOJIBHAK, ¥ KOTOPOr0 M IUIOMIaAb U mepumeTp 6yayT OoJibiie,
YeM y MCXOJIHOTO.

IIpstMoe 1OKa3aTeJbCTBO SIBHO YKA3BbIBAET, YTO HEIPABUJIbHBIN
7N—YTOJIbHUK UMEeT MEHBINYIO ILIOIIAaAb ¥ MEHbIIHH NEpUMETP, YeM
npaBuibHb. Ho momycTum, 4To HaM M3BECTHO CYLIECTBOBAHUE, IKC-
TPEMAJIBHOTO N—YyTOJbHUK. TOrga I0Ka3arb, YTO OH MOXKeT ObIThb
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TOJILKO IIPABHUJIBHBIM, MOXKHO Kopoue. [[Jjis1 9TOro He Hy>XHO repe-
CTaBJSITh TPEYTOJbHUKH, COCTABJISIIONIHAE N —YTOJbHUK, & H0CTaTOY-
HO BBHIOPATH [1Ba COCEOHMX M3 KX C PA3HBIMHU YIVIAMM IIPH BEpILU-
HaX, ¥ [EePeIBHHYTb MX OOULYI0 BEPIIMHY BJOJb OKDPYKHOCTH Tak,
9TOOBI UX «LEHTPAJIbIbIE> YIUIBI CPABHSUIUACH. IIpuMeHnsist ocse 3To-
ro 3aza4y 42 (a oHa uyTh mpoute, yem 43) , HOIydaeM, 4TO y HOBOIO
N—YTOJIbHUKE IUIOMALbL U HEPUMETD YBEJMYHINUCD, YTO HEBO3MOXKHO
B CHJIy €ro SKCTPEMAaJIbHOCTH.

[Tonobuble moKa3aTeILCTBA HA3BIBAIOTCS KOCBEHHbIMU. VX Hemo-
CTATOK — HEOOXOAUMOCTD MPEJIONAraTh CYyIECTBOBAHUE SKCTPEMAIIb-
uoi ¢urypsl. o NOSIBJEHHSI CTPOrOM TeOpuM IpenesioB U TEOPUHU
JeHCTBUTENbHBIX YUCEN CYIIECTBOBaHHUE 3KCTpeMyMa y Jioboit pa-
3yMHO 1I0CTaBJICHHOM 3aJa4Yi Ha MAKCUMYM M MUHUMYM CUHTAJIOCh
OYEBMIHBIM DTO M CefYac Ka’KETCsI OUEBUJIHBIM TEM, KTO HE 3HAKOM
¢ TeopHell NefCTBUTENbHBIX Yuces. JIJjist TeX e, KTO 3HAET 3Ty Teo-
PUIO, 3TOT TaK»Ke He Hy>KJaeTCsl B I0KA3aTEeJLCTBE ([OTOMY, YTO OHH
€ro JIErKO MOTYT IIPOBECTH CaMM 110 M3BECTHOH MM cxeMme). [losromy
MbI 371eCh He OymeM oOCYy>KIaTh HOHOOHBIE BOIIPOCHI, 8 MHTEPECYIO-
erocst UMM YMTATeNsl aipecyeM, Haupumep K [9, 36, 56].

Jlanee Mbl pEKOMEHIyeM YHTATENIO CBOOOIHO NOMBL30BAThCSI KOC-
BEHHBIMHM DACCy>KJEHUsMA (€C/M He yIaeTcsl NPHIYMATb NPSIMBIE),
HO IIpY TIPOYMX PABHBIX YCJOBHUSX caMu Oy[eM HPEeANnoYNTaTh Hpsi-
Mble paccy>kieHus: (He OTBeprasi Ipy 3TOM KPacCHBBIE KOCBEHHBIE).

Hns cnenyromeit 3ana4n B [69] npuBeseHo npsiMoe paccyKieHue,
KOTOPO€ MBI ¥ BOCIHPOU3BOIMM.

£204. Cpenu onmcaHHBIX BOKDPYT JAHHON OKPY>KHOCTH 71— YTOJIb-
HHUKOB MUHMMAJIbHBIA HEPUMETD M MUHHUMAJBHYIO IUIONIAJb MMEET
NIpaBUJILHBIM.

Vxasanue. Ilycrs P — npou3BOIbHBIA N—YTOJNBHUK, OMMCAHHBIMH
BOKpPYT Kpyra k, u P, — COOTBETCTBYIONINH IPaBUWILHBIA 1 —YyTOJIb-
uuk. O6o3naunm K ommcansbiit Bokpyr P, kpyr, u s, t = 1,...,n
— paBHBIE CET'MEHTBI, OTCEKaeMble OT HEr0 CTOPOHAMH 71— YTOJIbHUKA
P. Torpa mnomans nepeceuenust K N P paBHa

K—(81+...+sn)+(81082+82033+...+8n_1ﬂsn),
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riae K o6o3navaer Takxke momans Kpyra K, s; — mwiomaay cerMeH-
TOB 8, 8;—1 N 8; — ILIOmEaAM uX nepeceuennit. Tak kak mwiomans P,
pasia K — (s1+...+ 8p), To wromanp K N P He MeHbIe IIIOMa
P, u TeM GoJiee 3T0 BepHO IJIs mromany P, npuyeM paBeHCTBO BO3-
MOXKHO JIMIIL KOTJA CETMEHTHI He IIEPEeceKaloTcsl, T.e. KOTa HU OJHA
u3 BepmuH P me nexwur suytpu K, Te. korgma P = P,.

Kocsennoe pemenue, mogobHOe pelleHUIO NIPeabIayInel 3a1a4u,
[peIaraeTcst PUAyMaTh YATATENIO CAMOCTOSITEIbHO.

Emle oaHo npsiMoe pelieHue ABYX LPEObIAYINHAX 384249 MOXKHO
MOJIYYUTh C IIOMOIIIIO CJIEAYIOIIUX 3a0a4.

& 205. Jls1 BIACAHHOIO B OKPY2KHOCTb PaIuyca R BIIYKJIOro n—y-
IOJIbHUKA, Y KOTOPOTO M3 €€ LEeHTPa CTOPOHbI BUAHBI TIOJ yIJIaMH
Q1 ..., Oy, CIPABEIJINBbI PABEHCTBA

RZ
8 = - (sina; + ... +Sinan),

P=R(sin%+...+sin%).

& 206. 17151 ONHUCAHHOTO BOKPYT OKDPYYKHOCTH P8/IAYCA T BBIIYKJIOTO

N—YTOJbHUKA C JAHHBIMEA YIJIAMH Qf,..., (0 CIPABEIJIABLI PABEH-
cTBA o o
1
s=r? (ctg-2—+...+ctg?") ,

P=r(ctg%1+...+ctg%'i).

Anrebpanyeckue pelieHUs: ¥THX ABYX 3a1a4 JIETKO MOJIYYUTh, €C-
JI¥ 3HATB, YTO TAKOE

HepaBencrso MeHceHa OJisi BBIMYKJBIX DyHKIMiA

®yukuusi, onpeneseHHass Ha untepsaje (a,b), Ha3bIBaeTCA GHLINYK-
A0t, eCcnIy [Jis Hee CIIPaBEJIMBO HEPABEHCTBO

f(%);f(wz) Sf(ﬂ—;ﬂ).
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Ecau 3TO HepaBeHCTBO 0DpaIaercss B PABEHCTBO TOJIBKO IIpU Iy =
T3, TO DYHKIHS HA3BIBAETCS CMPOo20 65nyKA0t. (AHAJIOTUYHO MOXKHO
BBECTH IIOHSITHE BOTHYTOH (bYyHKIMH, WM BBLIIYKJIOH BHU3).

€207. JJokaxkuTe, 4TO ec/i BTOpAsi NPOM3BOLHAS ITOH hyHKIHH
HEIOJIOKUTEJIbHA Ha BCEM MHTEPBAJIE, TO (DYHKIMS BBIIYKJA, & €C-
JIX 3T8 NMPOU3BOAHASI OTPULATENbHA, TO (DYHKILHUsI CTPOTO BBIIIYKJIA.
JlokarkuTe aHAJIOTHYHOE YTBEPXKAEHUE JJIsl BOTHYTHIX (DyHKIMIL.

£208*. JlokaxuTe, UCHOMBL3Ys TPEIbLIYILYIO 3884y, YTO Sinz
crporo BbinykJia Ha (0, ), GYHKIUS COS & CTPOro BHIIYKJIA HA OTPE3-
ke (—m/2,m/2), byukuus tgz crporo soruyra Ha (0, 7/2), byukius
ctg x crporo Bemykia Ha (0, 7/2), dyukuus 1/ cos z crporo Boruy-
ta Ha (0,7/2), bynkuust 1/sinz Toxe, dynkuus log, z npu a > 1
crporo Beinykia Ha (0,00), dyukuus log, cosz mpu a > 1 crpo-
ro Boinykia Ha (—m/2,7/2), byukuus log,sinz npu a > 1 crporo
Beintykia Ha (0, 7), dynkuuu log, 1/sinz u log, 1/ cosz npu a > 1
crporo Boruytsl Ha (0,7/2).

JoKaxKuTe TO 3Ke caMoe TPUIOHOMETPHYECKH, HE I0JIb3ysiCh IIpe-
IObLayineit 3anaueit.

Jokaxxute TO e caMoe reOMeTPUYECKH.

Yxasanue. [Ipumennuts 3amauy 117 1 nosyyuTh HEPABEHCTBA

lo < Vbe < (b+c)/2.

£209. Ecm f (z) BbillyKJIa HA HEKOTOPOM HHTEPBAJIE, TO

f(x1) + f(z2) + fz3) + f(24) <f(w1+w2+w3+w4>
4 = n )

Ecny f(z) BEIyK/Ia Ha HEKOTOPOM MHTEpBaje, TO npu n = 2~

Flx)+ ...+ f(zn) Sf(w1+...+:1:n).

n n

Ykazanue: nHAYKIHUs 110 K.
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Teopema 9 (Fémbaep-Mencen). Ecau f(x) svwnyxaa na nexomopom
uHmepsase, Mo

f(x) + ...+ flzn) Sf($1+...+$n).

n n

Ecau x momy oice ona Henpepviena, mo 0aa aobux o; > 0, o +
oot an =1,

a1f(z1) + ...+ anf(zn) < fla1z1 + ... + anzn).

JloKa3aTenbeTBO TOR TEOPEMBI MOXKHO HaliTh, Hanpumep B (7,
63].

UsBecTHO, 4TO OrpaHUY€EHHAas BIIYyKJlas QYHKIHS BCETJA HElpe-
PBIBHA.

£210. (Hepasercmeo meorcdy cpednumu) Jokaxure, 4To Ljisi Jio-
OBbIX HOJIOXXUTEJILHBIX YUCEJT Ty

n T1+...+2 224, 422
T < YF T < n /B n
5'1-+...+;; n n

y xaszaHue. OAHO 13 MHOT'X pemenm‘/i 3TOU 3a1a44 JIET'KO IIOJIy4YNUTDb
C IIOMOIIBIO TeopeMEl 9.

2211. Jokaxure, yro ajist mobeix oy > 0, ecmu a3 +...+a, =7,
TO
sinoy + ...+ sina, < nsinn/n,

aecmd o + ...+ ay = 27, TO
sinaj + ...+ sinoy, < nsin2x/n.

Yxasanue. OgHO U3 MHOTMX pEIIEHMH 3TOH 3a0a4M TAKIKe JIETKO MHOo-
JIyYUTh C IIOMOILBIO TeopeMsl 9.

2212. Jokaxkure, 4To Ang MOOEIX o > 0, ecmn a1 + ...+ ap = T,
TO
tgor + ... +tgoy, < ntgm/n.
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Vxasanue. U atoit Toxke.

£213. JlokaxKkuTe, YTO HEPABEHCTBA TEOPEMBI 8 PABHOCHIILHEI HEDA-
BeHcTBaM 3amau 211, 212,

&214. Jlokaxute, 4ro s mOBLIX o, ai| < m/2, 1 = 1,...,n,
CIIPABEJIUBO HEPABEHCTBO

cosS @ ...cosan < cos” ((a1 + ...+ an)/n),
a IIpU JOHONHUTENLHOM YCIOBUM 3 + ...+ apn = T — HEPaBEHCTBO
cosa; ...cos an < cos™(mw/n).

Yxa3anue. U 3necy nomoraer Teopema 9.

Hcnosb30BaHuE BBHIMYKJBIX (hyHKIui

2215, Crporo Beinyk/iaass (pyHKUMS JOCTHrAET MHHMMYMa Ha KOH-
118X OTPe3Ka, Ha KOTOPOM OHa omnpezeseHa. st BoruyToit dyHkimu
BMECTO MHHHMYMa PEYb MIET O MaKCHMYMe.

£216. Crporo BbimyK/ass DYHKIMS HMEET €JUHCTBEHHBIH MAKCH-
MYM, & BOTHYTas — €JUHCTBEHHBI MUHUMYM.

&217. Tlycrb Touka M nexur BHe npsimoit [, a Touka P asura-
ercst no Hel. JJokaxkure, yTo ayuHa orpe3ka PM sBnsercs cTporo
BOTHyTON (yHKuUHMe# oT a) KoopauHaTel Touku P Ha npsimoii (mpu
moboM Bribope Hadana KoopauHat) 6) yria, o6pasoBaHHOIO OTpPE3-
koM PM ¢ moboit 3ananHO# npsiMoit B) siorapudM 10 OCHOBAHHUIO
a > 1 gnunst orpeska PM aBnsiercst cTporo BoruyTo# ynxkuueit or
YKa3aHHOrO yIVIa.
Yxa3anue. Ilpumenuts 3amauy 208.

£218. ITycrs Touka M asukercs no npsiMoit a, a d(M) — ee pac-
CTOsIHME JI0 CKpemuBalomeiics ¢ Helt npsiMott b (1psiMble paciosoxe-
HbI B nipoctpadcTse). Jokaxwure, uro ¢pynkuus d(M) oT koopauHa-
ThI TOYKH M Ha npsiMOit @ SIBJISIETCsI CTPOI'0 BOTHYTOM.
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Yxasarue. IIpoBenem uepes b myiockocTs, napasuieibayio a. [lycrs
M’ npoexnus M Ha 3Ty miockocTb, a M” — npoekuuss M na nps-
Myto b (mosromy |[MM"| = d(M)). Torna M'M" nepnenankysnsipua
MM', MM' ymeeT NMOCTOSHHYIO JJIMHY,

d(M) = /IMM'|2 + [M'M"|2 = V2 + k2,

e T KoopAauHaTa Touku M Ha npamoit a (Ipd mOAXOAsIEM BBIGOpE
Havajia KOOPANHAT U eAMHULBL JIHHEB]). OCcTaeTcs: IPUMEHNTD 33834y
217 a).

£219. IposeseM 4epe3 BHYTPEHHIOI TOUKY M BBIIYKJIOr0 MHOTO-
YTOJIbHUKA IPSMYIO, IepeceKanllyio ero no orpesky AB. Jlokaxu-
Te, YTO JIJIMHA TOr0 OTPE3Ka MAKCHMAJIbHA TOT/ZIA U TOJIBKO TOTIa,
korga A unu B coBnamaeT ¢ oAHOR U3 BEPUIMH MHOTOYTOJIbHHUKA.

Yxaszanue. IIposenem uepes M npsiMble uepe3 BEPIIMHBI MHOI'O-
yrojabauka. IlycTh yriibl, 0Opa3oBaHHBIE STUMU IIPSIMBIMHA C (DHKCH-
POBaHHOHI npsimMoit, mpoxoasmeit yeped M, ectb 0 < a1 < ... <
an, < 2m. CornacHo 3amaue 217 nnuna AB siBjsieTcst KyCO4HO BO-
rHyTO# (byHKIMEH, CTPOr0 BOTHYTOM Ha KaX<ZOM OTpe3Ke [y, Qti+1]
(kak cymMa crporo BorHyThix dyukuuit). CorsacHo 3agage215 maxk-
CHMYyMa, OH& JOCTUIAeT Ha OJJHOM M3 KOHILOB OTDPE3Ka [ay, ti+1]-

Jloka3zaHHOe yTBEDXKIEHHE CIPABEJIMBO, B YaCTHOCTH ISl de-
THIPEXYTOJIbHAKA W TOYKH IepeceveHrsi €ro AuaroHajieil: mpsiMasi,
IpOXOJsiIias Yepe3 TOYKY HepecedeHusl AUaroHajiel, nepecekaer de-
THIPEXYTOJIbHUK 110 OTPE3KY, [JIMHA KOTOPOrO He G0JIbIle JJIMHBI Ofl-
HOMt M3 JguaroHaseit (pemienue, He UCIHOJIB3YIONIEE BBIMYKIIOCTh, CM.
B pemenny 3anauu 15.32 6) u3 [53]). Takoke OHO CIpaBEAINBO U IS
HEBBIIYKJIBIX, HO 36€30HBT OMHOCUMEALHO TROYKY MHOTOYTOJIbHH-
KOB.

£220. [JokaKuTe, 9TO CEICHUE TETPASIPa HMEET IIepHMeT] He 60JIb-
Ile, YeM IIEPUMEeTpP OXHOM W3 ero rpaHeii.

Yxasanue. Eciiu ceuenne TpeyrosbHOe, TO MOXKHO IIPUMEHHUTD 3a-
mauu 217, 215 u capurasi 1o odepeay BEPHIMHBLI CEHUEHUs MO pedpam,
COBMECTHUTDb €r0 C OAHON M3 rpaHeil. B cuiy BBIIYKJIOCTH M 3aJa4i
215 3710 MOXKHO HesiaTh Tak, YToOb! nepumeTp He yoriBasn. Eciu ceue-
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HUE YeThIPeXyrojibHoe, JI0 AeHCTBYs aHaJIorudHbIM 06pazoM (He cMmy-
IAsiCh, YTO YETHIPEXYTOJIbHOE CEYEHHE MOXKET IIepecTaTh ObITh IIJ10C-
KHMM YeTbIPEXYT'OJIbHUKOM ), IIEPEMECTHM BCE €r0 BEPIINHBLI B BEPIIH-
HbI Terpasnpa. Ilosyuum b0 TpeyroJibHYIO TpaHb, 160 pebpo.

& 221. Jlokaxxure, 4To TPEyTrOJbHOE CEUeHHe TeTPas[pa UMeeT ILIo-
maab He 6oJible, YeM MakKCHMAaJIbHAS ILIOUIATh €ro rpaxeit.

Vxasanue. Tlepenpurast onHy U3 BepIIMH ceyeHust 1o pebpy, rpa-
HH, 3aMETUM, YTO ee ILIomaAb OYAeT CTPOro BOrHyTo#t ¢pyHkIuel ot
KOOpAMHATHI 3TOH BepiiuHbl (IpuMeHuM 3aaady 218, paccMaTpusast
BBLICOTY TpeyroJibHOro ceuenus ). [Ipumensis 3anauy 215, MOXKHO 1e-
pPeaBUHYTh BEPIIUHY CEYEHUs JI0 COBMEIEHHsSI C OfHOM M3 BepIuH
Terpasupa Taxk, 4robnl ero miompdp He yMeHbuusiachk. IloBTopsis
3Ty NpoLenypy, COBMECTHM cedeHue ¢ OAHO# u3 rpaneii.

222, JlokaxxuTte, 4TO YeThIPEXyTOJIbHOE CEYEHUE TETPAdAPa HMEET
wiomanb He OoJibllle, YeEM MaKCHMaJIbHas IUIOLIAL ero rpaHei.

Yxasanue. PaccMoTpuM npoekiuio Terpasipa Ha ILJIOCKOCTh, HeP-
HEeHAUKYJISIPHYIO AuaroHasu cedexus. CaMo CEe4eHUE IPU ITOM IIPO-
eKTHPYETCsl B OTPE30K, COBIaAaomuit ¢ rnpoekuuett Bropoit nuaro-
HaJIM, & IepBasl AUaroHajb — B TOYKY. Eciu yros mexxay auaroHa-
JISIMH paBeH ¢, TO IUIOIIAAb CeYEHUsI DABHA IIOJIOBUHE IIPOU3BEACHHUSE
JuaroHajieit Ha sin ¢, a Tak Kak JJIMHA IIPOEKLIUK BTOPOi AUaroHAIH
paBHa JUIMHE JIMaTOHAJIM, YMHOXKEHHOM Ha sin ¢, TO 3Ta mioma s pas-
Ha TIOJIOBHHE ITPOU3BEJICHUST YKA3a8HHO} NPOEKIMH OLHOM JUaroHaJsu
Ha JIPyryio auaroHaje. IIpy yKa3aHHOM IIPOEKTUPOBAHMM TETPA3AP
IIPEBPAIIAETCH B BBIMYKJIbIH YETHIPDEXYTOJIBHUK, & YHOMSIHYTas Jua-
TOHAJIb IIPOEKTHUPYeTCsl Ha IIPSMYIO, IIPOXOASAIYI0 depe3 TOUYKY Ile-
peceyeHus JUaroHajelt aToro uersipexyroybHuka. IIpumenss 3a1a-
yy 219 pyist crydasi YeThIpEXyTroJbHUKA, TIOJIY4aeM, YTO yIIOMSIHY Tast
IPOEKLMSI CEYEeHUs UMEET JJIHHY, He O0osbuIy1o onHol u3 nuaronaseit
YeThIpEXYTroJibHUKa. B 3Ty AuaroHasb IMpOEKTHUPYETCsl TPEYTOJIbHOE
CedeHue TeTpasapa, U ero mwmomanb 6ymer He MeHbllIe IJIOMALN PaC-
CMATPHBAEMOrO YETHIPEXYTOJBHOrO ceueHus (IJI0MEab TPEYTOJIbHO-
ro Ce4YeHUsI TOXKe paBHA IIOJIOBHMHE NPOU3BENEHUS JJIMHBI €ro Ipo-
€KLy, T.€. OOHON U3 YKa3aHHBbIX AMArOHAaJel, Ha JJINHY JUaroHaJsu
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4eTHIPEXYTOJLHOTO CeueHusl, MpoekTupyomefics B Touky). Ocraercs
HIPUMEHUTDH 3ajgady 221.

£223. OuH BHIIYKJIbIA YeThIPEXYTOMbHAK HAXOAUTCS BHYTPH APY-
roro. JIokaxkure, 4TO CyMMa €ro CTOPOH U AuaroHajeil Mexsmie 4/3
oT nonebHOM BETHYMHDBI [JIsT BTOPOTO YeThIPEXyTOJIbHUKA.

IIpocTpaHCTBEHHBI! BapUAHT IIpeAblayIeil 3aJa4u 1pesarajics
Ha Bcecorosnoit onuMnuane.

£224. ( BMO, 1982) Ha rpansix Terpasipa BbIGDAHO IO TOUYKE,
KOTOpbIe TOXKe 00pa3yIoT BIHCAHHBIM TeTpasap. Jokaxkure, 4TO me-
pumerp (cymma aymH pebep) BIMCAHHOrO TeTpasnpa MeHbmre 4/3
nepuMeTpa 6oJIbIIero TeTpasapa.

Yxasanue. Ilepenpurast mo ouepenyu BepIIMHBI U HCIOJbL3YS 3a-
naun 217, 215, MOXKHO, HE YMEHbHIAS IIepHMeTPa BIIMCAHHOIO TeTpa-
3/pa, ITOMECTUTh BCE €ro BEPIIUHBI CHAYAAa Ha pebpa, a IMOTOM U B
BepPIINHBL UCXOZHOTO Terpasnpa. Ocraercs nepebpaTh Bce BADHAHTHI,
HOJIL3YSICh HEPABEHCTBOM TPEYroJibHUKa. ECiy Tpu BepIInHb TeTpa-
sapa 6/M3KH OPYT K IPYTY, & TPeThs JaJieKa OT HUX, TO YKa3aHHOE
HEpPaBEHCTBO MOYTH JocTuraercs. Tor ¢akt, 4yTo nepuMeTp obbEM-
JIIOHIETO TETPa’3Apa MOXKeT ObITh MEeHbINEe IepUMeTpa 00beMIIEMOrO
JIOBOJILHO yauBuTeneH. Peienue 6e3 siBHOTO MCIIONIb30BAHUSI BHIMTYK-
goctu cM. B [15]. Pemenue, ncnonb3yionee METOL, yCPeIHEHUSI, CM.
B [53], 3anaua 11.57.

HepaBeHCTBa C yriiaMH B BBIIIYKJIbIX
MHOTI'OYTOJIbHHKAX

&225*. Tlycts Ay Ay ... Ay, — BBIIYKJIBIH N—yroabauk u O — Tou-
Ka BHyTpu Hero. JJokaskute, 4yTo HamMenbinuii u3 yros Z0A; As,
LOA3Az,... LOAy 1A, LOApA; ne Gonbuie m/2—7 /n. [Ipusenntre
[IpUMep, KOIIa CIIPABEJIMBO PABEHCTBO.

Vxaszanue. O603HauMM 3TH yrJibl 4epe3 «;, ¢ = 1,...,7n, yrsl
AA10A2, ZA20A3,. .. éAn_IOAn, ZAnOAl uepe3 ﬂl, N ,,@n, a
cropoust OA; uepe3 a;, 1 = 1,...,n. Jonycram, uro a; > 7/2—7/n,
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1=1,...,n, TOrga U3 TEOPEMBI CHHYCOB CJIEAYET, YTO
@iyl sin o sin(w/2 — w/n)
ai sin(m—a; —B) " sin(r — (n/2 —7n/n) - i)
cos(m/n)

~ cos(B; — m/n)’
DT0 HEpaBEeHCTBO HE BHITEKAET U3 MOHOTOHHOCTM CHHYCA, HO BHITEKA-
eT u3 Toro ¢akra, 4ro B Tpeyroabauke OA; 1 A; npu puUKCHpoBaH-
HoM (3; OTHOIIEHHE Gi+1/G; MOHOTOHHO PAcTeT C pocToM a;. U3 Hepa-
BEHCTB ¢; > 7/2 — 7/n cnepyer, uro fB; < w/2+7/n,i=1,...,n,a
Tak Kak B1 + ...+ Bp = 2w, T0 B cuity 3agaun 214

Hcos(ﬂi —m/n) < cos™ Z,B,- —m ) /n) =cos"(x/n)
i=1 i=1

oJiy4daeM NpoOTUBODEYHEC:

as as O, a1 cos™(m/n)
1=225
a1 a2  Gp-1 Gy Hz_l cos(B; — 7r/n)
n
> cos™(m/n) _1

("))

Ecnu ming; = 7/2 — w/n, To npoTHBOpeune He MOJYUHTCH JIUIIb
korga Bee f; = 2mw/n, u Bce a; = 7/2 — w/n, T.€. BCe TPEYTOJbHUKY
A;OA;+1 paBHOGenpeHHbIE, 8 3TO BO3MOXKHO TOJILKO ISl IIPABUJIb-
HOro n—yrojbHuka A1As... A, upu ycinosun, uro O — ero ueHTp.

226" (Petiew-Tom) O603HAYNM IJIMHBI IEPIEHAUKYIISPOB, OIIy-
LIEHHbIX Ha npsiMble Ay Az, AgAsz, ..., Ap—1An, AnA1 u3 Touku O
yepes di, da, ... dp—1,dn, COOTBETCTBEHHO, 8 PACCTOSIHUS 10 BEpIIUH
A; 4yepes a;. Joxkaxure, 4To

didy . ..dy < cos(m/n)aras...an.

Yxasanue. O603naunm LA;OA; 1 gepes 2¢;. Ilnomans Tpeyrosns-
uuka A;OA;1) paBHa a;ai4+1sin o;cos ;. Ecnu 661 0oH 6bu1 paBHO-
6e/IpeHHbIM, TO €r0 BHICOTa PaBHsLIach 6bl \/a;ai+1 COS? o;. B cuny
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3azauu 44 0TCIOOa MMeeM HEPaBEHCTBA
d? < aiait cos® oy,
H, Cj1e0BaTe/IbHO, HEPABCHCTBA
2logd; < loga; + loga;+1 + 2log cos oy,
CYMMHEDY$I KOTOPBIX, W J€JIsI TIOTIOJIaM, HOJIydaeM, 4TO
log(dy ...d,) <log(a;...a,) +logcosa; + ...+ logcos ay.

Uzbapnssics oT jiorapudMoB, U IPUMEHSISI HEPABEHCTBO 3anaun 214,
nMeem
dy...dp <ay...anc08"(1/n).

PaBeHCTBO BO3MOXKHO TOJIBKO JJIsl IPABUILHOTO TL—YTOJIbHUKA U €r0
IeHTpa. 3aMeTHM, YTO M3 3TOr0 HEPABEHCTBA CJIEAYET CyLIeCTBOBA-
HUE TaKoro 4, 4ro d;/a; < cos(m/n), HO OTCIOLA CIEAYEeT TOJBLKO, UTO
win LA;OAip1 < /2 —7w/n, umn £LA;0A;1 2> 7/2+ 7/n, n noato-
My yTBEpXKIEHHE NPeAbIAYy el 38a4i TAKMM IIPOCTHIM CIIOCOBOM He
BbIBOUTCSI.

Hepaserncrso Pettem-Tora o3Hauaer, 4T0 cpefHee reoMeTpude-
CKO€ paccTosiHui ay,. . . , G, GOJbINe CPEAHEro reOMETPUIECKOro pac-
crosinuit dy, . . .,d, He menee, yeM B 1/ cos(w/n) pas. Jlenap, ®oriep
u Jleyaubeprep HezaBucuMo Joka3anu runote3sy Peitem-Tora 0 TOM,
YTO cpensee apuMeTu4ecKoe pacCTosHui aq, ..., a4y OOJIbIIE Cpes-
Hero apu¢MeTHYecKoro paccTosiuuit dy, . . . , d, TakXKe He MeHee, YeM
B 1/ cos(m/n) pas, u Toxe camoe BEDHO Jyjisl CDEJHErO rapMOHHYE-
CKOTO.



I'naBa 2

HepaBeHcTBa

JJIST BBITYKJIBIX
MHOTI'OYT'OJILHIKOB,
dburyp m Tea

O6bscHenus TOMy, OTYEr0 OAHM OTHOIICHHUS BEAYT K
TADMOHHUH, APYIHE K AMCTADMOHHM, OAHAKO HE CHLILENIb
B apudMeTHKE, HO B reOMETPHH, OCOOEHHO B JEJICHUH
Kpyra ¢ [OMOIIbIO NPABHILHEIX MHOTOYIOJILHUKOB.
Aocon Baneuan, «Kenaep», 1981

2.1 BDxcrpemajbHbIE CBOiiCcTBa
BbBIILYKJIBIX MHOTI'OYI'OJIbHUKOB

Cuenyromas Teopema, mo cymectrsy u3BectHas B Jpesneit I'penun,
BbIpAXKaeT  HM30IEPUMETPHUYECKOE  CBOMCTBO  IIPaBUJILHOIO
N —YTOJIbHUKA.

Teopema 10 (3enomop). ITycmv P noaynepumemp, 8 — naoujads
sbinyKa020 n-yzoavHuxe M. Tozda cnpasedausv. nepasercmea

< P%tg}:—.

8
n
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Kaoicdoe us nepasencme mownoe, u docmuzaemca moasko OAi npa-
8UALHO20 N-Y20ab Huxa M. B wacmmocmu, cpedu 6Cer n—y20ioHu-
K08 C OAHHBLM NEPUMETNPOM HAUBOALWYIO NAOULATD UMEET NPABUAD-
Houtl, a cpedu 6ceT N— Y20AbHUKOS ¢ JaHHOU NAOULA0LI0 HAUMEHBILUUY
NEPUMETND UMEET PABUALHBL.

Ee kocBeHHOE I0KA3aTE/ILCTBO JIETKO MOXKET OBLITH TIOJIYYEHO C
TIOMOIHBIO CJAEAYIOMINX 3a34.

&227. Jlokaxure, 9TO #—YrOJbHUK C HEPABHBHIMH CTOPOHAMH He
MOXET MMeTb HamOoJibllyIo GO/bIIYIO INIO@b CPEAM BCEX N—Y-
TOJIbHUKOB JQHHOTO IIEPUMETDA.

Ykazanue (P.Map). ITycrs cropoua AB > BC. Beibepem Ha Heit
D Tak, ywro BD > BC u Bmecto TpeyrojbHuka CBD npucraBum
K n—yronbauky Tpeyronsauk CB’D, pasrerit Tpeyroasuuky CBD.
INosyunTes: HEBBIMYKJIBIA N + 1—yTroJIbHUK, KOTOPHIY HMeeT Te Ke
IUIOIN@b ¥ IEPUMETD, YTO M MCXOAHBIM, HO MEHBIIYIO IUIOMIAAb H
OobIIMM HEPUMETP, YeM CBOSI BBINYKJIAs 000JI0YKa — 71— YTOJILHUK
¢ cocemuumu ctropoHamu CB’, B'A.

£228. JlokaxKuTe, YTO N—yTOJBHAK C PABHBIMM CTOPOHAMHE, HO HE
PaBHBIMH YIJIGMH HE MOXKET MMETh HAauOOJIBLIYIO IJIOMIAAb CPEay
BCEX M—YTOJIbHUKOB IJAaHHOTO NEPMMETPa, MM, YTO TO KE CaMoe,
HENpaBW/IbHBIA PABHOCTOPOHHMIA 71— YTOJILHUK HE MOXKET UMETDH Hau-
GoNIbIIYIO TIIOIAH CPEIU BCEX N—YTOJbHUKOB JAHHOTO MEPUMETPA.

Ykazanue (P.Ltypm). Ilycts B gansoM n—yrossuuke yroan ABC
6osibie yrita BC D. Iponossxkum AB u C D 1o nepeceuenvst B TOUKe
O. HonycTuMm, 4To OHa Jexur ¢ Toukamu A, D no pasHbie CTOPOHBI
or npsimoit BC'. Otpasum Tpeyroasuuk BOC oTHOCHTEIBHO OHCCEK-
TpuChl yryia npu sepmune 0 u nosyuum Tpeyroashux B'OC’, rne C'
nexut Ha orpeske B0, a B’ — na cropone CD. 3ameHsst B JaHHOM
n—yronbuuke pepmunbl B, C na sepmunan B/, C!, nonyyaem nosbiit
N-—yroJpHUK TOM ke miomaau (Tak Kak o6a OHM IOJIYYalOTCs U3
n — l-yronpHuka ¢ BepmmHamu AQOD ... BhIOpachIBaHUEM PABHBIX
110 wiomanu tpeyronsaukos BOC u B'OC") u nepumerpa, Tak Kak

AB+BC+CD—AC'+C'B'+B'D = (AB— AC')+(CD—B'D) =
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= BC' — CB' = (BO - C'0) - (OB' — 0C) =
=BO - 0B +0C - C'0 =0.

Ho y nonydennoro n—yroabhux croponsl AC' u B'D ne pasHbl,
SHAYMT COIVIACHO 3ajade 227 OH HE MOXXeT MMETb MAaKCHUMAJIbHYIO
IJIOIIAb CPe/iu BCeX 7T—YTOJIbHUKOB JaHHOTO IIepUMeTpa.

Eciu Touka O nexur ¢ Toukamu A, D 110 0fiHy CTOpPOHY OT mIpsi-
Mot BC, To momyuuTcs Opyro# depTex, IJII KOTOPOro, OIHAaKO,
MOKHO IPOBECTH COBEPIIEHHO TAKOE€ XKE PACCYXKJIeHHue, €ClId IoMe-
HaTb mectaMu croposl OB u OC rak, yro Touku B,C 3aliMyT
Mmecta B’, C’. U, nakoHel, BO3MOXeH ciiydalt, korga Touku O He cy-
mectByert, Tak Kak AB u C D napasienshsl. Torga nocTpouM K HEM
nepunenankyiapu BB, CC', u nposemeM onsiTh TO Xe caMoOe pac-
CYyXKIEHME.

B komnie 19—ro Beka Hemenkuit marematuk P.Illtypm masn npsi-
MO€ JI0Ka3aTesbeTBO TeopeMbl 10, HCONb3ys cleayolue JIBe JieM-
MBI.

£229. (P.IIImypm) Jlokaxxure, 4TO N—yTOJLHUK C HEPABHLIMHU CTO-
POHAMH MMEeT MEHBIIYIO IJIONIa b, YEM N—YyTOJIbHUK TOrO XK€ Hepu-
MeTpa C PABHBIMH CTOPOHAMHU.

Yxasanue. [lycTb B JaHHOM N—YTOJIbHUKE HE BCE CTOPOHBI paB-
ubl. HaitmeM cpenu nux mHaubosbmyio M u HauMmesbinyio m. OQue-
BUJIHO OHM HE PaBHbI YHUCJLY G— CpeHHeMY apudMETHYeCKOMY BCEX
cropon. JIrobble 1Be coceiHMEe CTOPOHBI MOXKHO IIOMEHSITh MECTaMu
TaK, YTO HM NEpUMETP HH IUIOWAJb N—YTOJbHUKA HE U3MEHSITCS.
Eciu HOBbIH n—yroibHUK He GYAET BBIIYKJIBIM, €r0 JIETKO IpeBpa~
TUTb B BBIIYKJIbIH, HE MEHsISI CTOPOH, M YBEJHNYHUB IVIOmaab. IToBTo-
psist 3TO Mpeobpa30BaHNE, MOXKHO JOOUTHCHA TOTO, YTO CTOPOHBL M, m
OKaXKyTCsl PSIZIOM, IIEPUMETD HE U3MEHHTCH, & IUIOUAJb HE YMEHb-
e, 3aMeHsist croponsl M, m Ha cropoust M + m — a,a, HoJy-
YUM HOBBIM 7L—YTOJIbHMK TOI'O K€ MEePUMETpPa, HO, COIVIACHO 3aladye
45, 6ospmelt mromaau. Ilosropsist 3To npeobpazoBanue, 6yneM mnosy-
JaTh N—YTOJBHUKH TOTO 2Ke IlepuMeTpa U Bce Goibielt miomanu, y
KOTOPBIX YHCJIO CTOPOH, PaBHBLIX OyAeT BO3pacTaTh, IIOKA MX YHUCIIO
He JOCTUTHET N, T.€. MOJIYYHUTCS PABHOCTOPOHHMH 7i—YyTOJILHUK TOTO
e MepuMerpa, HO Oosibluelt Iomamu.
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£230. (P.IlImypm) [lokasxuTe, YTO HENPABWILHLIY DPABHOCTOPOH-
HHUM N—YTOJbHUK MMEET MEHBIIYIO IVIOIALb, Y€M IIPABUILHBIN n—y-
I'OJIBHUKOB TOT'O XK€ IEPUMETPA.

Yxasarue. TloBropuTe paccyKaeHus, pemaiomniye 3anauy 228, 3a-
MEHHUB B HUX IIpUMEHeHHe 3aaun 227 Ha 3agady 229.

&231. Jokaxkure, 9TO IPAaBUIbHBIN N1 —YTOJIBHUK IIPX TOM K€ IIe-
pHMeTpe, YTO U NMPABHIILHBIN 7+ 1 —yroNbHUK, UIMEET MEHBIUIYIO ILIO-
maab.

[IpuBemennble Bbillle JOKA3aTENLCTBA W30MNEPUMETPUYECKUX
CBOMCTB MHOI'OYT'OJIbHUKOB, KOHEYHO, HE HCUEPIIHIBAIOT BCEX BO3MOXK-
HBIX JIOKa3aTenabcTB. IlpuBeneM, ciepys [9], eme oqHO JoKa3aTennb-
CTBO TOrO, 4TO CPEAM BCEX PABHOCTOPOHHUX 2N-yrOJLHUKOB HAW-
GOJIBIIYIO IJIOMIJb MOXKET MMETh TOJIBKO IIPABUJIbHBIN, IIPUMEHSIS
nemvipeTwapHupholli memod Llmetinepal .

CHauayia 3aMeTUM, YTO MOXKHO CUMTATh NAHHBIH 21 —yTrOJbHAK
CUMMETPUYHBIM OTHOCHTE/ILHO HekoTopo# muaronaym AC. eicTeu-
TEJIbHO, B NPOTHBHOM CJIy4ae Mbl MOXKEM OTPa3uTh OAHY K3 IOJIO-
BHH JAHHOIO 2n—yroJjbHMKa OTHOCHTEJbHO auaroHasm AC, u co-
CTaBUTh U3 JABYX CAMMETPHYHBIX MOJIOBMH CUMMETPHUYHBINH OTHOCH-
TenbHO auaroHaniu AC paBHOCTOPOHHMI 2n-yTOJBHUK He MEHbIeH
IJI0MIaAM, YeM HcxoAHbId. Eciin OH He sIBJISIETCsSI IPABUWIBHBIM, TO OH
He BIMCAH B OKPYXHOCTb, IIOCTPOEHHYI0 Ha Auaronaim AC, Kak Ha
puamerpe. Ilycrs B — ero Bepiumna, He jiexKallasi Ha TOM OKPYXKHO-
ctd, u D — cuMmerpuyHas eit BepmuHa. BripexkeM u3 2n-yrojbHu-
Ka yeTbipexyrosbEuK ABCD. Tlocsie a10or0 OT HEro OCTaHercs ere
4 Kycka — MHOroyroyibHuku Mj co croponoit AB, My co cTOpoHO#M
BC, M3 co croponoit CD, My co croponoit AD. (BO3MOXXHO, HEKO-
TOPBIE U3 HUX BBIPOXKIAIOTCS B TPEYIOJBHUKH HJIH J1aXKe OTPE3KH).
INpexncrasum cToponsl Yerwipexyrosbuuka ABCD kak orpesku, co-
enuHeHHbie mapHupamu. CIBUHEM CTOPOHBI YeTHIPEXYTOJIbHUKA, HE
MEHSIS UX IJIMHY, Tak, 4To0bl ero yisl ABC u ADC ctaiyu upsiMel-
mu. Torna Touku B, D okaxyTcsa Ha OKpY>KHOCTH ¢ auamerpom AC,
a NPUKPEIJIEHHBbIE K €ro CTOPOHaM MHOTOYroibHuKM M, i =1,...,4

! k06 Ilreiinep — Buigaontuiicst reomerp 19—ro Beka. Poauiicst B kpecTbsn-
cko#t cembe B IlBefinapun. Cm. ero Guorpaduio B [37)].
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3aiiMyT HOBOE IIOJIOXKEHHE M BMECTE C HOBBIM YeTBHIPEXYTOJIbHUKOM
A'B'C'D’ o6pa3yior HOBBI#f paBHOCTOPOHHHUY 2n—yYTOJILHUK C TOH
e IJIMHOM cTopoHbl. Iliomaap 4YeThIPeXyro/IbHHKa yBEJIHYMIIACH,
IIOTOMY 4YTO YBEJWUYWIHChH ILUIOMIQIU COCTABJISIOIUX €r0 TPEyroJb-
uukos ABC u ADC. 3sauuT, yBeJMYMIACh ¥ IUIONIALb PABHOCTO-
POHHETO 27— yTOJIbHUKA.

OT orpaHuYeHus YeTHOYTOJIbHUKAME MOXXHO, KOHEYHO, U36aBUTh-
csl.

£ 232. TokaxuTe, YTO CPEIM BCEX PABHOCTOPOHHHUX 7L—yTOJIbHIKOB
HauOOMBIYIO IJIOMIAAL MOXKET UMETh TOJIBKO IIPaBHJIbHBIN.

Vxasanue. Eciin n—yroJibHUK HENpaBWILHBIA, TO OH HE BIIMCAH
B OKPYXKHOCTb, II03TOMY CPEAM €ro BEPIIMH MOXKHO HaWTH YeThbI-
pe, o6pa3yomux yersipexyrojibHiuk ABC D, Toxe He BIUCaHHbIH B
OKPY>XHOCTb. [IpuMeHsisI K HEMY YeTHIPEXITapHHUPHBLIA METOI M 3a-
gagy 180, MOXKHO yBEJIMYHTH ILIOII@AL JAHHOTO PABHOCTOPOHHErO
N—YTOJILHUKA, HE MEHslsl er0 CTOPOHBI.

&233. JlokaxxuTe, 9TO CPENy BCEX PABHOYTOJIBHBIX 7—YTOJILHHKOB
C JaHHBIM IIEPUMETPOM HAMOOJIBHIYIO IIONIAIb UMEET IPaBUJIbHBIM.

£234. Jlokarkure, 9TO IOCIEI0BATENLHOCTE N sin(m/n) cTporo Bo3-
pacTaeT, a noc/ef0BaTeIbHOCTS 1 tg(m/n) crporo ybuisaer. Haitaure
HX TPENebl.

Yxasanue. MOXXHO IPHMEHHUTH HEPABEHCTBA

™ 0
2nrtg— <p < 2nRsin —.
nrtg— <p < 2nRsin

MHoXeCTBO, 3aMeTaeMoe KpyroMm pasuyca € (<«MOHETOi») IpH
ABMXKEHMH ee HEHTPa N0 JaHHOH KPHMBOM JMHUHU, HA3bIBAETCS €—O0K-
PECMHOCDIO ITOM JIMHAN. AHAJIOTUYIHO OINPENEISETCS €— 0KPECTHO-
cmb GUrypsl, OrpaHuveHHON 3TOM JIuHMEH.

£235. Haiinure [IepUMETP M INIOMaab €—OKPECTHOCTH BBIITYKJIOTO
MHOT'OYTOJIbHUKA IIEPUMETpa P U IVIOMIAIHU S.
Yxasanue. Ilnomans paBHa s+ pe+Te?, nepuMerp paBen p+ 27e.
Ilpensigymasn 3amava npeajiarajach Ha Beecoio3Holt onummnuae
(na camoM nene 3T0 Kiaccuueckas ¢popmysia lreitnepa).
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& 236. Cpenn Bcex N—yroJbHAKOB JAHHOM IIOMAIM HAWIUTE TOT,
KTO UMEET MUHUMAJIbHYIO CyMMY KBaJpaTOB CTODOH.

Yxasanue. OrBer: npaBuibHblil. Ecin nBe cocenHue CTOPOHBI He
paBHBI, TO MOXKHO UX CAEJIATh PABHbIMU TaK, 4TO IUIOIIANb HE H3Me-
HUTCH, & CyMMa KBaIpaToB CTOPOH ymenbmutcs. [lostomy MusuMym
JIOCTHIaeTCsT TOJILKO Ha PAaBHOCTOPOHHeM n—yroybHuKe. lajee nipu-
MeHuTh Teopemy 10.

Ho moxHO npuMenuTs HepaseHcTso Kommu

n(@+...+a2)> (a1 +... +an)?

1 OISTH CBECTH 3314y K MUHUMHU3AIUN TIEPUMETPA NIPH JAHHOM 110-
maad. AHAJIOrMYHO PEelarTca U CJeAyomue 3aatu.

£237. Cpemut BCEX N—yTOJILHUKOB ¢ JaHHBIM MAKCHMAJIBHBIM BJIO-
JKEHHBIM KpYroM HaifiuTe TOT, KTO MMEeT MUHHMAJbHYIO CyMMY
KBaJIpATOB CTOPOH.

Yxazanue. OTBeT: IpaBUIbHBINA N ~—YTONBHUK.

£ 238. Cpeny Bcex N—yTOMLHAKOB C JAHHBIM IEPUMETPOM HaimuTe
TOT, KTO UMEEeT MHHMMAJIbHYIO CYMMY KBaJpaTOB CTOPOH.
Yxaszarue. OrBeT: 1060# paBHOCTOPOHHUN 11— YTOJIBHHK.

£239. Cpeny Bcex n—yTONbHIKOB, JIEXKALMX B JAHHOM KpyTe, Ha-
TH TOT, KTO MMEeT MaKCHUMAJBbHYIO CYMMY KBaJpPaTOB CTOPOH.
Vxaszanue. Ilpu n = 3 oTBer: mpaBWIbHBINA TPEYroJibHUK. Jljist
JloKa3aTesibcTBa HpuMeHuTh 3asady 4. Ilpm n > 3 makcumym He
JIOCTHXKMM, HO CYIIECTBYIOT N —YTOJIbHUKH, Y KOTOPbIX CyMMa KBaJl-
paToB ByzeT cKoJIb yrogHo 6/IM3KA K CYMME KBaJIPATOB CTOPOH IIpa-
BUJILHOTO TPEYyroJbHuKa. [lJisl J0Ka3aTeIbCTBa BEPXHEH OLEHKU

@+ ...+l <9R?

BOCHOJIB30BaThCsl Teopemoit ITudaropa (unn dopmysoit kocuHycoB)
Y CBECTH €e K ciiyyao n = 3.

£ 240. Cpenu Bcex n—yroJILHHKOB JAHHOTO AMaMeTpa, HalTH TOT,
KTO HMeeT MAKCHMAJIbHYIO CYMMY KB3JIPaTOB CTOPOH.
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Vxasanue. TIpu n = 3 orser: npasuibHbll Tpeyronbuuk. Hepa-
BeHCTBO a?+b2+¢? < 3d? oueBmano. Jljist oIy deHHs TOM >Ke OLIEHKH
B obmeM ciyuae npumenuts 3amauu 239, 26. IIpu n > 3 makcu-
MyM HE JIOCTHIKHMM, HO CYIIECTBYIOT N—YTOJIbHUKH, Y KOTOPHIX CyM-
Ma KBaIpaToB Oymer CKOJIb YyroAHO O/m3Ka K 3d2.

2241, Cpenu Bcex n—yroJbHUKOB NAHHOTO AuaMeTpa, HaliTh ToT,
KTO MMeeT MUHHUMAJBHYIO CYMMY KBaJpaTOB CTODPOH.
Yxasanue. st TpeyrosibHUKa CIpPaBeIJINBO HEPABEHCTBO

a? + b2 + % > 3d?/2,

KOTOpoe o0palaeTcss B paBEHCTBO TOJIBKO B BBIPOXKIEHHOM CJIydae,
[I03TOMY IIpH . = 3 MHHMMYM He JOCTHXKUM. B obme ciydae u3
HepaBeHcTBa Koy M HEpaBEeHCTBa TPEYTrOJIbHUKA CIIEZlyeT TaKXKe
HEOOCTHUKMMOE HEPABEHCTBO

a?+...+a>d+d?/(n—-1)=nd?/(n-1).

Crepyiomas TeopeMa IPUHAIJIEXXUT BEHI'E€PCKOMY MATEMATHKY
B.Cexedansu-Hamro.

Teopema 11 (Cekedanbsu-Hans). Jas npouseoavrozo evinyriozo

N—Y20ALHUKGA C 0GHHOMY Y2AGMU O1, . . . , Oy 048 NAOULGOU S, TLOAY-

nepumempa P u enympennezo paduyca r cnpaeedauso Hepasencmso
1

8 < ?(P2——(P——fr)2), f=ctg%£+...+ctg%.

Pagencmso 803M0CHO AUWD K0200 MHO20Y20ADHUK ONUCAH BOKDY2
oxpyoHcHOCIY. [JAR NPOU3BOALHOZ0 BHINYKA020 MHO20Y20AbHUKA (U
8006uie 110600 swnyKaol duzypsl) Cnpasediuco Hepasercmeo

8 < %(P2 — (P —mr)?).

£242. Boisegure treopemy Cekedanpsu-Has 3 HepaBeHCTBa

2Pr —s— fr:>0.
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& 243**. Jlokaxxute HepaBeHCTBO 2Pr — 8 — fr2 > 0.

Yxasanue. CrBuHeM Bce CTOPOHBI Ni—YI'OJIbHMKA BHYTPb Ha OH-
HaKoBoe paccrosHue € < 7. MHOrOyroJbHUK, OrpaHUYEHHBIN IOJTY-
JEHHBLIMU IPSIMbIMM, 0603HauUMM M, 1 Ha30BeM gHympenHel 060404-
xoti. [TocMOTpUM Kak MeHSIeTCsl IUIOMaAh U IepUMETP 3TOoi 060s104-
Ku ¢ pocroM €. [l Majibix 3HadveHudl € BepmuHb! M, JBUraroTCs
110 6HCCEKTpHCaM BHYTPEHHHUX YIJIOB MHOIOYTOJIbHUKA , ILIOMIAJIb,
TIepUMeTP ¥ BHYTPEHHHH PaJuyC IPU ITOM OYAyT BBIUHC/IATBCA IO
dopmynam

s(M) = s(M,) + 2P(M.)e + fé?,

P(M) = P(Mc) + fe, r(M)=r(M) +e,

OTKyZa
2P(M)r(M) — s(M) — f(r(M))* =

= 2P(M)r(Me) — s(Mc) — f(r(Me))*.

OfHaKo CTOPOHBI HPH 3TOM OyAyT YMEHBIIATHCS M B KAKOH-TO MO-
MEHT OfHa (MJIM HECKOJIbKO W3 HUX) MCUE3HYT (MX IJIMHBI CTAHYT
HyseBbiMu). [Ipu JanbHeiiem yBeaudeHnn € Oymer IPOMCXOAUTE TO
’Ke CaMoe, HO YHMCJIO BEPIUMH y BHyTpeHHelt 0bosiouku Oyner MeHb-
me. Oynkuus 2P(M.)r(M,) — s(M.) — f(r(M,))? ocraercs nocro-
SIHHOH, NIOKa He MEHsIeTCS YMCJIO BEPUIMH y 0BOIOYKH; KOrJa YHCIIO
BEPIIMH YMEHBIIAETCs, 9Ta (DYHKIHs CKAYKOOOPa3HO yMEHbIIAETCs.
ITpu € = r 060/104Ka CTATUBAETCS B TOUKY MJIM OTPE30K (B 3aBHCHMO-
CTH OT BHZA MCXOZHOrO MHoroyrosbuuka M). Ilpu srom ykazannas
(yHKIHMsSI CTAHOBUTCS PABHOM HYJIO. 3HAUMT,

2P(M)r(M) — s(M) — f(r(M))* > 0.

2244, BrisenuTe u3 reopemnl CekedasibBu-Hazs cirenyromyio Teo-
pemy.
Teopema 12 (Jliomnbe). Cpedu 6cer SLINYKABT T—Y20AbHUKOS C

O0aHHDM NEPUMEMPOM U OAHHHIMU HANPABACHUAMY CTNOPOH HAUEOND-
WY NAoWAdL UMEEM ONUCAHHBIT 80KPY2 OKPYIHCHOCTIU.

£245. BrisenuTe 13 Teopemsl Jlouase TeopeMmy 3eHomopa.
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2.2 kKcTpeMaJjibHbI€ TOYKH B BBIIMYKJIBIX
MHOTI'OYTOJIbHUKaX

PaccTosiausi 1o CTOpPOH

£ 246. Haiitu BHYTPH BBIILYKJIOTO T,—YTOJbHHUKA TOYKY, JJIsI KOTO-
poif MAaKCUMAJIbHOE PACCTOSIHHE A0 €ro CTOPOH MHHUMAJIBHO.
Vxaszanue. Dta TOYKA — IEHTP MAKCUMAJIBHOI'O KPYra, KOTOPbIi
MOXKHO IIOMECTHTBb B JaHHBIM N—yroJibHUK. Ero paguyc B pasneine
1.2 obozmavasacs r.
Boobiiie roBops, 3Ta TOUKa ONpeAesieHa He OJHO3HAYHO.

£247. HaiiTu BHyTpH IPIMOYTOJIbHUKA U TPAIIELUH BCE TOYKH, [
KOTOPBIX MAKCHMAaJIbHOE PACCTOSIHUE JI0 BCEX CTOPOH MHHHMAJIBHO.

£ 248. MIOTrOYTOILHUK SIBJISIETCS] OMHCAHHBIM TOL/A M TOJBKO TO-
raa, Korga HuCCeKTPHUCHI BCEX ero YIVIOB MEePeCceKalOTCs B OMHOM TOM-
Ke. IIpaBuIbHBIN 71—yTOJIBHUK SIBJISIETCS] OIIACAHHBIM.

£249. B BBIIYKJIOM MHOI'OYTOJIBHUKE U3 Jii000#t TOUKH MOXKHO OIy-
CTHUTh IEPUEeHANKYJISIp HA OAHY M3 CTOPOH TakK, YTO OH YNaJeT Ha
CTOPOILY, & He ee IIPOLOJIKEHHE.

Yxasarnue. OrnycTuM nepreHIMKYAspbl Ha BCE CTOPOHBI M BblOe-
peM U3 HUX HauMeHbinui. Ecim oH magaer Ha TPOJOJDKEHHE COOT-
BETCTBYIOLIEH CTOPOHBI, TO OH NEpeceKaeT ApPYrylo cropony. Torza
[IEPIIEHIUKYJISID, OIyIIeHHbI! Ha Hee, OyJeT Kopove, YTO HEBO3MOXK-
HO.

Ecth «Mexanuuyeckuit» BapuaHT aToro pemmenus. CrejaeM <«Ko-
JIECO» B BHIE 3TOr0 MHOTOYI'OJIbHMKA TaK, 4TOObl €ro NIEHTP MAace
COBHAaJ C naHHO# Toukoi#. Ecnu Bce nepneHaMkynsipbl U3 Hee maja-
10T Ha TPONOJDKEHHUsI «CBOMX» CTOPOH, TO IIOJIOXKEHUE ITOr0 KOJie-
ca HEyCTOWYMBO, OHO ONPOKHMHETCSI HA JPYTYIO CTOPOHY,IIOTOM eIle
Ha JpYrylo U HOKATUTCI u Oyner GECKOHEYHO OOJIr0 KATHTCH, YTO
HEBO3MOXKHO (T.K. HEBO3MOXKEH BeuHBI# ApuraTesb). Ha camom me-
Jie KOJIECO MOXKET IOKATHUTCSI, HO OCTAHOBUTCSI B TOM IIOJIOXKEHUH,
KOT/Ia LIEHTP MacC 3aiiMeT caMoe HuU3Koe nojiokeHue (6yaer mpoex-
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THPOBAThCS Ha O/IMKaHImyl0 K HEMY CTOPOHY) — 3TO TpebyeT oauH
W3 MPUHIUIIOB MEXaHUKH.

&250. Hafiti B BBIIYKJIOM 1i—YyTOJIbHUKE TOUKY, [T KOTOPO CyM-
Ma PacCTOsSIHH 10 €r0 CTOPOH MIUHMMAJIbHA.

Vxasanue. YKa3aHHasi CyMMa pPacCTOSIHUHN sIBJIsIETCS] JIMHEHHOMN
¢yukuuei oT KoopauHAT TOUKM. MakcuMyM ¥ MUHEMYM 3101 (DyHK-
UMM JOCTUTAIOTCS B BEPUIMHAX 7—YT'OJIbHMKA.

2251, JLJ1s1 BBITIYKJIOTO PAaBHOCTOPOHHEI'0 1—YyTOJIbHUKA CyMMa pac-
CTOSIHMI IO €r0 CTOPOH OJMHAKOBA JJIsl BCEX €ro TOYeK.
Vraszanue. Eciiu paccTosiHust 10 CTOPOH paBHBI h;, TO

alhy + ...+ hy) = 28,

rjie @ — CTOPOHa, S — IUIoWaIb.
Touka JIonibe

£252. HaiiTi BHYTDH BBIILYKJIOTO 7i—yTOJIbHAKA TOYKY, IJIS KOTO-
poit cyMMa KBaApPATOB PACCTOSIHHIA O ero CTOPOH MUHMMAJIbHA.

Yxa3anue. BBecTu KOOPAUHATHI ¥ 381aTh IPSIMble, OrPAHUYNBA-
IOl MHOT'OYTOJIBHUK, JIMHEAHBIMY ypaBHEHUsIMA. Bpruuciuth pac-
CTOSTHMS OT TOYKH J0 3TUX npsiMbiX. OyHKIUS, paBHasI CyMMe KBa/l-
paToB paccTosiHuit, siBasieTca ymkumeit Buma ax? + by? + 2cxy +
dz + ey (xkBagpaTHuHO# (pyHKUMElN) TaAK KAK KBaJPAT KAXKJIOTO Pac-
CTOsIHMS UMeeT Takol Bua. Tak Kak OHa BCIOAY NOJIOKUTENbHA, TO €
MOXHO npezcTaButh B Buge (Az + By)? + (CY + D)? + E. Ouesua-
HO, YTO MHUHMMYM IIOJIy4aeTcsl [pU PElmIeHHH CUCTEMBI YDABHEHHit
Az + By = CY + D = 0. MunauMyM AOCTHraercst TOJbLKO BHYTPH
N—YyTrOJIbHHUKA (€C/IM TOUKA BHE €0 M JOCTATOYHO JAJIEKO OT HEro, To
€6 MOXXHO TaK CIBHUHYTb, YTO BCE PACCTOSIHHS YMEHBIIATCS, IIOITO-
My MHOXKECTBO MUHMMAJIBHBIX TOUEK He MOXKET COBIIQJATD C IIPSIMO
nunueit). MoXKHO TakoKe 3aMEeTUTh, YTO PACCMaTpUBaeMasi yHKIUs
CTPOro BOTHYTa KaK CyMMa HECKOJIbKHX HECTPOIrO BOTHYTBIX (DYHK-
LM, KOTOpPbIe BBIPOXKJAAIOTCSI B JIMHEHHbIe (DYHKIUU Ha HECOBIAa-
IOIIMX TPSIMBIX.
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2253, Touka, paccTosiHMSI OT KOTOpO# 0 CTOPOH N—YTOJIbHHKA
IIPOIIOPIHMOHAIBHEL 3THM CTOPOHAM (€C/IM Takast CYILECTBYET) UMeeT
MUHHUMAJIbHYIO CyMMY KBaJpaTOB PacCTOsIHUit 10 CTOPOH.

Yxasarue. Ecnu paccTosiHus OT JaHHOM TOYKM OO CTOPOH @ PaB-
HBI T4, TO @1Z1 + ...+ anTn = 2S5, roe S — momanb N-yrojbHUKa.
W3 nepasencrBa Komu cnexyer, 4To

(@ +...+a2) (@2 +...+22) > (@171 + ... + anzn)? = 457,

oTKyZa T2 + ... + 2 > 45%/(a? + ... + a2), npuyem pasencTso
BO3MOXHO TOJIbKO KOTZa Z;/a; BCE DABHBL. YKA3aHHOE HEPABEHCTBO
BEPHO IIpH JTIOOBIX 3HAKAX ; (€C/IM TOYKA JIEXKUT BHE 1l—yTOJIbHUKA,
TO PACCTOSIHUSL JI0 HEKOTOPBIX CTOPOH HaJI0 BHIOMPATE C OTPHLATENb-
HBIM 3HAKOM, IIPH 3TOM BCE PABHO G1Z1 + ...+ GnZn = 25, HO ecim
yKa3aHHasl TOYKA CYIIECTBYET, TO OHA JIEXKUT BHYTPH N —YIOJIbHHUKA.

2254, Touka, PaccCTOSIHHsT OT KOTOpPOH JO CTOPOH N —YTrOJIbHUKA
IIPOITOPIIHOHAJIbHLI STHM CTOPOHAM, COBIAAAET C TOUYKOM mepecede-
Hus cuMeuan ero yrnos. Cumenuana yraa ZABC — 3T0 cumenua-
Ha tpeyrosbunka ABC, nposenennas u3 B. [1o onpeaenennio Bce ee
TOYKHU YJOBJIETBOPSIIOT YCJIOBHIO: PACCTOSTHHSI OT HUX OO CTOPOH yI-
Jla TPOIOPIMOHANIbHEL 3TUM cTopoHaM AB u BC. Ecnu cumeauaHsl
HE [IEPECEKAIOTCsl B OLHON TOYKe, TO yKasaHHOM Touku (06obmieHust
Touyku JleMyaHa Jjisi TPEYTOJIbHUKOB) He CyIecTBYeT (HO MUHHMYM
CyMMBI KB3,IPATOB PACCTOSIHMII BCe PABHO JOCTMTAETC B HEKOTOPOH
TOYKE).
Vxasanue. CMm. 3a0auy 66.

Paccrosiunsa A0 BEpPIIINH

£255. HaitT BHYTPH BBIIYKJIOTO 7u—YyTOJbHAKA TOUKY, JJIsl KOTO-
poit MaKCUMAJIbHOE PACCTOSHHE O €r0 BEPUIMH MUHUMAJIbHO. [JoKa-
JKUTE, YTO 9T TOUKA OIpelesieHa OJHO3HAYHO.

Yxasanue. 3Ta TOUKA — IMEHTP MAKCUMAJIBHOTO Kpyra, KOTOPbIi
COImEPXKUT AaHHBIN n—yronbHuK. Ero paauyc B pasgene 1.2 obo3na-
yancs R. IIpumennts 3anauy 26.
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£256. MHOrOyro/IbHUK SIBJISIETCS BIHCAHHBIM TOTHA H TOJIBLKO TO-
718, KOraa CpeIMHHbIE TIePIEHANKYJISIPBI BCEX ero CTOPOH IiepeceKa-
10TCst B ofHOi Touke. [IpaBMiibHBIM 11— YTOJBHUK SIBJISIETCS] BIIMCAH-
HbIM. [Ij1s1 BIIMCAHHOIO MHOrOYTONbHHKA BesimunHa R cosmanaer c
PaJinycoM OIMHCAHHOTO BOKPYT HETO KPYyra.

O606menus Touku Topuyesm

2257. JlokazkuTe, 9YTO CyMMa PacCTOSIHUM OT TOYKU BHYTPH Tpe-
YTOJILHUKA JI0 €r0 BEPIINH 3aKJII0UeHa MEXIY ero I0JyIepUMETPOM
¥ TIEPUMETPOM.

Yxasanue. CymMma paccTosiHER — CTPOro BOrHyTasl (DyHKIHSI.
Cornacuo 3anage 215 ona mocTuraeT MakCHMMyMa B OJHOH M3 €ro
BepiiH., HuKHSAS oLleHKa cieAyeT U3 HEPaBEHCTBAa TPEyTOJbHUKA.
Obe onenku B npenesie JOCTHKUMEL.

2258, JokaxkuTe, 4TO CyMMa PacCTOsIHWIE OT TOYKW BHYTPHU TET-
DasIpa JI0 €0 BEPIIMH 3aKJII0YEHA MEXKIY €r0 TPeThIo IIepuMeTpa U
TIEPEMETPOM.

Vxasanue. Paccy>knath aHajioru4Ho 3amade 257. Obe oueHKH B
npejesie JOCTHXKUMBL. PelleHne, He MCHOJIBb3YIONUIEE BBIITYKIIOCTh CM.
B [53], 3amaya 15.10.

3a1a48 0 MUHMMAJIbHOM CYMME PacCTOSIHMM [0 JAHHBIX TOYEK B
obmieM ciydae JOBOJBHO TPYJHA.

& 259* . Kak HaliTH TOUKY, CyMMa pacCTOsIHHIt OT KOTOpOit 10 Bcex
JIaHHbIX ToYeK P, MuHmMaJsbHA?

Yxazanue. Cymma paccrosinmit f(X) — Borayras dyskius. Mu-
HUMYM OHa MMeeT B enuHCTBeHHON Touke M. Ecniu M # P,, n Touka
M nepegpunyta B no3ummio M’, Takyio 9TO BEKTOD
0 = MM’ Geckoneuno man, to f(M') — f(M) > 0, a ¢ gpyroi
cropount (f(M') — f(M))/(6,71 + ...+ 1) — 1 mpu |§] — O,
[le BEKTOpa T; — BEKTOpPA EIMHHYHOM JJIMHBI, HAIPDABJIEHHbIE M3
M B P;, a 30aK (u,v) 0603HaYAET CKAJSIPHOE POU3BEIEHNE BEKTO-
pos. ITostomy 71 + ...+ 7, = 0, uHade Obl IpH & KOJUIHHEAPHBIM C
71+ ...+ 7, = 0 u HapaBJEeHHLIM B IIPOTHBOIOJIOXKHYIO CTOPOHY
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nosyausoch 6u1, uro f(M') — f(M) < 0. O6patHo, eciiu AJist TOYKH
M spInosiHeso ycaosue 11 +. ..+ 71, = 0, T0 B 3T0# TOuke f(X) HMme-
eT JIOKaJbHbLH 3kcTpeMyM. st Touku M = P, ycioBue JIOKaJIbHOIO
IKCTpEMyMa TaKOBO: |r1 +. oo+ttt rnl < 1. U3 stux
yCJIOBHH CleAyeT, YTO MUHHMYM MOXXeT ObIThb TOJIbKO BHYTDH BhI-
IIyKJIOH 000JI0UKK JaHHBIX TOUeK. ITOObI ero HaiiTH, HaJ 0 CPaBHUTh
f(P,) mpyr ¢ gpyroM u ¢ Toukoit M, nns koropoit r1 + ...+ 1y = 0.
Tlonpo6aocT MOXKHO Haiitu B [1], 3amaqa 19.

£260. Tokaxure, YTO /JIsl NPOU3BOJILHOTO TPEYTOJbHUKA MHHHU-

MyM CyMMbl PacCTOsiHUil JOCTUraercsi jubo B BepIIMHE, C YIJIOM

6onbmuM uau paBHbBIM 120 rpamaycoB, wiu B TOYKe, U3 KOTOpOil BCe

ero CTOPOHBI BUAHBI mox yriiom 120 rpagycoB (Touke Topuuesnm).
Vxasanue. llpumenuts 3amaay 259.

& 261. Jlokaxure, 4TO IJisl BBITYKJIOTO YETHIPEXYTOJbHUKA MUHY-
MYM CYMMBI DacCTOSIHWI OCTHraeTcsi B TOUKe IepecedeHus JUaro-
HaJeH.

Yxaszanue. MoxXHO 1puMeHuTh 3aa4y 259, HO Bce OYEBUIHO H
6e3 nee (cM. 3amaqy 187).

&262. Eciin quaroHasu Y BBIIIYKJIOTO 2N-YTOJIbHUKA II€PECEKAIOTCS
B ONHOHI TOYKe, TO IJis Hee HOCTUIaeTCs MHHUMYM CyMMBbl PaccCTOsl-
HU# 10 BCEX BEPIIHH.

Vxasarue. MoxkHO npuMeHHTh 3a1a4y 259, HO BCe OYEBHIHO M
6e3 Hee. BITyKJI0CTh TOXKE HE HY>KHA.

Crenyiomast 3ana4a sl CJIydali CEMHUYTOJIbHUKA Ipeiarajiach
Ha Mockosckoit onuminaze B 1984 r.

£263. Y IPaBWIbHOTO HEYETHOYT'OJbHHUKS MUHHMMYM CYMMBI pac-
CTOSIHMI# JOCTUTAETCSI B €ro UEHTPE.

Yxasanue. MoxxHo npuMeHuTh 3aja4y 259, HO MOXKHO 0BOUTHCH
n 6e3 Hee. Hanpumep, omucath BOKPYr n—yrojbHUKa ApYroit mnpa-
BUJIBHBIN 7—YTOJBHUK TAK, 4TOOBI OH OBL1 OMHCAH BOKPYT OIHCAH-
HOI'O Kpyra MeHbiero n—yrojbauka. CymMma paccrosiHuit or jio-
6oii TOYKM HO CTOPOH GOJIBIIErO N —YyroJbHUKA HocTosiHHa. CyMma
pPacCTOsIHUR OT Hee K€ J0 BEPIIMH MEHBIIEro 7N—YI'OJIbHUKA B CHILY
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CBOMCTB MEPIEHAMKYJISIpa M HaKJOHHO# Oyner Gosibine wim paBHA
CyMMe PacCTOsIHUM 10 CTOPOH GOJIbINEro 71— YTrOJbHUKA.

£264. lokaxkure, 9TO [Isl HEBBIIYKJIOTO YETHIPEXYTOMLHIKA MH-
HUMYM CYMMBI DacCTOSIHMM IOCTUIaeTCs B OJHOM M3 TpeX BEPIUIUH
€ro BBIIYKJIOH 000/I0UKH.

Vxasarnue. MoxXHO puMeHUTD 33aa4y 259,

&£ 265*. Haiitn TOYKY, [J1sl KOTOPO! NOCTUraeTcsl MUHUMYM CyMMBbI
PacCTOsTHUM [0 JAHHBIX TSITH TOYEK, YETHIPE U3 KOTOPBIX 06pa3yoT
KBaJIpAT, a [TAS JIEZKUT BHE €r0 Ha €r0 OCH CHMMETDHH.

Vxazanue. IIpuMeM cTOpPOHY KBajpaTta, paBHOM AByM. Touka Mu-
HMMYM8 HaXOOUTCS HA OCH CHMMETDPUM BHYTPH KBaApaTa OJmke K
nsitoit Touke. O603HAYUM ee PACCTOsSIHHE OT LEHTPa KBaApaTa Yepe3
z. PaccMOTpUM BeKTOpa eXMHMYHOM JJIMHBI, HAIIPABJIEHHbIE U3 HEe
B IATb AaHHBIX ToueK. CyMMa 3THX BEKTODPOB IOJIXKHA PABHSTHCS
HYJII0. BBIYMC/IMM KOOPAMHATHI 3TUX BEKTOPOB:

-1 -1-z
(\/1+(1+m)2’ \/1+(1+a:)2>’

1 ~-1-z
(Jl+(1+x)2’\/1+(1+x)2)’

-1 11—z
(\/1+(1—w)2’ \/1+(1—m)2)’

1 I
(\/1+(1_m)2’ \/1+(1_$)2>, (0, 1).

[IpupaBHUBas K HYJII0 KOODJIMHATH CyMMBI 3TUX BEKTOPOB, IOJIyYa-
€M ypaBHeHue:

14z _ l1—-z _
Vit(d+o? Ji+(1-22

N3baBiisisick OT pajguKasioB, IIOJYYaEM yPaBHEHHE

1/2.

1528 — 1625 + 8822 — 32022 + 112 = 0.
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JIoKaxKeM, 4TO ero KOPHY HeJib3sl BbIPDA3UTh C IIOMOMLIbIO apudme-
THUECKHX OIepalnuit U KBaJAPATHBLIX PAIUKaJIOB U3 PalMOHAJIBLHBIX
YUCEJI. DTO 03HAYAET, YTO UCKOMYIO TOYKY HEJIb3sl IIOCTPOUTH IHP-
Ky/neM u JuHeiikoii. O4eBHAHO, YTO JOCTATOYHO 3TO JOKA3aTb JJIst
YPpaBHEHUS

152% — 162° + 8822 — 320z + 112 = 0.

Paznoxum ero Ha KBaapaTHbie MHOXKHUTEMH. BoliesiuM nonauslit KBa/i-
par

2
11
15 <x2 - 1§5—:c + a) + (83ig ~ 30a> 22+ (16a — 320)z+112— 1542
ITonbepem a Tak , 4TOOBI BTOPOE cllaraeMoe 0Ka3aJloCh IIOJIHBIM KBaJl-
paTtoM. Myist 310r0 06paTHM B HyJIb JUCKPHMMHAHT U MOLy4YuM (u3-
6aBJisisick OT qpobeii) ypaBHeHue

3375a® — 9900a® — 60000a — 121664 = 0.

Taxk kak npu a = 6 JieBast 1acTb OTPUIATENbHA, & DK @ = 7 OHA
nosioxuTenbHa (Tak Kak Ky6 Gosble KBagpaTa), TO ypaBHEHHE UMe-
er Kopeub 6 < a < 7. [Ipyrux kopHeit y Hero HeT, TaKk KaK MHAaue
muorowiex 3375a3 — 9900a2 — 60000a — 121664 6511 651 60s1b1Ie HYJIS
B Touke a = 4(11 — +/871)/45, xoropas sBNsSETC MEHBIIMM KOPHEM
€ro Ipou3BOIHOMU

1012522 — 19800z — 60000 = 25(405z2 — 792z — 2400).

IlpoBepuM, uwro JanHBI# KyOudeckuit MHOTOYJICH HE MMEET paIyo-
HaJbHBIX KopHe#t. IlycTb p/q — Takoit KOpeHb, p, ¢ B3AMMHO IPOCTHL.
Torza 3375p° — 9900p?q — 60000pg? — 121664¢® = 0, orkyza caenyer,
uro p menut 121664, q nemur 3375, 121664¢° menutcst Ha 75, 3Ha-
4uT q meswrest Ha 15, 3375p% menurcst Ha 4, 3HAMUT P HETHO, U JBIHKE
nenurcst Ha 4, notoMy uto mHade 3375p3 He nmesmoch 6b Ha 16,°a
OHO JeJINTCS1, TAK Kak KaxKa0e u3 ances 9900pq, 60000pq?, 121664¢3
kparuo 16. Ilostomy p/q = 4 - 2% - 1901™/(15 - 3%5%), 0 < n < 4,
0<m <1 0<kl <2 U3 Boamoxubix 5-2-3% = 90 kom-
OuHanui HanO MPOBEPUTH TOJIBKO Te, AJsI KOTOpeix 6 < p/q < 7.
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Hns m = 0 takux Her Tak Kak 64/15 < 6. Ilpu m = 1 MunuMasnb-
Hoe 3Hauenue p/q = 4-1901/3375 < 3, cienyiomiee o BeIHYHHE
p/q = 8-1901/3375 < 6, crexyromee p/q = 4-1901/1125 € (6,7),,
a Bce ocranbHble Gosbmie 7. IlosToMmy ocraercss mpoBeputh, GymeT
nu KopHeM wumcyo 4 - 1901/1125 = 7604/1125 > 6,75 = 6 + 3. Tax
KaK 3HaUYeHHEe JaHHOTO MHOIOWIEHa B TOUKE 6,75 MOJOXKHTENBHO, &
B TOuYKe 6 OTpPUIATENbHO, TO KOPEHb NOJDKeH ObITh MeHbute 6,75,
3HAUUT He paBeH 7604/1125.

UssecTHa Teopema: ecjim KyOMYECKOe YDABHEHHE C LEJbLIMH KO-
s PuIeHTaMN HE UMEET PALMOHAJBHBIX KOPHEH, TO €ro KOPHH He
MOTYT GBITh OCTPOEHBI LIUPKYJIEM U JIMHEHKOH (cM., Hanpumep [24,
38]).

Ioncrapisst yHOMSIHYTHIA Bblllle KOPEHb @ B yDaBHEHHE B POp-
MyJ1y

8 2 11
15 (m2 T + a) + (831—5- - 30a> 2?4 (160 —320)z 4+ 112— 1502,
¥ COKpalas Ha 15, moJjiy4aeM [IpU HEKOTOPbIX C, d, BLIPA3UMBIX U3 G
C IIOMOTIBI0 apUPMETHIECKUX ONepPANUil ¥ U3BJIEUEHHS] KBAAPATHOTO
KODHS1, Pa3jI0oXKeHue

15

(s (e ) o) (- (- rasa).

O6paTHO, Yepe3 MOXKeT ObITH BHIPAXKEHO G C HOMOIIBIO TOIBKO apu-
MeTnueckux onepanuii. IlostoMy ¢ u d Henp3st BbIpa3uTh U3 palMo-
HAJIBHBIX YHCEJI C IOMOLIbIO apudMETHUECKUX ONepaluil U u3pjiede-
HHUS KBaJPATHOTO KODHSI, TaK KaK ecJiu ObI 3TO OBIIIO BO3MOXHO, TO
U @ MOXKHO ObUI0 ObI IIOCTPOUTD IUPKYJIEM U JIMHEHKOM.

3HAYKUT, KOPHSIMH HCXOJHOI'O YPABHEHHUSI SIBJISIIOTCSI KODHH IBYX
KB3JIDATHBIX TPEXIeHOB, KO3 (DHUIIMEHTHI KOTOPHIX HEJIB3s IOCTPO-
UTb IUpKyneM u juneiikoit. MoxxHo mpoBepuTh, UTO HEACTBUTENDL-
HBIX M3 HUX TOJIbKO JBa, KOTOPbLIE SIBJIAIOTCA KOPHAMHU ONHOTO W3
9THX TpexuieHoB. Eciu oba KOpHSI KBAJPaTHOrO TPEXWIEHA MOXK-
HO HOCTPOHTHh NIMPKYJIEM M JIMHEHKOH, TO B CHJIy TeopeMbl Buera

8 2
(m2——m+a) ~(cz+d)* =
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1 ero K03PUIUEHTH MOXKHO IOCTPOHTH, YTO B PacCMaTPHBAEMOM
ciayyae neBepHo. Ocraercss moOKa3aTh, YTO €CJIM OOUH KODEHb KBaJ-
PATHOr0 TPEX4JIeHa MOXHO TOCTPOUTh, TO U BTopoi Toxke. [lasee
yKa3aH TOJIBKO 3CKM3 JIOKa3aTebCTBaZ,

[TycTs KOpeHb @ TpexdieHa z? + PT + ¢ MOXKHO TIOCTPOUTh. 3HAa~
YUT, @ IOJIYYAETCH U3 PALlMOHAJBHBIX YUCEJI IIyTeM IOCIEA0BATENb-
HOCTH apu(dpMETHYeCKUX Omepaluil u ornepanuil U3BJIECYEHUS] KODHSL.
Hanpumep, o = p1 + q1+/71, e uucia pi,q1,T1 NOCTPOEHB! Da-
Hee, ¥ GOPMYJIbI IJIsT HUX COAEPrKAT MeHbluee 4nucjo KopHeit. Torma
B = p1 — q1/T1 TOXKE MOXKHO IOCTPOUTH U 068 OHM fABJISIOTCS KOp-
HSIME TPeXwWIeHa 12 — 2p12 + p? — g7 ¢ xoacdunmenTamu, koTopbie
MOKHO IIOCTPOUTH. 3HAYMUT 3TU KOIPDUIUEHTH MOXKHO NIPEACTABUTD
B BUIE 8; = p; + ¢i\/Ti, t = 2,3, rae p; MoxkHO noctpouts. Ho Torma
udi = p; — qi\/Ti, © = 2,3 TOXKE MOXHO IOCTpouTh. Paccmorpum
MHOTOYJIEH

(2% + sz + s9) (@2 + dyz + dp) =

=zt + (s1+ dl)x3 + (s1dy + 82 + dz).’tz + (s2 +d2)x + sada.

ero kK03 UIUEHTHl BHIPAXKAIOTCs Yepes p;, i, T; 6e3 onepauuu uz-
BJICUEHHUSI KOPHSI M HX IIO9TOMY TOXE€ MOXKHO IOCTPOUTh. Umciao o
SIBJISIETCST KOpHEM 3TOro MHorowieHa. IIpomoikas momobHble pac-
Cy>KIIeHHsI, TIOJIyYHM B KOHIIE KOHIIOB MHOIOYJIEH C PalMOHAJ/IbHBI-
Mmu Koagduimenramu cremenn 2", kopHeM Koroporo oyzer o. Ilpu
9TOM BCE JAEACTBUTEIbHBIE KOPHU 3TOI0 MHOTIOYJIEHA TaKXKe MOXHO
MIOCTPOUTL LUDPKYJIEM U JIHHEHKOH’.

Ho o siBnsieTcst KOpHeM TaKxke MHorousena 15z% — 1623 + 8822 —
320z + 112, He UMEIOMIETO PALUOHAIILHBIX KOPHEH (3TO MOXKHO MO-
BEpUTh MOAOGHO TOMY, KaK BBIIIE HPOBEPSJIOCh OTCYTCTBUE Daiy-
OHAJIbHBIX KODHe# y KyOH4ecKoro MHoOroujeHa). MOXKHO CUMTATh,
YTO STOT MHOTOYJIEH SIBJISETCS] MHOTOYIEHOM MHHHMAJIBHOMN crere-
HU C PAlMOHAJIBHBIME K03 pUIlueHTaMu, KOPHEM KOTOPOI'O SIBJISIET-
cst o Torma ynoMsiHyThidt MHOTOWIeH cremenu 2" Oyner aeaurcst Ha-
11eJI0 Ha 3TOT MHOTOY/IeH, IIOTOMY 4YTO B IPOTUBHOM CJIy4ae OCTATOK

2DaKTHYECKN JOKA3HIBAETCS W3BECTHBIM KPUTEPHM, C NOMOMIBIO KOTOPOIO
OIpeAeNsieTcs, MOXKHO JIH HOCTPOUTb LMPKY/IEM M JIMHEHKOH KODHHM ypaBHEHHS
uerseproit crenenn. CM.,nanpumep,[4], XOTs1 TaM HET NONHOrO AOKA3aTE/IbCTBA.
JokazarenscTBo MOXKHO u3siiedb u3 [50], HO Tam Her siBHO#H OPMYIHPOBKA.
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OyaeT MHOTOWIEHOM MEHbIlell CTeNeH! ¢ PAIMOHAJILHBIMU KO3(ddu-
IMEHTAaMU{ M KOPDHEM (. SHAYHMT BCE €r0 KOPHH MOXKHO IIOCTPOUTh
LUPKYJIEM ¥ JIMHEAKOM, 4T0 U TpeboBajoch H0Ka3ath. Eciu xxe MHO-
rouner 15z* — 1623 + 8822 — 320z + 112 e sBAseTCS MUHMMAJIL-
HBIM [IJIs1 KOPHSI (¢, TO QHAJIOTUYHBIE PACCYKIEHUsI TOKA3BIBAIOT, YTO
MUHUMAJILHBIM TOTIA OYAET KBaAPATHBIM TPEXUIIeH C PAIIMOHAbHbI-
MH KoappULIMeHTaMK, A yKa3anHblt MHorowreH. Torga sroT
MHOI'O4JIEH Pa3jIOKMM Ha [IBa TPEXWIeHa C PaIMOHAJIbHBIMH KO3d-
unmenTaMd U BCe KOPHM YKa3aHHOI'O MHOTOYJIEHA MOXKHO IIOCTPO-
UTh IUPKYJIEM U JIMHEHKOM, OTKyHa CJeNyeT, YTO DPacCMOTDEHHBIMH
BbIIlIe TPEXYIEH C STHMH KOPHSIMH MMeeT KOXP(PHIMEHTDI, KOTOPbIE
TOXKE€ MOXKHO IIOCTPOMTB, & 9TO IPOTHBOPEYUT JOKA3aHHOMY BHIILIE.

£ 266*. Jlj151 BBILYKJIOTO BHIIYKJIOTO N—yTOJBHUKS CO CTOPOHAMH 05
HalTH TOYKY BHYTPH HETrO, Jyisi KOTOPOl MUHMMaJIbHA CyMMa a1 /d) +
...+ an/dn, toe d; — paccrosinue OoT Hee 0 CTOPOHBI ;.

Vxasanue. Eciiu MHOrOyTroJIbHUK ONMHCAHHBIA M 7 — PaJuyC BIIM-
CAaHHOI'O Kpyra, TO MUHUMYM JOCTHUIaeTcsl B ero nenrtpe. le#icTBu-
TeNbHO, d1a1 + ... + dnan = 28, TIE 8 — IWIOMBIb N—YyTOJIbHUKA, TO
cornacHo HepabeHcTBy Kormm

28(al/d1+. . .+an/dn) = (al/d1+.. .+an/dn)(d1a1+. ..+dnan) >

> (Va1 /divardi + ... + Van/dn/dnan)? = (a1 + ... +an)? = p?,

OTKy/a

PaBeHCTBO [IOCTUraeTCsl TOJIBKO KOIZIA BEKTOPA C KOMIIOHEHTAMHU
(v/a,/d;) n (v/a;d;) mponopumonanbhel, T.€. Koraa A\v/a,/d, = va,d;,
T.e. di = A, Te. Bce d; pasuel. OTcrona ciaegyer, uro d; = 7 1
N—YTOJIbHUK ONHUCaHHBIA. B ciiyyae n = 3 mosiydaem peineHue 3a-
Jaun 64.

B obmiem crnyuae 3aa4ya, BUAMMO TPYAHA. MOXKHO 3aMETHTh, YTO
dbyukmus f(X) = a1/di(X) + ... + an/dn(X) crporo soruyra (kak
CyMMa BOTHYTHIX (DYHKIHIl B CUJIy BOTHYTOCTH runepbosst y = 1/x),
npu IpubIMXKEHUH K T'PaHuIle MHOI'OYTOJbHHKA CTPEMHUTCS K Hecko-
HEYHOCTH, U JOCTUTaeT MHHMUMYMa BHYTPH MHOTOYTOJIbHUKA B €IWH-
CTBEHHOHN Touke. Eciin MHOrOyrojibHUK MMEET OCh CUMMETPHH, TO
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9Ta TOYKa JiexkUT Ha Hell. Eciu oH mMmeer xorTst ObI JBE OCH CHM-
METPHH, TO 3Ta TOYKa COBIAJAeT C TOYKOH ux mepecedenus. Ecan
MHOT'OYTOJIbHMK MMEET LEHTP CUMMETPHH, TO OHA COBIIAJIAET C HHUM.

SKCTpeMaJIbeIe TOYKH B BBINIYKJIBIX MHOTOrpaHHHKaX

Hexoropsie U3 pacCMOTPEHHBIX 33849 MOXKHO IIepEHeCTH U Ha IIpo-
CTPaHCTBEHHbIH ciydail 6e3 0cobbIX U3MEHeHUi B JI0Ka3aTe/IbLCTBaX.
IIpuBeneM HeCKOIBKO GHOPMYITHPOBOK.

267. ITycTh B Terpasape ecTb TOYKA, U3 KOTOPO# Bce ero pebpa
BUJIHBI [TOJ PABHBIME yIyiaMu. JlokaskuTe, YTO 3TH yIVIBI HMEIOT KO-
CHHYC, paBHblt —1/3 1 Ha 9TOH TOYKe JOCTHUraeTcst MUHUMYM CyMMBI
paccTostHuit 10 BCEX €ro BEpUIUH.

Yxasarnue. Ilpumennts 3amaun 259, 586. CM. Takke 3amaun 435,
585.

£268. (IMO 1966) B npaBMiIbHOM TETPA3Ape MHUHMUMYM CyMMBbI
PacCTOSIHHMI 10 €r0 BEpIIMH JOCTUTAeTCs B €ro LEeHTPe.

Vxaszanue. Bee cnenyer u3 3agaun 267. Ho MOXKHO TakxKe oru-
caTh BOKPYT TETPa3fpa TOXKe IIPaBUJIbHBIN TeTpasp C 'PaHsIMH, la-
paJUIe/IbHBIMU TPAaHsIM MEHBIIEr0 TETPasApa, 3aMETUTh YTO CyMMa
paccrostHuit oT 1000 TOYKM IO €ro rpaHeil NOCTOSIHHA U TEM, 4YTO
CyMMa PacCTOSIHUHM OT Hee Ke N0 BEPIINH MEHBIIEro TeTPadipa B CH-
JIy CBOMCTB MEpIIEHAMKYSIpa ¥ HAKJIOHHOH Oymer GoJiblie Wi paBHA
CyMMe paccTOsiHu# A0 rpaHeit 60Jblero TeTpasapa.

2269. IlycTb B TeTpasape ecTh TOYKa, N3 KOTOPOH JBa CKpelluBa-

ouuxcst pedpa BUIAHBI 1104 PABHBIMHU yIyIaMH, U OMCCEKTDHCHI 3THX

YIJIOB JiexKaT Ha omHoit nmpsimMo#t. JlokaskuTe, yTO Ha 3TO TOUYKE J0-

CTUTraeTCsl MUHEMYM CYMMBbl PacCTOSIHME JI0 BCEX €ro BEPHINH.
Vxazanue. Ilpumenuts 3amagy 259.

2270, (/Trousave) HafiTi BHyTpH JaHHOTO TETpas/ipa TOYKY, CyMMa

KBaJpPAaTOB PACCTOSIHUN OT KOTOPO#t 40 €ro rpaHeii MUHHMAaJIbHA.
Yxa3anue. 910 TOYKA, PACCTOSIHUSI OT KOTOPO# J0 rpaHeit mpo-

IOPLMOHAJIBHBL UX mwomaasM (touka Jlownbe). Yrobwl ee HaiiTh,
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HYy?KHO 4epe3 Kaxzioe pebpo TeTpasnpa IIPOBECTH INIOCKOCTb, TAKYIO,
YTO pPACCTOSIHMSI OT ee TOYEK OO rpaHeit, coaepKamux 3To pebpo,
OTHOCSATCSL APYT K JApYry Kak miomanu 3Tux rpaneil. Ilepeceuenuc
9THX IIOCKOCTEH JaeT MCKOMYIO TOYKY . B ciiyuae paBHOrpaHHOro
TeTpasnpa (M B YACTHOCTH, HPABWJIBHOTO), 3Ta TOYKA COBHANAET C
LEHTPOM BIHCAHHOrO Imapa (LIEeHTPOM IpaBMiIbHOro rerpasapa). O
PABHOIDPAHHBIX TETPa’gpax CM. 3amauy 541 u crneayiomue.
O Touke Jlowibe Terpasapa cM. Takxke 3a1ady b55.

£271*. Haiitu BHYTpH BbIIYKJIOTO N—T'PAHHUKA TOUKY, AJIsl KOTO-
poit cyMMa KBaJIpaTOB PacCTOSHUI [0 ero rpaHeidl MUHHMAaJbHA.
Vxasanue. Cm. ykazanue K 3amade 252.

&272*. JIyis1 BHILYKJIOTO BBIIYKJIOTO N—TPAHHHUKA C IPAHAMH ILIO-
MK a; HAWTH TOYKY BHYTPHU HEro, Jijisi KOTOPO#l MMUHUMAJIbHA CYyM-
Ma a1/d; + ...+ ap/dy, tae d; — paccrosiuue OT Hee O TPaHY a;.

Yxasarue. Eciu MHOrorpaHHMKa OIKCAHHBIM U T — pajuycC BIIH-
CAHHOIO Kpyra, TO MUHUMYM JIOCTHUTAETCS B €ro IHeHTpe. Takske Kak
u 3aza4e 266 MOXKHO OKa3aTh HEPABEHCTBO

ar/dy + ...+ an/dy > 8%/3v,

rzie v — 00’béM MHOTOIDAHHHKA M $ — IUIOLIAlb €r0 IIOBEPXHOCTH. B
JOKa3aTeJIbCTBe Hucrnonbsdyercs dopmyna diai + ...+ dpa, = 3v.

B wacTHOCTH, €ClM MHOTOTPAHHUK €CTh TETPA3ApP, TO MUHUMYM
JIOCTHraeTcsi B LEHTPE BIMCAHHOM B Hero cdepsl (cM. 3amaudy 550).
B obmem ciyuae 3agada, BUAUMO, TPYIHA.

B3aBemennrsie cymMmmMbl paccTossHuit

MoxHo Tak>xke 0000mMHKUTh 33129y 0 MUHMUMYME CyMMBI DacCCTOSIHHIA,
PaccMOTPEB MUHUMYM CyMMbI DACCTOSIHUIM, YMHOXKEHHBIX Ha 3aJaH-
HbIE IOJIOXKHUTEbHBIE KO3(DUINEHTEE 172;.

Hanpumep, MoxxHO paccMoTpers 3amady u3 [76].

& 273. Haitru B Tpeyronsauke ABC Touky M, s KOTOpOI

m1|AM| + m2|BM| + m3ICM|
MUHHUMAaJIbHA.
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Yxasanue. IlocTpoum TpeyroJibHUK C JJIHHaMHU CTOpPOH m; (pac-
CMAaTpUBAEM CiIydail, KOrJa 3T0 BO3MOXKHO). IlycTh ero BHemHue yr-
sbl o. ITpoBozst U3 OJfHON TOYKM OTPE3KHU IJIMHBI 1M, TMOMAPHO 00-
pagyomue Mexxay coboit yribl g, HOJy4YaeM TPHU BEKTOpa, CyMMa
KOTOpbIX paBHa Hymio. Hatinem B Tpeyronbauke ABC Touky , u3
KOTOpO# €ro CTOpOHBI BHAHBLI MOX YIVIAMH (v;, TOTJIa BEKTOpa, Ha-
UpaBJIEHHbIE U3 HEe B BEPIIUHBI TPEYTOJBHUKA C COOTBETCTBYIOLIHU-
MU AJMHAMH m; OyAyT B CyMMe paBHBI HYJIIO. DTO M €CTb HCKOMAst
TOYKA.

Ecnu ke TpeyrosibHUK ¢ AJInHaM¥U CTOPOH mM; HE CYHIECTBYET, TO
HCKOMasl TOYKa COBHajaer ¢ ogHoi u3 Bepiuud A, B,C

&274. (Mocxsa, 1986) Haittu B Tpeyronsuuxe ABC touky M, s
koropo#t |AM| + 2|BM| + 3|C M| munumasibHa.

Yxasanue. [IpuMEeHHTb HEPaBEHCTBO TPEYTONLHHUKA.

B [76] upuBenena kpacusas MexaHU4eCKasi HHTEPIPETALUS ITOM
zanaun. [IpeacraBuM cebe, 4TO JaHHBIE TOUKH P; jJlekaT Ha CTOJIE.
IIpomesaeM B HEM HABIDKU B 9THX TOYKAX, BO3bMEM BEPEBKH JIOCTa-
TOYHO GOJIBLLIOH PaBHOM AJIMHBI [, CBSI)KEM MX KOHIIBI B y3€J H HPO-
HyCTHM CBODOZHBIE KOHIIbI B JLIPKH, OCTABUM Y3€J Ha ITOBEPXHOCTH
crosa. [IpuBsiKeM K KOHIlaM BEepeBOK Ipy3bl ¢ MaccaMmu m;. loraa
y3€eJI [IepEMECTUTCSI B TOYKY, KOTOpast ¥ OyIeT uMeTb MUHUMAJIbHYIO
cyMMmy. [leso B TOM, YTO COIJIACHO MPUHIKIIAM MEXAHHKH, TaKas CH-
cTeMa J0JDKHA MPUHTH B COCTOSIHHE, B KOTOPOM €€ 1IeHTP Macc (T.e.
HEHTDP MacC BCEX TPY30B mM;) AOJDKEH 3aHATH CAMOE HU3KOe BO3MOXK-
Hoe noJioxkenue. Ho BbicoTa neHTpa Mace 3Tux rpy3os (OTHOCHTETHHO

YDOBHsI CTOJIA) paBHa
_2imihs

Do

1 oHa OyeT MHHUMAJBLHON, Korma
Zmihi = Zm,-(l - 1) = lZmi - me
i i g i

MaKCHMaJIbHa, T.e KOTHA » . M;T; MUHUMAJbHA, TOe 3 = | — hy —
PAacCTOsIHUSI OT y3Ja A0 Touek Pj.
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CyMMBI KBaZJpaTOB PacCTOSTHUIL

3aja4a 0 MUHIMU3AIMH CyMMBI KBaJ[PATOB PACCTOSIHUI CPABHUTEIIb-
HO IIPOCTA.

2275, (Jletbruy) Jlokaxure, uto >, m;r2 — B3BelIeHHas! CymMMa
KB3JIpaTOB PACCTOSIHUYM OT MPOU3BOJILHON TOUKM M [0 AAHHBIX TO-
yek P; MMHMMA&JIbHA TOJILKO B TOuke M, Takoil 4To CyMMa BEKTOPOB
MP;, yMHOXXEHHBIX Ha M;, paBHA HYIIO. DTa TOYKA COBIIRJAET C
LIEHTPOM MAaccC mm;, IOMeIeHHbIX B Touku P;. Eciu B3aTH 32 Hauaso
KoopauHaT by Touky O u obo3naunt BekTOopa OPF, Kak e;, TO
HeHTp Macc OyeT B KOHIIE BEKTOpA E'}Wz Y, €i C HAYaJOM B HayaJe
KOODAWHAT.

Vxasanue. [IpumenuTs crenyonutyio ¢gopmyay Jledbuuua aiist Mo-
MEHTa UHEPIUN CUCTEMBI TOYEK:

mlr%-i—. ) .+mnr,zl =my(r —r)2+. ) .+mn(rn—r)2+(m1+. ; .+mn)r2,

I | R
e r = s Y_;Ti — LeHTp Macc 9Tolf cuctemsl. s mokasaTesb-
CTBA 3aMETHUM, 4TO

mi(ri —r)2 + .. mplr,—r)? =
= m1r%+...+mnr,2l+(m1+...+mn)r2—2(m1r1+...+mnrn,r),

a (miry + ...+ Mprp,7) = (M1 + ... +my)r2.
Yreepxkacuue JlelbHUIA CUPABEIINBO M B IPOCTPAHCTBEHHOM
cIIy4ae.

£276. HaiiTu MUHAMYM CyMMBbI KBIDATOB PaCCTOSTHUHM OT IIPOU3-
BOJIBHOHM TOYKH A0 BEPINUH JaHHOTO a) TpEYyTroJIbHUKa 6) HeThIpex-
YTOIbHUKA B) TETPasIpa.

Vxazarue. LleHTp Tpex eIUHUYHBIX MAacC PACIOJIOXKEH B TOY-
K€ [IepeCeYcHust MeAruaH TPEYro/JIbHUKa, HCHTP YeThIpeX € AHHUYHBIX
MAacC PacIOJIOXKeH B TOUKE IIepecedeHnsl OTPE3KOB, COEIUHSIIOIUX Ce-
PEIMHBI IPOTHUBOIIOIOXKHLIX CTOPOH. B ciayuae TeTpasapa oTpe3KH,
COEIUHSIIONNE CEPEAMHBI IIPOTUBOIONOXKHLIX pebep, Ha3bIBAIOTCS H1-
MeJUaHaMH U [IePEeCEKalOTCs B OAHOM Touke. Drta TouKa (LEeHTP Macc
BEpINMH TETPAdApa) TaK¥Ke COBIAJAET C TOYKOM IEpEceyeHHs Mpo-
CTPaHCTBEHHBIX MEAMaH TeTpasapa (cM. ajee 3ajaun 539, 547).
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Buncaunsie MHOT'OYTOJIBHUKH

PaccMoTpUM 3azady O TOM, KaK BIIMCATH B JAaHHBIH BBIILYKJIbIH
n—yTOJAbHUK JIPYro# m—yTroJbHUK, m < M, ¥ KOTOPOro CyMMa CTO-
pon mMuHuMaibHa (0606meHKe 3anaun QaHbsIHO), U HONOOHbIE et 3a-
Jauy O MUHUMHU3AIMHM CyMMBI KBaJDPATOB CTOPOH M MAKCUMAJILHOK
CTOPOHBI BBIIIMCAHHBIX N—YTOJbHUKOB (IIsl Cily4asl TPEyTOJIbHHKOB
3TH 3aJa4d CM. B padzese 1.3).

&277. Jokaxure, 4To poMb C BepIIHHAMM B CEpeJHHAX CTODOH
HPSIMOYTOJIbHHKA MMEET MUHHUMAJIHLHBIA HEPUMETD cpedyu BCeX BIIU-
CaHHBIX B IIPSIMOYT'OJIBHMK 4eTHIPEXYTroJbHHKOB. Kpome Hero, cyme-
crByeT eme GeCKOHEeYHO MHOTO BIMCAHHBIX B KBRJApAT HapaJlIesio-
rpaMMOB TOI'O K€ MHHMMAJILHOTO nepuMmerpa. Pomb Takxke mMmeer
MHMHHUMAJIBHYIO CYMMY KB3JPATOB CTOPOH M MUHMMAJIbHYIO HanbGOJIb-
IIYIO CTOPOHY CPEOY BCEX BIMCAHHBIX YETHIPEXYTOJIbHUKOB, IIPUYEM
OH SIBJISIETCS] €AMHCTBEHHBIM SKCTPEMAJIBHBIM Y€ThIPEXYTOJbHUKOM.
Yxasanue. Cm. 3agaqu 280, 290.

& 278*. (Bupxzof) Jlobott BOMCAHHBIA N—YTOJBHUK C MUHUMAJIE-
HbIM [EPUMETPOM (€C/IM OH CYLIECTBYET U He BHIPOXKIAETCsl, T.€. BCe
€ro BepIIKHbI JIEXKAT BHYTPU CTOPOH OIMMUCAHHOI'O N —YTOJIbHUKA) 5B-
JISIETCSl «ONMTHUYECKUM», T.€. [iJIs1 J1Io60# ero BepmMHBLI YIVIbl, obpa-
30BaHHblE CMEXKHBIMH C HEll CTOPOHAMH BIIMCAHHOT'O 71—YT'OJIbHHKA
CO CTOpPOHOM OIIMCAHHOTO N —YI'OJILHHKA, COJEpXKAIIeit 3Ty BepuIu-
Hy, paBHbI. 3HAYHUT, BIIUCAHHBIH N —yTOJIbHUK MOXKHO PACCMATPUBATH
KaK 3aMKHYTYIO TPAEKTOPHIO JIy4ia CBETa, OTPAXKAIOIIEr0Cs 3ePKAJIb-
HO OT CTOPOH OIIMCAHHOI'O M—YyIOJIbHAKA (MJIM KAK 3aMKHYTBHIA IIyTh
mapa B n—yrojabHoM bumapse). To ke caMoe BEPHO U Iyisl BIIUCAH-
HOTO M—YTOJILHUKA IIPH M < N U JIJIsi BBIPOXKIEHHBIX M —YyTOJbHU-
KOB, HO TOJIBKO JIJIsi BEPIIINH, JIEJKAIIUX BHYTPH CTOPOH N —YT'OJIbHUKA.
Vxasanue. llpumeHuts 3aaauy 49.

&279. Ecny y n-yroJbHAKA IPH 9ETHOM 7l CyIECTBYET HEBBIPOXK-
JeHHBIH BIMCAHHBIN N—YTOABHUK ¢ MUHMMAJLHBIM IIEPHMETPOM, TO
CyMMa BCEX €ro yIVIOB IIpM BepLIMHAX C 4YeTHbIMM HOMEPaMHU paB-
Ha CyMME YIVIOB IIPM BEPIIMHAX C HEYETHBIMH HOMepaMu. B sToMm
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clIydqae CcyuiecrsyeT DECKOHEYHO MHOTO MMHMMAJIbHBIX BHHCAHHBIX
71— yYT'OJIBHUKOB.

Yxasanue. IlepeiBUHYTb Ha OOCTATOYHO MAJIYIO BEJMYMHY OJI-
HY W3 BEPHIMH BIKHCAHHOIO N—YTOJbHUKA M HUepe3 Hee 3allyCTHTh
JIyd CBeTa, NapaJujiesibHO OJHON M3 CMEXKHBIX C 3TOH BEPLIMHONR CTO-
poH. Ilocsie oTpaskeHust OT BCEX CTOPOH JIyY BEPHETCSI B UCXOLHYIO
TOYKY U €ro TpaeKTopusl o0pa3yer BIMCAHHBIH 1—YTOJIBHUK CO CTO-
poHaMH, IapaJuleJIbHbIMUA COOTBETCTBYIOHNIMM CTOPOHAM HCXOIZHOI'O
n—yroJjbHuKa. Ecu ero cTopoHsl 3aHyMepOBaTh B €CTECTBEHHOM I10-
psiiKe, TO CyMMa JUIMH CTOPOH C YETHBIMH HOMEpaMHU YBEJIUYHUTCS
(yMEHBLIMTCSI) HA Ty e BEJIMYUHY, HA KOTOPYIO yMeHbmuTcs (yBe-
Jm‘m'rcn) CyMMa OJIUH CTOPOH C HEYETHbBIMU HOMEpaMH.

£280. ¥ 4eTbIPexyToJIbHEKS CyIIECTBYeT HEeBHIPOXKACHHDBIH BIKCAH-
HbI#l YeTBIPEXYTOIBHUK ¢ MUHHMAJIbLHBIM [IEPUMETPOM TOTHA U TOJIb-
KO TOTIa, KOT1a OH SIBJISIETCSI OMMCAHHBIM. B 3TOM ciiyyae cymiecTBy-
eT OECKOHEYHO MHOIO MMHHMAJBbHBIX BIIMCAHHBIX YeTbIPEXYTOJbHU-
KOB.

Yxasarnue. HacTHeiit caydvait 3anauu 279. Eme omHo pemenue
(npegyiozkennoe I1IBapuieM) MOXKHO 1OJIYyYUTh, €CJIH PA3BEPHYTH CTO-
POHBI BIIMCAHHOTO YETHIPEXYTOJBbHUKA C OJHOM! (PUKCHPOBAHHOH BEp-
IIMHON B YEeTBIPEX3BEHHYIO JIOMaHYIO ¢ (DHKCHDOBAHHBIMHA KOHIIAMH
(151 3TOrO HAMO MOC/IENOBATENHLHO CUMMETPHYHO OTPAXKaTbh 60JIb-
II0#f YeTHLIPEXyTOBbHIK OT €T0 CTOPOH YeThIPE pa3a) U 3aMETUTh, 4TO
JIOMaHasl UMeeT MHUHUMAJBHYIO JJINHY, KOIJIa BBIPDOXK/IAe€TCsl B OTpe-
30K npsMOi. JIJIMHBI 3THX OTPE3KOB He 3aBHCST OT Bbibopa pukcu-
POBaHHOI BEPIINHBI BIIMCAHHOI'O YeThIpexyrojbHuka. [logobHoe pac-
CYyXJEeHUEe MOXKHO IIPOBECTH W JYisl JJisl JIIOOOTO M—YyTOJIbHUKA, HO
JIOMaHasl He BCErJia CMOXKeT IPEBPATHTCsI B OTPE3OK NPSIMOi (3TO HE
HOJIyYHTCs, HAI[PEMEpP, y TYyIOYIOJbHOTO TpeyrosibHuka). Iloxpob-
HOCTH M. B [38, 59].

&281. Ecim Yy N-yYIOoJIbHUKAa [IPU HEUYETHOM Ty CyIECTBYET HEBBIPOXK-
JEHHBIH BIHCAHHBIM N—YTOJBHUK C MAHUMAJIbHBIM IIEPUMETPOM, TO
OH OlIpeesieH OMHO3HAYHO.
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Yxa3anue. Y BOUCAHHOrO OIITUYECKOTO 71—YT'OJIbHUKA HAIpaBJe-
HHUSI CTOPOH NPH HEYETHOM 7 OIPEEeJISIIOTCST OJHO3HAYHO, KaK M yI-
Jibl, 06pa30BAHHbIE UMM CO CTOPOHAMM BOJILIIOTO N—YyTOJbHUKA.

& 282*. Ins n—yrojbHEKA C PaSUyCOM OIMCAHHOM BOKPYT HErO
OKpyXHOCTH R, 1€HTD KOTOPO# JIEKUT BHYTPH HEr'O, U IUIONAAbIO S
HEepUMETD BIMCAHHOTO B HEro n—yrojibHuka He mesbme 25/R. Pa-
BEHCTBO JOCTUTAETCsI JJIs1 BIMCAHHOIO 71— yTOJIbHMKA, CTOPOHBI KOTO-
POro NepIeHIuKY/ISIDHBI OTPe3KaM, COSIUHSIONINM IEHTD ONUCAHHON
OKDY>KHOCTHY C BEPIIMHAMH BIIMCAHHOIO B Hee 7—YTOJIbHUKA.

Yxazanue. CoeiHUM LEHTD ONMCAHHON OKPYKHOCTH C BEpIIH-
HaMU BIIMCAHHOTO N—YIOJIbHUKA. BosbIIoit n-yroJbHUK pa3obbercs
H& HENEePEeCceKaloONIMecs] YeThIPEXyrobHUKY. VX nuaroHassiMu siBJisi-
I0TCsI CTOPOHBI @ BIMCAHHOIO N—YyTOJIbHUKA M OTPE3KH JUIHH R, co-
eIMHSIIOIINAM IIEHTD OIMCAHHOM OKPYXXHOCTH C BEPIIMHAMK BIIHCAH-
HOTO B Hee NM—YroJibHUKa. I1jomanp KaXKI0ro 4eThipexyrojibHHKa
OLIEHUBAETCS CBEPXY KakK Ra;/2, mpuyeM paBeHCTBO BO3MOXKHO JIMILb
KOTJIa €ro JUAroHaJjH IepreHAuKyIsspHbl. CKiaapiBas 3TH OLEHKH,
umeeM pR/2 = (a1 + ... + an)R/2 = S. PaBeHcrso I0oCTHKHMO
JIMIb AJ1sI BIIMCAHHOTO M —YyTOJIbHUKA, CTOPOHBI KOTOPOTO IepIeHay-
KYJISIDHBI OTPE3KaM, COEAMHSIOIIMM LIEHTD OMHUCAHHOM OKPYXKHOCTH
C BEpIIMHAMM BIIMCAHHOIO B HEE N—YTOJBHHUKA. DTOT N—YTOJbHUK
CYLIECTBYET, ONPENEIISIETCS] ONHO3HAYHO U SIBJISIETCS] «ONTHYECKUM>.
JJ1s1 0CTPOYTONBbHOTO TPEYTOJIbHUKA MOy YaEM TOKa3aTeNbCTBO TEO-
pembt QanbsHO, npegyoxentoe H. A. Ussonsckum [33].

& 283. st TynoyroabHOro (1 npsiMOyTOJIbHOIO) TPEYTOJIbHUKE MHE-
HUMYM IIEPUMETDOB BIIMCAHHBIX TPEYTOJbHUKOB HHUKOI/la HE JOCTH-
raercs.

Vxasanue. IlonmynmepuMerp BIIMCAHHOIO TPEYrOJbHUKA MOXKET
6bITh CKOJIb yrOAHO GJIM30K K MUHUMAJILHON BbICOTE (T.e. LIMPUHE)
TPEYTOJILHUKA.

JJ1s1 TymoyrOJIbHOTO TPEYTOJMBHOTO OujIMapAa IIepUOSUYECKHE
TPAEeKTOPHH B 00ILEM ClIy4ae, BUIUMO, HEM3BECTHHI.

2284. Ha#inure nepmoiuyeckyio TpPaeKTOpHIO st Owiuimapna B
¢dopMe NpsIMOYTrOIbHOTO TPEYTOJIbHUKA.
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£ 285, JIj1s1 BHIIYKJIOrO N—yIOJIbHUKA IIPH 7. > 4 MUHUMYM IepH-
METPOB BITMCAHHBIX TPEYT'OJbHUKOB CO CTOPDOHAMH, HE JIEXKAIUMH Ha
€ro CTOPOHAaX, HUKOT/I4 HE JIOCTUTAETCSI.

£286*. st poMba [EepUMETp BIMCAHHOIO B HEIO YeTHIPEXYTOJIb-
HuKa GOJIbIIE yIBOEHHOX MMHAMAJIBHON JHATOHAIM U MOXKeT OBITb
CKOJIb yT'OZIHO GJIM30K K Heit.

Yxaszanue. MuHUMAabHBIA [EPUMETD JOCTUIAETCS y YE€TbIDEX-
yTOJIbHUKA, KOTOPBIA BBIPOXKIAETCSI B TPEYTOJBHUK C BEPIINHON B
BEpUIMHE JAHHOTO poMba, OO BBIPOXKAAETCS B MHHHMAJBHYIO JHa-
rosaJjb. PaccMorpuM nepsblit ciydait, nycts ABCD — pom6, BEF
— TPEYroJibHHUK ¢ MMHUMAJbHBIM IepuMerpoMm, E nexut uwa AD,
F — na CD. llycte LDEF = a, LEFD = 3, ZA = ~. Tak kak
ABEF — onruueckuit, to LZAEB = o, ZCFB = (. Ilpumensist
samady 146, mosydaem, uro a = (3 (orkyza ciaenyer, uro ABEF
— paBHOOE/IPEHHBIN ¥ €ro OCb CUMMETPHH COBHAJAET C AMArOHAJIbIO
BD). VI3 cBo#icTB yIVIOB YIVIOB TPEyroJbHUKA ¥ MapaJijiesorpamMmMa
umeeM v = a + = 2a,

Ja=v+a<r<yta+n/2—-a=v+7/2,

orkyma m/2 < v < 27/3, 3HaUUT omTHYecKuil TpeyrosbHuk BEF
CYWIECTBYET TOJIbKO, eciii BD — Gosbwast nuaroHans (U3 JOKa3aH-
HOTO Ccjiefyer, uro ecau BD — MeHbInas AuaroHajb, TO MHHUMYM
nepumerpa ABEF mocruraercsi, KOra OH BbIPOXKAAETCS B 9Ty JMa-
roHanb). B cuwiy pasencrBa LAEF = LACB ueThipexyrojbHUK
AEC B — Brucannbiii B OKpy2kHocTb. Ee xopna AC crsirmBaer gyry
BEJIUYMHBI 27T ~ 2, U xopja EB cTaruBaeT Ayry TOH K€ BEJIMYMHBI,
snaunt EB = AC (u Jyist IOCTPOEHHUSI OIITHYECKOTO TPEYTOJIbHUKA
BEF pocrarouno nepeceub AD okpyxkHocTbio panuyca AC ¢ uen-
tpoMm B), oTkysa BuznzO, uro nepumerp ABEF 6ossie 2|AC|.
L7151 TpOU3BOJIBHOTO YETHIPEXY TOJIbHMKA HEPABEHCTBO 3a/1a4u 286
HeBepHO. Hanmpumep, gerbipexyrosbHuk ¢ yriaamu 60, 75, 75, 150 rpa-
[lycOB MMeeT paBHble IAMarOHa/d M ABE DABHBIE UM CTOPOHBI (€ro
[AaMeTP TOXKE UM PAaBEH, KOHEYHO). BruiiieM B HEro npasWJIbHbIN
TPeyToJIbHUK C BepiinHoi B yriie 150 rpaaycos (ocranbHbie BepLid-
HB! JIEXKaT Ha IPOTHBOIIOJIOXKHBIX CTOPOHAX, PABHBIX [0 IJIMHE OHUa-
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ronasam). IlepuMerp TpeyronbHuKa paBeH /3, YMHOXKEHHOMY Ha
JIMaMeTp YeThIPEeXYTroJbHUKA. «Pa3BouB» BEPIIUHY TPEyroJbHUKA,
COBIAJAONIYIO C BepuinHo# yria 150 rpaaycoB, u CABUHYB KaxKIbIH
SK3EMILISIP BJOJIb CBOEH CTOPOHLI, IPEBPATUM BIUCAHHBIM TPEYIoJb-
HUK BO BIIMCAHHBIM YETHIPEXYroJibHUK. Eciu 3t casuru ObLiu 10-
CTATOYHO MAJILIMH, TO HEPUMETD HOJIYYEHHOT'O YeTBIPEXYT'OJbHHKA
Oyzer 61M30K K [IEpUMETPY TPEYroJIbHUKA, T.e. MEHbIIe YJBOSHHOI'O
JIHaMeTpa.

& 287*. JlokaxkuTe, 9TO CPEAHM BCEX BIMCAHHBIX B STOT YETHIPEX-
YTOJIBHUK TPEYT'OJIbHUKOB, YKa3aHHBIH NPaBWIbHBIA TPEYTrOJIbHUK
UMeeT a) MUHUMAJIbHBIA nepumerp 6) MUHUMAJbLHYIO CyMMY KBa/I-
pPaToOB CTOPOH B) MUHUMYM MaKCUMAJILHOM CTOPOHBI.

Yxasanue. IlykTe! 6) u B) crenyior u3 nyskra a). [lpumenss
3agady 278, JOKa3aTb, YTO €CJIM BEPUIMH TPEYroJbHUKA COBIaIa-
er ¢ BepmmHaMmu ¢ yriamu 60, 75,75 rpamycoB, TO MHUHUMAJbHBIH!
IIEPUMETD, PABHBI! YIBOEHHOU JmaroHam, 6ymeT y BbLIDOXKIEHHOI'O
TpeyrosapHuKa. Eciu ke BepmmHa cOBOagaeT ¢ pepmnHo# yriia 150
rpajycoB, TO MUHUMAaJIbHbIY 1IepuMeTp OYOET Y «OIITHYECKOr0» Tpe-
YTOJIbHUKA, KOTOPBIH OKAXKETCA BIIMCAHHBIM IIPaBUJIbHBIM TPEYTOJIb-
HUKOM.

£288. JTio6o# BHHCAHHBIA N—YTOJIbHUK C MHHHUMAJIEHOM cyMmoit
KBaJPATOB CTOPOH (€C/IM OH CYLIECTBYET W He BBIPOXKIAETCS) yIo-
BJIETBODsIET ciepyioumeMy ycioBuio. ns soboit ero masnoit mguaro-
HaJIu, T.e. TAKO#l, YTO II0 OZHY CTOPOHY OT HEE JIE?KUT TOJIBKO Of-
Ha €ro BeplIMHA, OTPe30K, COeNUHSIIOMMNHA 3Ty BEpIIMHY C cepeau-
HO#t AuaroHayu («MequaHa» ), NepIeHANKYJISIPEH CTOPOHE OIMCAHHO-
ro N—yTOJIbHUKA, COIepXKailiell 9Ty BEPIINHY.

Vxasarue. Ilpumennts 3azauy 112. Ecsu 310 yciioBue He BBINOJI-
HEHO, TO MOXKHO CABMHYTB OHY BEPIIHHY TAK, YTO CyMMa KBaJPaTOB
CTOPOH YMEHBIIUTCSI.

Jlnst pemienus 3agaun 288 MOXKHO IPUMEHUTD CJeAyOmuit aare6-
paunueckuit noaxof. IlycTe CTOpOHBI JAHHOTO N —YTIOJILHUK PABHBI ;.
Ha kaxz10#t u3 HUX BbIOEpEM CHUCTEMY KOODAMHAT (HAIPUMED C LIEH-
TPOM B CEPEJMHE CTOPOHBI) U BIIUCAHHBIH 71— YTOJIbHUK TOTAA MOYKHO
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3a7aTh BEKTOPOM (Z1,...,Zn), TAe |z;| < a;/2 — KOOpAMHATHI ero
pepumH. KBagpaTs! AIMH €ro CTOPOH BBIUMCJISIIOTCS TI0 (bOpMYJIaM
TEopeMbl KOCHHYCOB

li2 = (a¢/2:l::ci)2+(ai+1/2:l:a:i+1)2+2(ai/2:l:mi)(ai+1/2:i:a:i+1) cos ¢,

£ae ¢; — YroJl IpW COOTBETCTBYIOILEH BEPIIMHE, a 3HAKU + BbIOH-
paloTcsl B COOTBETCTBHM C BHIGPAHHBIMH MOJIOKUTEILHBIMU HAIIPAB-
JICHUSIMH Ha, KaxKJIo# cTopoHe a;. Toraa 3a4a48 MUHHUMH3AIMHA CyM-
MbI KBAAPATOB CTOPOH GPOPMYJINPYETCsT KaK IIONCK MUHUMYMa (DyHK-
nuw 12 + ... + I2 na muOXecTBe HABOPOB (T1,...,Zn), |Zi| < ai/2,
i = 1,...,n. Anajgoruuuo hOpMyIUPYIOTCs 38484l MHHUMHU3ALUA
IlepuMeTpa U MUHUMM3ALUA MAKCHMaIbHONU CTOpOHBL. Bo Bcex Tpex
cny4asx (PYHKIMH, KOTOpble HAI0 MUHUMHU3UPOBATD, SIBJISTIOTCSI BO-
CHYTBIMU, IIPHYEM B IIEPBOM ciiy4ae (pyHKIMs CTPOro Boruyrast (io-
TOMY YTO KB&JPAT PAacCTOSIHUSI CTPOro BOTHYTasi (DYHKLHUS OT CBOUX
aprymenTos). I103ToMy B [1€pBOM Cily4ae MHUHHMYM JIOCTUIAeTCst B
ofiHOM TOYKe (a BO BTOPOM CJIydae MHHAMYM MOXKET JOCTUIAThCsl BO
MHOTHX TOYKAX, U JIOKAJIbHbIA MEHMUMYM TOXKE OJUH, I0ITOMY B 9TOH
TOYKE IPOU3BOJHLIE 10 BCEM HAIPABJIEHHSIM DABHBI Hys0. Tak Kak
byskus 12 + ...+ [2 sBIsSIeTCS MHOTOYWIGHOM BTODOH CTENeHH, TO
YKa3aHHBIE [IPOU3BOHLIE SIBJISIIOTCS JIMHEHHBIMA (DYHKLIUSIMY U TOY-
Ka (Z1,...,Tp), B KOTOPOl JOCTUTAETCSI MUHUMYM SIBJISIETCSI, €{1H-
CTBEHHBIM DeIeHMeM CHCTEMBbI JIMHEHHBIX ypaBHeHUN. DTy cucremy
MokHO pemuTh 33 O(n?) apudMeruyeckux onepaiuii, a UCIOIBLIYs
COBpPEMEHHbBIE METOMbI «OBICTPO» NuHEHHON aJredphl U CyIIECTBEH-
Ho 6wicTpee ( 3a O(n?*) onepamuit, cm., nanpumep, [2]). Ecau Haii-

JleHHasl TOUYKa MHHUMYM& HaXOIWUTCsl BHE MHOxecTBa ((21,...,Zn)),
|zi| < ai/2,i=1,...,n, TO MUHUIMYM Ha 9TOM MHOXecTBe Oymer mo-
CTUIaThCsl B €r0 BEPLIMHAX, T.€. B TOUKAX BUAA (Z1,...,Zn), |Ti| =

a;/2, a 970 03HAYAET, YTO IKCTPEMAJILHBIN 1M —YIOJbHUK UMEET BCE
BEPIUMHBI B BEPIIUHAX JAHHOI'O N—YyroJibHUKa. IT00OB! ero HailTH, Ha-
J10 11epebpaTh BCce TAKUE M—YyTOJbHHUKH, SIBJISIIOIIHECS BHIPOXKACHUSI-
MU BIIMCAHHBIX N—YyTOJbHUKOB. KaXk1plit M3 HUX ONpEeessieTcst MHO-
2KECTBOM BEPILUH 71— YTOJIbHIKA, HE SIBJISIIOIIMXCS] BEPITUHAMHI STOTO
m—yroybHuKa. Cpeay 3TUX BEPIIMH HEe MOXKET OBITh JBYX COCEAHMX,
u Jioboit Taxkoil HaGOp BEPLIMH OUpEIEssieT M—YrOJIbHUK, 00pa3o-
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BaHHBIN OCTaJbHBIMH BEepIIMHaAMH, KOTOprﬁ ABJIZICTCS BBIPOZKIACHH-
€M HEKOTOPOTrO BIIMCAHHOTO N —YIr'OJIbHHKA.

€ 289*. [IpoBepbTe, 4TO YUC/IO TAKUX BBHIPOKIEHHBIX 71— YTOJIbHH-
KOB, BIIMCAHHBIX B JAHHBIN 71—YT'OJILHUK, yIOBJIETBOPSIET PEKYPPEHT-
HOMY COOTHOIIEHMIO Ly = Ly + Ly_g, L3 = 4, Ly = 7. JlokaxurTe,
410 Ly = "+ (—1/9)", tie ¢ = (v/5+1)/2. Yucna L, HazbiBaoTcs
yucyiaMu JIoKa.

Yxasanue. Obo3naunm uepe3 k), 4ucao, paBHOE YHCIY IIOIMHO-
»xectB MHOXecTBa {1,...,n}, He comepKauyx HY ONHOM HApPHI COCEA-
Hux uucen. OQueBugno, uro Fy = 2, Fy = 3. Yucmo mogMHOXKECTB, HE
COLEPXKAIUX N, paBHO Fj,__1, & YHUCJIO IOAMHOXKECTB, COJEPKAIIHX T,
paBHo Fj,_g. Ilostomy F,, = F,_1 + F,,—o. [TocnegoBaTensHocTh Fiy
COBIIAJAET C IOCeA0BaTeNIbHOCTHI0 PuboHaYYHM, eCIH MOCIEIHIO
HauuHaTh ¢ F] = Fy = 1 (cM., nanpumep, [24]). Yucio L, paBHO unc-
JIy HOAMHOXeCTB MHOXkectBa {1,...,m}, He comep:Kaux COCeqHUX
9UCeJT B IIUKJIMYECKOM CMBICIE (T.€ KOr/ia Yucia 1, n ToxKe CUNTaIoTCs
cocepaumu). OueBugHo, Lo = 3, L3 = 4, u nanee Ly, = Fp1 + F_3
(momMHOXKECTBO, conepxainee n, He cogepxur 1 u n — 1). Torma
Lpn=Fy 1 +Fy3=F, 9+ F, 3+F, 4+F, 5=Ly 1+ Ly 2npu
n > 5, MoxkHO moyioxkuTh Ly = 1,Lg = 2, Torma Ly, = L1 + Ly—2
Oyner BBIIOJHATbCA IpU N > 2, U paBeHcTBO L, = o™ + (—1/¢)"
6yzer cupaseaiueo npu n = 0,1, Tak kak 1/¢ = (1 — V5)/2, a
¢" + (=1/@)" = ¢" 1 + (=1/¢)" " + ¢" "2 + (~1/¢)""? B cuy pa-
BeHCTB @2 = ¢p+1, =2 = —¢~ 141, TO, IpUMeHSIs HHAYKIMIO, NMEEM
Lp,=¢"+(—1/¢)" upu Bcex n > 2.

£290. Brucars B JaHHBIA MAPAJIIEJOIPAMM YETHIPEXYTONBHUK C
MHUHHMAJIBHON CyMMO# KBaJpaToOB CTOPOH.

Yxaszanue. dTo napasesorpaMM, y KOTOPOTO IJMArOHAJU HeEp-
NeHIUKYJIAPHBI CTOPOHAM JaHHOTO IapasiiejiorpaMmma.

&291. Jljis BBITYKJIOTO N—YyrOJbHUEKS JOGOH BIHCAHHBIA B HETO
m~—yroabHuk (m < 1) ¢ MEHEMAaJIbHOM JJIMHOMK HauboJIbIIe# CTOPO-
Hbl (€C/IM OH CYILECTBYET U He BBIPOXKJAETCSI) U IPH 3TOM HaMMEHb-
LIUM YHCJIOM HAUOGONBIIMX CTOPOH (€C/M MX HECKOJIBKO) YIOBJIETBO-
psier cnenyomemy yciosuto. st mo6oit ero Hanbonbie CTOpPOHEI
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yroJji, 00pa30BaHHBIA €10 C IpUKacamouieicsl ee CTOPOHOH ONMCAHHO-
IO NM~—YTOJbHHUKA, MOXKET ObITh OCTDPBIM TOJIBKO B TOM CJIydYae, ec-
JId CMEXKHasl ¢ TOYKOH NPHKOCHOBEHMsI BTOpAas CTOPOHA BIIMCAHHO-
ro n—YyrojibHUKa TOXKe HambosbImast u caMa obpa3yeT nomo6HBIN ke
OCTPBIM UJIH NPSMOM yTOJI.

Vxasanue. Ecin 9T0 ycsiOBHE HE BBITIOJIHEHO, TO MOXKHO C/IBUHYTh
OJlHy BEpILMHY TaK, YTO MAKCMMYM U3 JBYX CMEXKHBIX C HE# CTOPOH
YMEHBIIUTCS.

£292. Buucarh B JaHHBIA KBAIpaT TPEYrOJbHAK ¢ MHHHMAJIBHO
BO3MOXKHBIM JIaMeTPOM TaK, YTOOBI CTOPOHBI HE JIEXKAJIN Ha CTOPO-
HaX KBaJpaTa.

Vxasarue. Ecnu cTOpOHBI TPEYrOJIBHUKA MOTYT JIEXKaTb Ha CTO-
pOHAX KBaJpaTa, TO MUHMMAJIbHBIA JHAMETD CTPEMHUTHCS K HYJIIO.
Ecyiu BepuHbI TPEyTrOILHUKA JIEXKAT HA PA3HBIX CTOPOHAX KBAJPa-
Ta, TO MUHUMAJIbHBIH JMaMeTp PaBeH JJInHe CTOPOHBI KBaapara. Ec-
JI OJ{Ha W3 BEPIIKH TPEYTOJIbHUKA COBIAAAeT C BEPIIMHOM KBaIparTa,
TO MMHHMYM JOCTHMIAeTCs] Ha NPABUJILHOM TPEYTrOJIbHUKE, KOTODBIH
OIpenessiercs: OMHO3HAuHO (CM. 3amady 449).

£293*. Buucarb B JaHHBIH POMG TPeyTOJbHEK ¢ MUHUMAJIBHO BO3-
MOXKHBIM JTHAMETPOM.

Bce Bmucannbie B JaHHbBIH IIPSIMOYTOJIBHUK POMOBI y/IOBJIETBODSI-
for ycnosuio 3amaum 291. Ho cormacuo 3amave 161 onu Bce nomo6-
HbI, TO9TOMY MWHHMMAJIbHBIE CYMMY KBaJpaTOB CTOPOH, [IEPUMETD U
CTOPOHY MMEET CPeM HUX TOJBKO OAWH — C BEPIIMHAMH B CEPEIU-
Hax cTopoH pomba. CorsiacHo 3amade 277 OH MMEET MMHUMAJIBLHYIO
CyMMY KBaJIpaTOB CTOPOH M MHUHHMAJIbHYIO HAWOOJBLIIYIO CTOPOHY
CPeI BCEX BIIMCAHHBIX YETHIPDEXYT'OJLHHKOB, IIPUYEM OH SIBJISI@TCSI
€QMHCTBEHHBIM 5KCTPEMAJIBHBIM YeThIPEXYTOIbHUKOM.

£294*. Jlns npousBoLHOrO pomOa HAMTH BIMCAHHBIA B HETO de-
THIPEXYT'OJIbHUK ¢ MAHUMAJIbHOM [IJIMHON MaKCHMAJbHONH CTOPOHDI.
Yxasanue. DT0 BuMCaHHBIN B NaHHBIH poMb KBaapaT (ero quaro-
HAJI KOTOPOI'O NMOBEPHYTHI HA 45 rpa/lycoB IO OTHOLIEHUIO K AUATO-
HaJisiM onucanHoro pom6a). OH uMeeT MUHMMAJIbHOE 3HAYEHHE JJTU-
Hbl HanbOoUIbIIeH CTOPOHBI CPELH BCEX BIIMCAHHBIX B JAHHBINA poMO de-
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THIPEXYTOJBHUKOB U TpeyrojibHUKOB. [Tycts K LM N — MuHNMAIbL-
HbIIf B YKA3aHHOM cMbicie YeThipexyronbuuk, K € [AB], L € [BC],
M € [CD], N € [DA], Ona poka3areibCTBa CHadaja 3aMETHM,
yTo ecau BnucaTb B pom6 ABCD ksanpar A'B'C'D', A’ € [AB],
B' € [BC], C' € [CD), D' € [DA], To moxHO cuutars Ge3 orpanu-
venus obmuocty, uro K € [AA'), L € [BB'], M € [CC’], N € [DD']
(unaue, ecsin, nanpumep, K € [AA'], L € [B], o |KL| > |A'B’|).
Haiee, 3ameruM, yro K LM N siBnsiercst pombom. Uuade, eciin Ha-
npumep |KN| > |KL|, n KN — naubonbiiasi CropoHa, TO COTJIACHO
zagade 291 KN neprnennukynspHa AB, 3HaYuT OHa He IEpIEHIHU-
Kynsipua AD, nostomy cornacuo 291 |KM| = |NM]|, a Tak Kak
MN ue nepnenguxynsipaa CD, o [INM| = |ML|, u anayioru4xo u3
He neprnenauxynspaocty LM u BC cneayer, uto |ML| = |KL|, a
3TO [IPOTUBOPEUHUT Ipenmnosioxkenuto, uro |KN| > |K L|. Llentp pom-
6a K LM N nexuT Ha nepecedeHud cpefHux junuii pomba ABCD,
T.e. couanaer ¢ ero uenrpom. Ilycts a = |AC|/2, b = |BD|/2,
LAOK = ¢, rne O — nenrp pomba, ZBAO = a. Torna u3 TeopeMsbl
cunycoB uMeeMm [KO| = si—fl(%’l_ffa, [LO| = EBésYc%sZ%j (yuurbiBasi, 410
KO 1 LO), a u3 teopems! Iludaropa u pasencrsa b/a = tg o Torna

CIIeLyeT, 9T
a?sin? o b2 cos? o

sin?(a + ¢) + cos?(a — ¢) -

2
|KL? =

—_ 2 gip? 1 1

Ocraercst MUHUMH3HPOBATD =—7 (la ey + cosz(t_ %) P 0<¢<7/d

Tak kak

1 N 1 _ sin®(a + ¢) + cos? (e — @)
sin?(a +¢) cos?(a—¢)  sin’(a+¢)cos2(a—¢)
_ 1+ (cos2(a — ¢) —cos2(a+¢))/2
B sin®(a + ¢) cos2(a — @) B

_ 1+ (cos2(a~¢) —cos2(a+¢))/2 4 1 — sin2a:sin2¢
- (sin 2a + sin 2¢)2/4 "~ " (sin2a + sin 2¢)2’
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. o l—az
a0 <sin2¢ < 1, To mOCTATOYHO HANTH MEHUMYM {at2)? P 0<z<
1,0 € a = sin2a < 1. OueBuHO, YTO ITOT MHHUMYM JOCTUTAETCSI
npu z = 1, Tax Kak '(31—:{_'%%7 y6biBaeT Ha oTpeske [0,1], motomy urto
yucuTe b yObIBaeT, a 3HaMEHATEb PAcTeT.

2.3 DBoicTpoe BbIYHUCIIEHNE PA3JIMYHBIX Mep
JJIS1 BBIIIYKJIBIX MHOI'OYT'OJIbHUKOB

IIpencTaBisieT MHTEpPEC BOIPOC O TOM, KAK MOXKHO BBIYHCIHTD JJIsI
JIBHHOT'O BBIMYKJIOTO N—YTOJbHUKA TAKHE €r0 XapaKTePUCTUKH (u3-
MepeHUsl, MEPhI) KaK BBEJEHHblE B NPEIbIIYLINX pa3fieslax Besu-
YuHbBL P, 8,7, h, R. s aKKypaTHO# IOCTaHOBKHU IIONOOHBIX 3313t
MOKHO HCIIOJIL30BaTh JBe OJIM3KMX ApPYr K APYTY, HO Pa3jIMYHBIX
dopmanmuzanuu. OpHa M3 HUX COCTOUT B IIOCTPOEHHUHU IO JAHHOMY
n—yTONBHUKY (a IS HEKOTOPBIX 33724 — [0 AAHHBIM 70 TOYKaM) OT-
pesKa, [JIMHA KOTOPOr'o PaBHA JAHHOMY M3MEPEHHUIO T— YTOJIbHUKA.
Bropas cocTouT mpocTo B BIMHMCAEHUH 3TOI0 U3MepeHus. B nepoM
dbopManu3auu B KadecTBe MEpPbl CJIOKHOCTH MOCTPOEHHsl (IUPKY-
JieM U JIMHEHKOH eCTeCTBEHHO) MOXKHO B3SITh IPOCTO YMCJIO JIMHUM
(UpsAIMBIX M OKDPYXKHOCTE}), [IPOBEJEHHBIX B 9TOM IOCTpoeHuu. Bo
BTOpO# hopMasm3aliuy B KAYECTBE MEPHI CJIOXKHOCTH €CTECTBEHHO
B3SITh YHCJIO ApUPMETHYECKHUX Onepaluil, BLITOJTHSIEMBIX B XOI€E Bbl-
YUCJICHHSI.

B ofoux ciydasix BOSHMKAIOT HEKOTOPHIE TOHKOCTH, KOTODbIE MO-
I'YyT UI'pPaTh PoJib B JajibHelimeMm. Hanpumep, uMeercs onpenenennoe
pa3/inune MeXIYy He BEMBAULUMUCA BHIMUCACHUAMU U SbINUCAEHU-
AMU C YCAOBHBMU neperodamu. B mepBoM citydae BbIOOD ouepen-
HOM OIepalyy He 3aBUCHUT OT Pe3YyJIbTATOB IPEAbIAYIINX OIepanuit.
Bo BropoMm ciyuae 3aBucutT. Hanpumep, Bo BTOpPOM ciydae Moze-
JIbIO BBIMHMCJIEHUN CIIy>KUT TaK HA3BIBAEMOE (A2e0PAUYECKOE PEULAIO-
wee depeso. B HeM Ha KaxkJIOM I1are BBITIOJIHSIETCSI OJHA U3 ajreb-
panuecKux onepanuii (TaK HA3bIBAEMBIX KOMaHJ, 3aHYMEPOBAHHbIH
CIIUCOK KOTOPBIX 3apaHee COCTABJIEH W 00pa3yeT 8emBAWYIOCA NPO-
2pammy, KOTOpast ¥ HA3bIBAETCS B JAHHOM Cjiydae ajrebpanvecKum
PELIAIOUM JIEPEBOM ), €CJIM HOJIYYeHHbIll De3yJIbTaT He PABEH HYJIIO,
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TO BBIIOJIHSIETCS] CIEAYIONasl TI0 CIIUCKY KOMaHIA, & eC/H pesyJib-
TaT paBeH HYJIO, TO JeJaeTcsl TaK Ha3bIBAEMBIH yCJIOBHBIN IEPEXOT,
K npyroit (He obsi3aTesbHO cienyomieil) kKoMaHie (HOMep KOTOpoH
3apaHee U3BECTEH).

O6bruHo anrebpauyeckue pelialoniye AepeBbsi UCIOAbL3YIOT [AJIs
perrenust 3aa4 pacro3HaBanus (IPUHAIJIEXKHOCTH JaHHOIO 00bHEKTa
K JaHHOMY KJIACCY WJIX MHOXKECTBY ), B 9TOM CJIy4ae B CIINCKEe KOMaH
ectb komaHaa «Ocranos u Boimaua orsera JA » u xomanga «Octa-
HOB u Bhigada oTBeta HET », HO MOXKHO pacCMaTpHuBaTh IIPOrpaM-
MbI ((paKTHUECKH 9TO KAKHE-TO JUArPaMMbl Wi rpadsl), B KOTOPBIX
komauaa «OcCTaHOB» TOJILKO OfHA, & Pe3yJjbTaToM DabOThl SBJIAET-
CsI HEKOTOPOE YHCJIO, BHIYHCIEHHOE B X0/e paboThl porpamMmal (st
XPaHEHHUs! YHCEJI B TAKMX IPOrpaMMax IPeyCMaTpPHUBAIOTCS Avelxu
HJIH pe2ucmpsbt NAMAMU, KAXKIbIA U3 KOTOPLIX XPAHUT OIIpeesIeHHOe
YUCNO, ¥ CPEOU HUX CIEUHUANBHO BBHIAGJSIOT 8biLO0HbIE PE2UCTDYL, B
KOTODBLIX ¥ Oy[yT 3alMCaHbl Pe3yabTaThl paboThl IIPOrPAMMBbI; Cile-
UHAJIbHO BBIAEIISIIOT TAKXKE 6X00MbIe Pe2ucmpst, B KOTOPBIX Ilepen,
HayaoM paboThl HPOrpaMMBbl 38HOCSITCS. MCXOAHbIE JIaHHbIe, HAIIPU-
Mep KOOpJAMHATHI 3a8JaHHbIX TO4YeK). OT peajlbHbIX KOMIIbIOTEDHBIX
IIPOrpaMM TAKHE IPOrPaMMBbl OTJIMYAIOTCS TEM, YTO paboTaloT C Ipo-
U3BOJIbHBIMH AEHCTBUTEILHBIMA 4MC/IaMH (8 He KOHEUHBIM HabopoM
CIIEIHAJIbHOIO BU/Ia PAIMOHAJIBHBIX YHUCEJ, KAK peaJsibHble KOMIIbIO-
TephI), BCE OIePaLUy BbINOJHSIOTCS AGCOMIOTHO TOYHO, ¥ IPOrPpaMMa
MoxeT paboTaTh CKOJIb yroaHo Z0Jro. BpeMms ee paboTh! OLeHUBA-
€TCHl KaK YMCJIO BCEX BBIOJIHEHHBIX orepanuit (4 He YHCIO KOMaHJ,
B IIpOrpamme), U HA3bIBAETCS BPEMEHHOH CJI0XKHOCTHIO JaHHOM IIpo-
rpamMmel (MbI TIpeHefperaeM BpeMEHEM Ha BBLINOJIHEHWe KOMaHZ, Iie-
PECBUIKM M3 OJIHOIO DETHCTPa B JPYyroil, KOTOpLIE BCTPEYAIOTCS B
PeasibHbIX [IPOrpamMMax).

ITomobHbBIE KE YTOUHEHMS MOXKHO BHECTH M B NEPBYI dopMma-
JIU3ALMIO, XOTsl B HEll MMEIOTCSl CBOM TOHKOCTH, KOTOPBIE BIIPOYEM,
dajee He OyAyT UIpaTh CyLIECTBEHHYIO poJib, Gosee'Toro, Bce pac-
CMaTpuBaeMble JaJiee NOCTPoeHust paKTUUeCKn He OylyT conepXKaTh
HMKaKux BeTBjeHuii. He BerBsamiuecss reomerpuyeckue HOCTPOEHUS
IIO-CYIIeCTBY SKBUBAJIEHTHBI HE BETBSINMMCH MpOrpaMMaM, B KOTO-
PBIX KpoMe apu(pMeTHYECKHX Olepaltuii UCIOJIB3yeTcsl eile U3BJIe-
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YeHHe KBAJPATHOIO KOPHsl (PaccMaTpUBAIOTCSI TOJIbKO TaKue IIpo-
IrpaMMbl, B KOTOPBIX OIEpanyy JIejIeHus] U U3BJIEYEHUs] KOPHS BCErAa
BBITIOJIHAMBI, HE 3aBUCHMO OT BXOJHbBIX JAHHBIX). DKBUBAJIEHTHOCTD
[IOHMMAETCSI B TOM CMBICJIE, YTO MEPBI CJIOMKHOCTU BLIYUC/ICHUHA JJIsT
JiI000H JaHHO#R 33184l B 000MX THUIIAX MPOrPAMM IO MOPSIAKY OIM-
HaKoBbl. 34ech W jgajiee pyHkuuu (nocnenosaresnbrocTa) Li(n) Ha-
3BIBAIOTCSl PaBHBIME 1O HOpstAKy, ecm 0 < ¢ < Lo/L; < C, roe
KOHCTAHTBI €, HE 3aBUCST OT 7. Dy/ieM Tak>Ke HCIIO/Ib30BaTh 0003HA-
vyenne Ly = O(Ly), ecrm < Lo/L; < C.

&295. JlokaxknTe SKBUBAJIEHTHOCTh HE BETBSIIINXCS IeOMeTpUYe-
CKMX I[IOCTPOEHHII ¥ HE BeTBAIUXCA NporpamMm B Da3uce
{+, - %,/, \/T B yKa3aHHOM BBIIII€ CMBICIIE.

Yxasanue. TIpumenure anrebpanyeckuit MeTO peIEHUs 33134
Ha [IOCTPOEHHE.

Hasnee OymeM HCIOIL30BATH HPOrpaMMbl 6€3 ollepanuy U3BJeye-
HUSI KOPHSI, HO C BETBJICHUSIMM IIPY BHINIOJIHEHUY ycsioBuit Tuna f > 0,
f >0, f =0. Ilpu HaIHuYMKM KBAAPATHOrO KOPHsI CPaBHEHMsI BUIA
f >0, f > 0 dpakTuuecKn MOXKHO 3aMEHHWTh HA CPABHEHHUSI BHIA

f=0, rak kak f/1/f2=11pu f > 0.

&296. YkaxuTe, Kak IPOBEPUTH CO CJIOXKHOCTBIO O(n), siBiser-
cd JI JAaHHBIMN M—YTOJbHUK onucaHHbIM. Ecau siBisiercs, To 1eHTp
BIIMCAHHOTO KPYTa W €ro PauyC MOXKHO TIOCTPOUTH CO CJIOXKHOCTHIO
O(1).

Yxasarnue. CHavasa IPOBEPUTD, SIBJISIETCS JIX OH BhITYKJIbIM. [1o-
TOM IIPUMEHUTH 3a1a4y 248.

&297. YkaxuTe, KaK IPOBEPUTb CO CJIOXKHOCTBIO O(n), sIBisIET-
Csl JIM JAHHBIA N—YTOJbHUK BIACAHHBIM. EC/IM sSIBIsIeTCs1, TO IIEHTP
OIIMCAHHOTO KPYTa U €r0 PAJUyC MOXKHO MOCTPOUTDH CO CJIOXKHOCTHIO

o(1).

£ 298. Vkaxure, KaK [POBEPUTH CO CIOXKHOCTBIO O(n), uMeer 11
JaHHBIH n—yTOJbHUK TOUKY Jllowibe. Ecin uMeet, TO ee MOXKHO IO-
CTpouTh ¢o caokuocTeio O(1).
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£299. TouKy, B KOTOPO# JOCTUIAETCSI MUHEMYM CyMMbI KB3/IDATOB
PACCTOSAHMM OO0 CTOPOH 7 —YyTOJBHHUKA, MOXKHO HOCTPOUTH CO CJIOXK-
Hoctbio O(n).

Yxasanue. Ilpumenute 3amaay 252.

£ 300. Ilepumerp ¥ IIOMIAb BHIILYKIIOTO 71— YTOJBLHUKS MOXKHO Bbi-
YHCJIMTD CO CJIOKHOCTBIO O(n).

Vxasanue. 1151 BBIYUCICHUS IUIOIMIAAN MOXKHO Pa3bUTh 1 —YyTroJib-
HUK Ha N — 2 HellepeceKaloluXcsl TPeyroJibHuKa ¢ obmeli BepuInHoi
(mpuareyauposams) U CIOKUTH UX miIoUa M. MOXKHO HCIOIB30BATH
dopmyny TepoHa sl UIOWAAM TPEYTOJbHUKA M OIEPAIMIO U3BJIe-
yenusl KBagpaTHoro KopHst ((3n — 5) pas). Ho moxuo oboitruch u
BOBCe 0€3 Hee, eciIH MCIOJIb30BaTh (hOPMYITy JJIs IUIOIIAIY IapaJlie-
jgorpamma ¢ Bepumusamu (0,0), (z1,y1), (X2, y2) (cM. 3azaqy 165)

|z1y2 — z2y1).

Onepaiust BbIYMCIEHHsT MOLYJist OyeT He HyXKHA, €CJIA IPOCMaTpH-
BaTh BEPIIMHBI TPEYTOJbHMKOB B <«IIPAaBHJIbHOM» mnopszke. Ciox-
HOCTb BBIYHUCJIeHHs1 OyneT He Gosibiue 6n — 8 (mesieHue monosaM Bbl-
IIOJIHSIEM OIMH Pa3 B CAMOM KOHIIE).

BerunciieHre He BETBSIIEECS, U €TI0 CJIOXKHOCTDH He MeHble 2n — 1
(oToMy, YTO pe3yJbTAT 3aBUCHUT CYIECTBEHHO OT BCEX 271 KOOPIH-
HAT, HCTOJIb3yeMBbIX B Ka4yeCTBE BXONHBIX J@HHBIX HE BETBsIIEHCs
IIPOTPaMMbi )

B Mogmenu reoMeTpuyecKMX IIOCTPOEHMH IIPH BBIYHCJIEHMHU ILIO-
AN Hy»KH8 KOHEYHO eJMHHMIA IJIMHBI, 33JlaHHasl B BUJAE OTpPe3Ka.
[Inomans Tpeyro/ibHUKa MOXKHO IIOCTPOUTD, YMHOXKas OCHOBaHHUE Ha
BBICOTY. JlesuTh pe3yJIbTaT IomosaM MOXKHO B CAMOM KOHIIE IIOCTPO-
eHusI.

IIpu mocTpoenuu mepuMmerpa eOWHHUIA JJIMHBI HE HYXKHA, U B
3TOM CJllyyae IIOCTDOEeHHe mpolme, deM Beruucienue. Ilpu Beruucie-
H1H 0o6oiiTuch 6€3 KBaAPATHOTO KOPHS HEJIb34.

Mo>kHO paccMaTpUBaTh NOAOOHYIO JKe 38184y U JyIsl CILydasi npo-
cmozo (T.e. He 0B5I3aTEILHOIO BBIIYKJIOIO, HO HE CAMOIIEPECEKAIOIE-
rocst) MHOTOYTOJIbHUKA. Pe3ysbTaTsl 6yoyT B OCHOBHOM TaKHMH K€,
HO BOBHMKAIOT TPYJHOCTH C BBINIOJIHEHHEM TPHAHTYJISANMN (BCETAa K
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MOXKHO ITOJIyYHTh TPUAHTYISIIUIO U3 7 — 2 TPEyroJIbHUKOB C BEPIIN-
HAMHU B BEPHIMHAX MHOrOYTOJibHUKA? A C IIPOM3BOJIbHBIME BEDIIMHA-
Mu?). AKKypaTHBbIE PACCYKIEHHS 3/1eCh IPOBOAUTD HerrpocTo. Tpyn-
HO J0Ka3aTb JaXke TOT OYEBHIHbIN (DaKT, 4TO MPOCTOH MHOI'OYIOJIb-
HUK pa3bUBaeT IJIOCKOCTh Ha ABE YacTW (BHYTPEHHIO M BHEIIHIOI
II0 OTHOIIEHHIO K HEMY) — 3TO YaCTHBIN ciaydait Teopembl 2Kopnana
0 KPUBBIX, B IOKA3aTEIbLCTBE KOTOPOH JMomnycTui omubku cam 2Kop-
nan®. Jajee, Ipy MCIOJIBb30BAHUE YKA3aHHON (OPMYJIBI [JIST TLIOMIA-
Y IapaJijiesiorpaMMa BOSHHKAET BOIIPOC, KAK B Hell u30aBUTLCS OT
3HaKa MozyJist. KoHewHo, 9T0 JIerKo CIelaTh, €CJIM UCIIOIb30BATh BET-
BSIIILYIOCsI TIpOrpamMMy. A MOXKHO JIi 9TO ¢eiaTh 663 UCIIOJIb30BaHHUSI
YCJIOBHBIX IIEPEXOHOB?

Moxuo onHako oboitTrch 6€3 TPHUAHTYJISIINU, €C/IM BOCIIOJB30-
BaTLCsl cuenytomeit popmyaoi [27].

£301*. [lycTh KOOpAWHATHI BEPIIMH HPOCTOTO 71— YTOJbHUKA, 3aHY-
MEpPOBaHHBLIX B HAIPABJIEHUY, HATIPUMEP, T10 YaCOBOM CTPesiKe, paBHBI
(T4, %), i =1,...,n. Torga ero mwiomaap BbMUCIAETCs 110 HOPMYIE

5= 5 (0 + 1)@~ 2) + (2 +15) (@2 — ) .o+

+.ooot Yne1 4 Yn)(@n-1 — Tn) + (Yn + ¥1) (@n — 71)).

Yxazanue. BoraucnuTh miomans Tpainenun, obpa3oBaHHO# OT-
PE3KOM OT BEPIIUHBI (Iy,Y,) ZO BEPUIMHBL (Zy41,Ys+1), ¥ OLYLIEH-
HbIMM M3 €ro KOHIIOB NEPHEHIMKY/SIPAMH Ha OChb MKCOB. Ilnomamnu
YYUTBIBATb C COOTBETCTBYIOLINM 3HAKOM. Ec/im O0TpE30K mepecekaeT
OCb MKCOB, TO YaCTb TPAIIEIUH UMEET <IIOJIOXKUTEJIbHYIO», & YacTb
~— «OTPHLATEIbHYIO» IJIOWAab. Eciu BepmuHa (Ty41,Yitr1) JEKHAT
JIeBee BEPLINHBI (Z;, %, ), TO IJIOMIAJb OKA3BIBAETCS] OTPULATEIHLHOH.
ITpocyMMHpOBaB «OpHEHTHPOBAHHbBIEY ILIONIAAN TPAleuit, oIy Ya-
€M IUIOIaAb MHOrOyrojibHuka. CJIOXKHOCTb BBIYMCJ/IEHHUS IO 3TOMN
dopmyste paBHa 4n. U3 ykazanHo#t (hOpMYJIbI JIETKO CIEAYeT CIIedy-
omiast, 6oJsiee pocrasa Ha BUL (pOPMYIa s IIOIAIN N —yTOJbLHUAKA,

SKamuia XKoppa — sbiaazommiicss $bpaHiy3ckuii MaTeMaruk 19-ro Bexa,
aBTOP 3HAMEHUTOrO KypCa MaTeMaTHIeCKOTO aHAIU3A.
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C KOODAMHATAMM BEepUIMH (Ij,Y;), B KOTOPO# Mjisl yno6CTBaA HCIOJIb-
30BaHBl 0603HAYEHUS Tntl = T1, Ynt+l = Y1

1 n
S = 5 ;(xkykﬂ - Tk1Vk)-

OnHako CJI0XXKHOCTh BBIYHMCIJIEHUI 110 3TO# (hopMyJie Tak>Ke paBHa 4n,
HO 110 CPDABHEHUIO ¢ npeapiayumeit hopMmysoit yMHOXKeHuit bosbire, a
CJIOXEHUH MeHbIlle. TO 03HA4YaeT, YTO nepsasi popmysa bosiee 3d-
(beKTHBHA B BBIYMCIMTEJILHOM CMBICJIE, XOTsI M BBIIVIIIUT CJIOXKHEE.

Bomnpoc 0 BbIYHC/IEHMH TPHAHTYJISIIUK JJI IIPOM3BOJIBHBIX 1L TO-
yeK (He OOpAa3yIOUUX BBINYKJIbI N—YTOJABHUK U He 00pa3yromux
TIPOCTO# HEBBIUIYKJIbIH N—YyroJbHUK) BooOImIEe He TpuBuaseH. Hamnpu-
MEp, ecyit n.— 1 TOUKa JIeXKUT Ha ocu abcuuce, IpuyYeM He obs13aTeltb-
HO B MOHOTOHHOM IIOPsiZIKE, & eIlle OAHA TOYKA JIEXKUT Ha OCH OPAMHAT
(HO He B HAYa/Ie KOOPAMHAT), TO 387848 OCTPOCHUST TPUAHTY/ISIIUY B
ITOM CJIy4ae PABHOCHJIbHA 3a/a4€ MOHOTOHHOI'O YIIOpSIAOYeHusa n— 1
yucsa. [locneaHion ke 3aa4y MOXKHO MHTEPIIPDETHPOBATH KAaK 3a-
Jady ymnopsiOYeHHUst 0 Becy m rpy30B (pasHOro Beca) ¢ IOMOLIBIO
B3BEIIMBAHUI HA& KOPOMBICIOBLIX Becax (JaleyHbIX Becax 6e3 rupsb).
Lisi ee peleHus1 Hy»KHbI KOHEYHO BETBSIIIMECs IIporpaMmbl B mpo-
rPaMMHUPOBAHKY TaKHe 334y N3BECTHHI KAaK 3a/1a4i COPTUPOBKH (B
HUX PACCMATPHUBAETCS U CIy4dal, KOIZia Cpeiu YuCcesl BCTPEYaloTCs u
paBHBIE).

& 302*. [Tokaxxure, 4TO 33344 YIOPSLOUEHHs 7L duces1 TpeByeT 1o
NOPsIIKY He MeHee 7 logn cpaBHeHuil.

Yxa3anue. Yucno pa3nuyuHbIX pe3ysbTaToB paboTh! HPOrpaMMbl
paBHO, ¢ omHO# cToporsl n! > (n/3)", a ¢ Apyro# cTopoHsl — He
Goabuie 3™, re M — YHUCJIO BBIIOJIHEHHBIX CpaBHeHHWH (HMCXOHOB
CpaBHEHHsI TpH: >, =, <).

3ajaua TOYHOrO HAXOXKJEHUSI MHUHHUMAJILHOIO YHCJIA CDABHEHMM
1py GOJILILUX 71, [IOCTABJIEHHAs MOJBCKUM MaTeMmaTukom [.IlTeitn-
ray3oM, He pelleHa J0 CUX IOop.

U3 sazaun 302 ciaeayer, 4ro 3a4ady MOCTPOEHHS TPUAHIYJISIIAM
[t JAHHBIX 7. [POM3BOJIBHBIX TOYEK HEJIb3f PEIIUTb CO CJIOXKHO-
CTBIO, 110 NOPSIAKY MeHbIuel 7 logn.
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OrMeruM OIHY TOHKOCTh. B MOZe/Nn reoMeTpuyecKux IOCTPOe-
HUM IOCTPOEHME TPUAHTYISIMM [JIsI 72 TOYEeK YKa3aHHOTO BhIHIE IIPH-
Mepa MOXKHO KOHEYHO BbIOJIHATH 3a O(n) onepauuit, Tak Kak yIo-
psmoYeHre n JAHHBIX TOYEK HA MPSIMOR B 3TOM MoAenM AesaTh He
HY2KHO: IVIa3 CaM BHIWUT, B KAKOM IIODSIAKE PACIOJIOXKEH TOYKH.

ECJII/I 2K€ HCIIOJIb30BATh BBIYMCJIMTEJIBHYIO MOIEJIb anreranqe—
CKHE PEIlamIue AePEBbsI, TO HUKHUE OLEHKHU N logn MOKHO MOJTy-
YUThH AJISI MHOTHX 33184 TaK HA3bIBAEMOH 8bIMUCAUMEALHOU 20MEM-
puu (cM. 06 3TOM KHHTY [55]), B 4ACTHOCTH JyIs 338841 NOUCKa 00HOU
napov. Gauscatuwur cocedeti, 3a1a4M NOUCKA 8Cex NaAp baudNCATWUL
cocedeti, 3a0a4Yl MIOCTPOCHUS MUHUMAALHOZ0 JEPEBa, CMAZUBAIOULE-
20 dannvie MowKkyu (TAKUM JEPEBOM JUIsl JAHHBIX 7. TOUEK SIBJISIETCS
CBsI3HAsI CHCTEMA 1. — 1 OTPE3KOB C KOHI[AaMM B JAHHBIX TOYKaX, T.€.
TaKasi, YTO IO 3TUM OTPE3KAM MOXKHO IpoiiTH M3 JaiI060# TOYKH B
J00YI0 IPYTyIO).

JleiicTBUTENBHO, €C/id N Pa3HbIX TOYEK JIEXKAT Ha IMPSIMOM, TO
PELINB 33184y 0 MUHUMAJILHOM JepeBe IJisl HUX MBI IOy YUM MOHO-
TOHHOE YIOPAJOYEHHE STUX TOYEK, & ITO NAET HUXKHIOK OIEHKY IO
nopsaaky nlog n. Ecau xe n He 06s13aTE/IbHO Pa3HBIX TOYEK JIEXKAT Ha
[PSIMOM, TO PeIIuB 3aaa4dy o Oiamskainuieil nape, Mbl y3Ha€M, €CTb JIH
Cpefiu JaHHBIX TOYEK COBIAJAIOIINe, WIM HEeT (COBIAJAIONINE TOYKY
Za10T oueBuAHO Ormkaiuiyio napy). 3azada e IPOBEPKH JAHHBIX
n 4YUCEJI Ha IIPEIMET PaBEHCTBA KAKMX-TO U3 HUX B MOAEIN am*era—
HYEeCKUX JIEPEBbEB DEIIEHMH PENIAETCSI CO CJIOXKHOCTBIO HE MEHBIIE
no mopsiaky nlogn (cMm. [55]).

CymectBenHo 6osiee CJIOXKHO IOKA3bLIBAETCSI, YTO JJIsl 33744 O
OimKalInmux cocesix, 3aa4u O MUHUMAJIbHOM JIepeBe, 3aa4uu O TPH-
AHTYJIALUA pernaiorcs co cioxHocteio O(nlogn) (cM. [55]). s
9TOr'0 HCIIONb3YIOTCH, HallpuMEp, TaKHE€ IIOHATHSI KaK JuarpamMma
Boponoro* u Tpuanrynsuus denone®. DTu qBa MOHATHS TECHO CBS-
3aHb! ApYyr ¢ apyroM (rpuanrynsuus Jlenone siisiercst ABOUCTBEH-
HBIM rpacdoMm K auarpamme Bopororo) u o6a CTPOSITCS CO CJIOXKHO-

L. Bopono#i (1868-1908) ebimatomuiicss pycckuit (MM yKpauHCKHiM, Kax
ceifyac muIIyT B YKpauHe, XOTsl OH @K€ CBOM JIMYHbIA JHEBHMK HHCAJI IIO-
PYCCKH) MATEMaTHK

5B.H. Jenone (1890-1980) BHig@IOWMIACS COBETCKHHA MATEMATHK.
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creio O(nlogn). Ucxonst u3 Tpuanryisiuu Jlesione MOXHO 1OCTpO-
UTh MUHMMAJbHOE JEpeBo Jaxke co cjaoxkHocTbio O(n) (u3BecTHO,
YTO MUHHUMAJIbHOE CTSTHMBAIOIIEE JEPEBO B IPOU3BOJILHOM rpade ¢ e
pebpaMu, KOTOPbIM COIIOCTABJIEHBl YHCJIA, MOXKHO HAMTH CO CJIOXKHO-
croio O(elog €) U co citoXKHOCTHIO, MeHbILel e HaliTh Hemb3st). Mcxo-
[isl U3 auarpaMMbl BopoHOro [1st AaHHBIX 7 TOYEK IOMCK Oumkait-
mero cocena O(logn) npu ucnonbaosanHoM obbeme mamste O(n),
a [OCTPOUTH BBIMYKJIyI0 ODOJIOUKY STHX TOYEK MOXKHO TIOCTPOUTH
co cnoxknocTeio O(n). Bonee ¢0KHOM 0OKa3bHIBAETCST YIIOMUHABIIAS-
Csl BbIIIE 38348 IIOCTPOEHHS TPUAHTYJISIIUH BHY TPEHHOCTH IIPOCTOTO
N—yTOJbHUKA ([IOTOMY, YTO H& TPHAHTY/ISIIIIO HAIOKEHO HEKOTOPOE
OrpaHuyYeHue), HO OHA BCe PABHO pemaercst B [55] cO CIOXKHOCTBIO
O(nlogn).

st TeMbl Hame#t KHUTM BUAUMO 6oJiee MHTEPECHOU ABIIAETCS

cieyoniast 3a,a4a.

\
2303 ITocTpouTh BBLILYKIIYIO O00JIOUKY T TOYEK CO CJIOXKHOCTBHIO
O(nlogn).

Yxasanue. I3BecTHBl pa3Hble aJIrOPHUTMBI IiJIst 9Tol 3a1a4yun. la-
Jiee BymeT KPaTKO H3JIOKeH anropuTM I'pexsMa-Duapio. CrnpoekTu-
DYeM NEPIEeHIUKYIAPHO TOUKH HA IIPOU3BOJIbHYIO IIPSIMYIO H BhIOpaB
KpallHue MPOEKIMHU, IMOJyYMM B IIEPIECHIMUKYJISIPA, SIBJISIONINECs
Napa/Ie/IbHBIMA OIOPHBIMH TIPSIMBIMH JIJIsI MCKOMO# BBIITYKJIO# 060-
souku. CioxHocTh 3Toro nocrpoenus passa O(n). Iycts A, B —
TOYKY BBIIYKJION 0OOJIOUKH, JieXKalipe Ha 3TUX npsMeix. IIposenem
yepe3 Hux npsiMyo. OHa pa3buBaer Halle MHOXKECTBO (M €ro BBITYK-
J1y10 000JI0UKY ) Ha ABa IOAMHOXKECTBa (BbIIYKJIbLIMU 060JI09KAMH KO-
TOPBIX SIBJISIIOTCS] YKA3AHHBIE YACTH MCKOMOH BBIMYKJIONH OGOJIOUKH).
JocTaToyHo IOCTPOMTH MX BBHIMYKJIbIE 0GOJIOUKH IO OT/EJIBHOCTH,
U uX o4yeBHIHOE OObeamHeHue OyneT MCKOMOM BbIYKJIOH 060J10Y-
KOM JJaHHOro MHOXecTBa. PaccMoTpuM Jio60e M3 yKa3aHHBIX MOA-
MHOXKECTB D1, ..., Pm, M < n. OHu BelOesieTca «OecriaTHO», ecJiH
MblI MCIOJ/Ib3YEM MOZEJIb M'€OMETPUYECKHX HOCTPOEHUN, HITH CO CIIOXK-
HOCThIO O(N) B BBIYMCINTENBHON MOze . YHOPSIOYUM 3TUM 71 TO-
YeK B HOpPsIIKE PACIIOJIOXKEHMsI HX YKa3aHHBIX npoeknuit. B momenn
reOMeTPUYECKHUX MOCTPOEHHH 3TO TOXe «becruiaTHO», & B BbIYHUCIH-
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TEJIbHOHM MOJE/IH YKA3aHHOE YIODPSIJAOYEHHUE BBINOJHSIETCSI CO CJIOXK-
soctbio O(nlogn) mo6bIM XOPOLIAM &IFOPATMOM COPTHPOBKHA (CM.,
nanpumep, [2]). IlpocmaTpuBas TOUKM B yKa3aHHOM NODsJKe, yAa-
JISIeM KaXKIyI0 TOYKY pi, €C/Id OHa JIEXKUT C TOH K€ CTOPOHBI OT
OTPE3Ka Py—1, Pi+1, UTO 1 O0TPe30K A, B (T.€. ecsin TOUKa p; Hapya-
eT BBIILYKJIOCTh JIOMAHOU A = p1,...Pi41), & HOTOM IENAEM TaKylO
e NPOBEPKY ISl TOYEK Pit1,Pi—1,Pi—2 (IIOTOMY 9TO 37€Ch MOIJIO
BOBHUKHYTb HAPYIIEHUE BhIIyKJOCTH, KOTOPOI'O A0 YAAJEeHHs] TOYKH
p, He BBLIO), W OUSTH yAaJIseM <IUIOXYIO» TOUKY M T.A. TakK TOUKH
TOJIBKO YJAJISIIOTCS, & BBILYyKJasi 060J0UKa IIPH 9TOM HE MEHSIeTcd,
TO STOT AJIFOPUTM 3aKaH4dMBaeT paboTy HE MO3[Hee, YeM HA M — 3-
em mare. CroxHOCTD Beero Berumcsienus: pasHa O(n). AHAJIOTHYHO
BBIYMCIISIEM BBIMYKJIYI0 00OJIOYKY BTOPOTO IIOAMHOXKeCTBa. B moze-
JIY TEOMETPUYECKUX TIOCTPOCHHH CJIOXKHOCTb BCErO ajrOPUTMa Pas-
Ha O(n), HO B BBIYUCJIUTENILHON Mozienu oHa pasHa O(nlogn) us-3a
HEOOXOIUMOCTH COPTHUPOBKH.

2304. (Letimoc) st BHIMMCINTENBbHON MOLENY INOKA3aTh, YTO
CJIO’KHOCTb QJITOPUTMA MOCTPOEHUST BHIIYKJIOH OBONOYKH HE MOXKET
ObITH MeHbIIIE II0 NOPSAAKY N logn.

Vxasanue. Ilycts z;,1 = 1,...,n — npou3BoJibHbIN HabOp pa3-
JMYHBIX 4Hces # p; = (T4, 2) — n Touex Ha mapabone y = z2. Ilpu
IIOCTPOEHMH BBIIMYKJIOH 0DOIOYKM ITHX TOYEK OHH yIOPSIOYMBAIOT-
cs1 1o Besmaune abenucenl. IlosTomy pemraercs: 3aada COPTHPOBKH
n 4ucel. A ee CIOXKHOCTD 1O NOPsiAKY He MeHee nlogn cormacHo
3agage 302.

2 305*. Brinykityto 060/109Ky 00beIuHEHUsI N —YTOJIbHUKA U M—Y-
TOJILHUKA MOXKHO TIOCTPOMTDL C TOM 3Ke CIJIOXKHOCTBIO.

Yxasanue. Ucionb3oBars upew aaroputMma ['pexsma.

Kak u3BecTHO, BBIIYKJIBIM N—YTOJILHUK €CTh Pe3yJIbTaT Iepece-
YeHUsI N— INOJIYIUIOCKOCTeH (OrpaHMYEHHBIX IPSIMBIMH, IIPOXOASALIM-
MU Y€pPE3 €ro CTOPOHHI).

£306. (Letimoc) Iyiss BBIYMCINTEILHOR MOJENH II0KA3aTh, YTO
CJIOXKHOCTD 3JITOPUTMA [TOCTPOEHUS MepecedeHus 1 HOJIYILIOCKOCTEH
He MOXKeET OBITh MEeHbIIIE 110 TIOPSLAKY 7 logn.
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Vxaszanue. Bepem Te ke Touku Ha TOi ke mapabose, uTO M B
ykasaHuu K 3agade 304 u depe3 KaXKIylO0 M3 HHUX NPOBOAUM Kaca-
TeJbHYIO K napabosie. DTu KacaTeJbHble ONpPEeNeJIsIiOT IOJYIIOCKO-
cTH, comep:Kaiuue mapabosy. Ix mepecedeHne ecTh MHOTOYTOJIbHast
BhINyKJas 6eckoneyHast 06J1acThb, cofepKamas Ty xe napaboity. Ec-
JIX Mbl IIOCTPOUM 3Ty 06J1acTh, TO MOXHO OyZeT cyuTaTh 4MCHa Tj
B oTCcOpTUpOBaHHOM nopsiake. Iloaromy, kak u B 3anaye 304, cnox-
HOCTB IIOCTPOEHHMSI He MEHBIIE II0 HOopsiaAKy 7 logn.

2307. Jlokaxkute, 4TO IepecedyeHNe BBIIYKJbIX 71—YTOJbHUKA H
M—yTrOJIbHUKA €CTh BBIIYKJ/IbIM kK—YTONBHUK, TOe k < n +m

Yxasanue. Ilepeceyenue ux 06pa30BaHO mepeceveHUEM 7+ 11 110~
JIyILJIOCKOCTEHA.

&308**. (Illeiimoc, Xoyu) JokaskuTe, 4TO MepeCeYEHHE BHITYKIIBIX
N—YTrOJIbHUKA ¥ M—YTOJbHUKA MOXXHO MOCTPOUTb CO CJIOXKHOCTBIO

O(n + m).

&309*. [lokaxkute, YTO 3334y NOCTPOCHHUS TEPECEUEHHs N TOJTy-
IJIOCKOCTER MOXKHO PELIMTH €O clIoKHOCTEIO O(n log n).

Yxazanue. JdomycTuM, 9TO MBI IOCTPOU/IN NIEPECEUEHNUE NEPBHIX
|n/2] monymnockocreit co caoxuoctsio T'(|n/2)) u nosnyunnn k—y-
rosibHEK, k < [n/2], n aHAJIOTHYHO MOCTPOUIH HepeceYeHNe OCTalIb-
Heix [n/2] monymnockocret co caoxkuocteio 1'([n/2]) u nomyunnn
m—yronbauk, m < [n/2]. Ocraercs mMOCTPOUTDH IiepeceueHune ITHX
k— u m—yronbHuKa coryiacHo 3afade 308 co cmoxHocThio O(k +
m) = O(n), u NOIyYuM nepecedeHHe BCEX 7 MOJYIIIOCKOCTEH CO
caoxHoctsio T'(n) < T(|n/2]) + T([n/2]) + O(n). U3 artoit pekyp-
penTHO# oueHKu BeiBoguTCs, 4o T'(n) = O(nlogn).

€ 310. Jlis1 [aHHOTO BHIIYKJIOTO N—YTOJBLHUKA K JIIO60TO 38,1aHHOTO
HAIIPABJIEHUSI MOXKHO MMOCTPOUTH JIBE OIOPHBIE NPSIMble, NaPAJLIIETb-
HblE 9TOMY HAIIpaBJIEHHIO, cO cioxkHOoCcTEI0O O(logn).

Yxa3arnue. BHadasie nmpoBeZEM HPsIMYIO OAHHOTO HaIPaBJICHHSI
yepe3 y00yI0 U3 BepInuH, pa30MBAIONIYIO N—YTOJbHUK HA JIBE 4a-
cru. Bo3aMoxHO, OHa cpa3y okakeTcst onopHoit. B mporuBHOM ciiy-
yae OHA pa3bMBaeT N—YroJIbHUK Ha JiBe 4acTH (BO3MOXKHO, B OAHOM
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U3 HUX TOJIbKO OfHA u3 ero Bepumuy). [lycrb, HampuMep, crpaBa OT
3TO# NPAMO OKA3aUCh BEPIIUHBL D1, . . - , Py, (38HyMEPOBaHBI B TOM
e TIOpsIIKe, B KakoM OHM 6biM B n—yrosbauke). Haiinem cpeau
Hux HauboJiee y[aJIeHHYIO OT 3TOH NIpsiMOil U 4depe3 Hee IPOBEIEM
napasiensuyio eit npsmyio. Ona u Gyner onopHo# crnpasa. AHajio-
I'MYHO CTPOMM OMNOPHYIO cjieBa (ecsiu BooOmie TO HyxHO). UT06BI
HaltTu Haubosee ynaJleHHYIO BepPIIMHY (MX MOXKET OBbITH [Be, TOrIa
yepe3 HUX W IMPOXOJUT MCKOMas ONOPHAas) MCIONb3YeM JBOMYHBIN
nouck. BozbMeM BEpUIMHY CO «CPEAHUM» HOMEPOM D /2| U ABYX €€
coceneit cyieBa u crpapa. M3MepuM paccTosiHHS OT HUX 0 IPOBEEH-
HOM mpsiMO# (OILyCTHM HEPUEHIMKYJISIPbI MM BBIYHCIUM KBaJIPaThl
paccTosiHUiA, 4TOOBI HE HCIOJB30BATH KBaJApaTHbIM KOpeHb). Eciam
«CpeIHss» BEpIIMHA OKa3ajJach M3 HHX caMoil yJasienHo# (wim on-
HOM M3 JABYX CaMbIX YAAJEHHBIX) OT 3TOH NpPSIMOMH, TO B CHIY BbI-
NyKJIOCTH OHAa UM eCTh caMasl y/ajleHHast OT 3TOH IpsiMOil u3 Bcex m
BepiMH. B npoTuBHOM Cilyyae, HaIpUMEpP, caMO# yaajieHHOH Oyner
€e COCeJl P|m/2)+1- TOTAA UCKATD CaMyI0 YIAJIEHHYIO HA0 CPeH TO-

Y€K Plm/2)+1s -+ Pm- Ecnu xe camoit ynanennoit u3 3Toit Tpoiiku
0Ka3aJ1aCh BEPIIAHA P|m /2|1, TO CAMYIO YIaJEHHYIO U3 BCEX M Bep-
IIMH HAJO UCKATH CPEJH P1, - - - , P|m/2|~1- B 0bonx ciy4asx obnacts

HOMCKOB COKpaTujiach Basoe. Jlanee K Hy»HOM 06/1acTH OISATH IpU-
MEHsIEM TaKOH e IpHeM «JIeJIeHHsl monoJjiaM» u T.1. HyxKHast Bep-
muHa Gyzner naitgena 3a O(logn) maros.

& 311. 3anauy MakCHUMH3AIHH (MUHUMHU3AIHE) JTUHEHHOM By KK
OT ABYX TIEPEMEHHBIX C M JIMHEHHBIMHU OrpaHUYeHUsiMU (3TO ABY-
MepHas 3a0a%0 AUHETHO020 NPOZPAMMUPOSAHUA) MOXKHO PELIHTH CO
cnoxuoctbio O(nlogn).

Yxa3anue. BHavajie cTpouM nepeceveHune 3aJaHHBIX IIOJIYILIOC-
KocTeit co cytoxkHocTbio O(nlogn) cornacuo 3amade 309 u noyyaem
BBIIIYKJIbIA M—YyTOabHUK, M < n. MusuMuzaius (MaKCHMU3AIHst)
JaHHOM JIMHENHONH (DYHKIMM H& 3TOM M—YTOJbHUKE PaBHOCHUJIbLHA
IPOBEJIEHHUIO OIOPHOM IPSIMOi, cTapiine KO3(h@UIMEHTb KOTOPOi
ompesesisiiorest 31oi pysxumeit. CroKHOCT MAKCUMU3ALUY (MUHA-
MU3alUH) 109TOMY coriacHo 3azade 310 pasna O(logn).
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YauBUTENLHO, YTO Ka3ajoch Obl 6ojiee CII0XKHYIO 331a4dy JuHel-
110ro nporpaMmMupoBanust Memxunno u Jaitep nesaBucumo pemmuis
co cioxnocteio O(n). lejao B TOM, YTO MM YJaJIOCh CHEJIATh JTO,
He CTpOSl SIBHO BBINYKJIbIE MHOTOYTOJLHHK, Ha KOTODOM MaKCHMH~
aupyercst (MUHUMU3UpYETCs) JuHEeHHAs DYHKIMs. DTOT AJIrOPUTM
(DOBONBHO CAIOXKHBIA) MOxKHO HaiiTu B [55]. OHH ke mOKa3amm, 4To
M TpeXMEpHas 3a4a49a JMHEHHOTO IPOrpPaMMHMPOBAHMS PEIIAeTcsl CO
cnoxuocTbio O(n). Mepkuno taxxke nokasada (cM. [55]), moaudunu-
pOB&B CBOi aIrOpUTM, UTO 3a/]a4a BbIYHC/ICHHs Yucia R — pammyca
HAMMEHbBINEr0 KpPyTa, IOKPHIBAIONIEr0 JAHHBIE 7. TOYEK, TAKIKE MO-
xer 6bITh pemnreHa co coxkHOCTBIO O(n) Tak Kak STOT AJrOPUTM
ciloXeH, npemjiaraeM 6ojiee IPOCTYIO 33434y

£312. Bpruucauts 06beMIomuit paauyc R njs JaHHBIX 1 TOYEK
co cioxnocTbio O(n?) u namsTeio O(1).

Yrasanue. Henocpencreennoe npumenenne 3aaun 26 naer an-
ropurym c ouenkoit O(n®). Ho MoxxHO BHadase B3ATH J00YI0 HAKPbl-
BAIOILYIO JAHHBIE TOYKH OKPYKHOCTB, IOTOM YMEHBIIUTD €€ PafuyC
Tak, 4To0bl HA Hell OKa3a/lach OJHA U3 JAHHBIX TOYEK, IOTOM MOXKHO
YMEHBIINTD paauyc (M CABHHYTDH LIEHTP) TakK, YTOObI Ha HaKPbIBAIO-
Iel OKPY2KHOCTH OKa3aJI0Ch JBE TOYKHU (BCE 3TO AEJIaeTCs CO CIIOXK-
Hocrbio O(n), ecan onn 06pa3yioT AuaMeTp OKPY2KHOCTH, TO BCe 3a-
KOHYEHO, B IIPOTHBHOM CJIy4ae MOXKHO, YMEHBILAs PAJHyC U COBHUIAs
IIEHTP IOCTPOMTH HAKPBIBAIOILYIO OKPYKHOCTb C TPEMs TOYKaMHK Ha
Helt (oustTb co coxkHocThIo O(n)), U eciu 651 ITOT TPEYTOAbHUK ObL
6b1 OCTPOYTOJIBHBIM, TO 3TO ¥ Obl1a O6b1 MUHIMAJIbHAS HAKPHIBAIOIAST
OKPY2KHOCTb. Eciin 2ke TpeyroJIbHEK TYNOYTOJIBHBIR, TO BCe JaHHbIE
TOYKH, JIE?KAIME Ha OKPYXKHOCTH, COIEPXKATCSI Ha ee JAyre MeHbllel
IIOJIOBUHBI OKPY>KHOCTH. OmsITh CABUrast MEHTP ¥ yMEHblas Paju-
YC, MOXHO IIOJIy4YHTb OOBEMIIOIILYIO OKPYXKHOCTb, Ha KOTOPOil I0-
SIBUTCSI eIlle MUHUMYM OZ[HA U3 JAHHBIX TOYEK, He JIEXKAIlasl Ha 3TOH
ayre, 1 T.0. Ha camoMm nesie IBUraTh OKpY»KHOCTH He HaJO, JOCTa-
TOYHO [JIs1 COOTBETCTBYIOIIUX TPEYTOJbHUKOB BEIYUCIATD (CTPOUTD)
PaJuychl ONMUCAHHBIX OKPYXKHOCTEH M U3 HUX BBHIOMDATH MaKCUMyM
C HOMOIIBIO M3BECTHOTO aJropurMa. Jljisi BbIYMCI/IEHHS U3MEHEHMiH
pajuyca MOXHO MCIO/Ib30BaTh (OPMYJLy LISl PAJuyca OIMCAHHOTO
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Kkpyra R = abc/4s. Yrobbr n3bexxarh BLIYMCIEHUS] KOPHEH, MOXKHO
ucronb3o8ath dopmyny R? = a?b?c?/1652, a romanp TpeyrombHE-
Ka BBIYHCJIATH Kak B 3amade 300.

Obmas ke 3a1a4a JIMHEHHOrO IIPOrPaMMHUPOBAHUSI C M JIMHEH-
HBIMU OI'PAHUYEHHUSIMHA PELIAETCS ITOKA TOJIBKO CO CJIOXKHOCTHIO noM),
Haunyumwe pesysnsraTsl B 9ToM HanpasiaerHun noiaydeds FO. E. Hec-
TEPOBbIM W HMX MOXKHO HaliTu B [46]. 3HamMeHUTHIA ke aJIroOpuTM
CHMILJIEKC-METO/1a UMEET TOJIbKO SKCTIOHEHI[MAJIbHYIO OLIEHKY CJIOXK-
HOCTH, NIPUYEM IIOKA34HO HA CIIEIHAJIBHO IIOCTPOEHHBIX IIpUMepax,
YTO €€ HEeJIb3sl 3aMEHUTh Ha IOJIMHOMHUaJIbHYI. OIHAKO HA IIPaKTH-
K€ pa3jiiyHble ero MoauduKauy Ho-IpexKHeMy ocTaloTcs: Haubosiee
OBICTPBIMH.

PaccMoTpum Terephb 3amauy BbIYUC/IEHUSI THAMETPa y JaHHOM TO-
4eyHO#t COBOKYIIHOCTH.

& 313. Haiitu Bce AUaMeTpbl —TOYE€YHOT'0 MHOXKECTBa CO CJIOXKHO-
cteio O(nlogn).

Yxaszanue. CHadana BBIYMCIUM BBINYKJIYIO OBOJIOUKY CO CJIOXK-
HocToio O(n logn). 3agauy mocTaTouno pemuThb 411 Hee. I1ycTs oHa
Oyner m—yrousuaukoMm. [IpoBenem uepes OfHY TOUYKY BCE IpSIMBIE,
napaJuiesbHble ero croposaMm. OHu 06pa3yoT m yIvIoB ¢ obiiei Bep-
mHo#t. IIpoBenem Guccekrpuce! aTux yrios. Bee a1o Tpebyer ¢iiox-
Hoct O(m) = O(n) B mo6oit u3 Mozmene# Beraucyenust. Jnst kax-
po#t u3 3THX OHMCCEKTPUC HOCTPOMM Iapy NapalleJbHBIX €l omop-
HBIX NIPsMbIX co caoxHOcThI0 O(logm). Ha Hux sexxuT TOIBKO 110
OIHOMN BEpIINHE M—YyrOJbHUKA. DTH BEPIIUHBI 00Pa3ylOT OTPE3OK.
Hy>xHb1it HaM quaMeTpb! HAXOSITCS CPEAM STUX OTPE3KOB. [leficTBu-
TEJIbHO, IIyCTh €CTh KaKo#-To muaMerp. IIpoBeneM yepe3 ero KOHIbI
nepnesuKynsapbl. CorsiacHO 3azade 22 OHU SIBJISIIOTCS OIIOPHBIMH
IPSIMBIMH U HE COAEP2KAT CTOPOH MHOTrOyrojibHuKa. IloBepHeM ux Ha
MUHUMAJIBHEI BO3MOKHBIH YToJ1 Tak, 4Tobbl 06a OHM CTaIM mapaj-
JIeNbHBI OAHOM M3 HOCTpOoeHHBbIX Ouccekrpuc. B cuity MuHMMAaIbHO-
CTH IOBOPOTa 00€ I10JIy YEHHbIE T1apaJIIe/IbHbIE IIPSIMBIE II0 IIPEXKHEMY
00pa3yIoT ONOPHYIO MOJIOCY IJIsl M —YTOJbHUKA. DTA I0JI0Ca IMOSB-
JIsy1ach B HAINIEM IIOCTPOEHUM, 3HAYUT OIMH W3 IIOCTPOEHHBIX BBIIIE
OTPE3KOB COBHAAET C JAHHBIM AMAMETPOM, 4.T.11. UTobbl HaiiTu BCe
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JIIaMeTPhl, JOCTATOYHO YTOPSAAOYUTh IOCTPOCHHbLIC OTPE3KH IO Be-
JAuYnHe. DTO MOXKHO CHENATh co cioxHocThio O(mlogm), npuuem
HaiifleM Bce JuaMeTphbl, KOTOPLIX He GoJIbIIe 1, KAK BHIHO M3 IIpO-
BEJIEHHOT0 paccyxJenusi. BrpoueM, MOXXHO HaliTH BCce IMAMETPHI,
crnenas m — 1 cpaBHeHHi C MOMOILBIO CTAHAAPTHOTO AJITOPUTMA I10-
HCKa MaKCHMYyMa.

£ 314*. BLIUNCINTS [UAMETD Y IPOR3BOILHOTO 7—TOUEYHOIO MHO-
>KEeCTBa I10 IIOPSIOKY MeHee 4eM 3a N logn HeBO3MOXKHO.

Vxasanue. IlycTs nanbl 1Ba IPOM3BOJILHBIX 7t —3JIEMEHTHBIX MHO-
JKECTBa NOJIOKHUTENbHBIX uncesr A = {ay,...,an}, B = {b1,...,bn}.
Ussectro (Peitarona), 4to 3aa4a OnpeneseHus, €CTh JId Y HUX 00-
IIee YUCJI0, HE MOXKET ObIThb PellleHa CO CJAMKHOCTBIO 110 HOPSAKY
MeHblIe nlogn. PaccMoTpuM eIMHMYHYIO OKDPYKHOCTL M BhIOEpeM
Ha Hel n TOYeK B IepBO# KBajpaTe, MOJYYAOMMUXCs B HEepeCedeHun
C NPSIMBIMH Y = AL, ¥ SHAJIOTMYHO 7. TOYEK B TPEThEM KBaJpaHTe,
TIOJTy 4aIOMMXCSl B [IEPECeYeHUH C NpsMbiMK ¥ = b;z. OueBuano, uTo
[IHAMETP ITOTO 2n-371EMEHTHOIO MHOXKECTBA, PaBeH 2 TOra U TOJb-
KO Torfa, Korma MHoxkectBa A um B nepecekatorcs. IlosTomy, econ
Mbl PEIUNJIA 384849y O BEIYMC/ICHAM AMAMETPa, TO PEIIUM U 38434y O
CpaBHEHHH YHCIOBBIX MHOKeCTB. TeM He MeHee, B [55] foka3aHo, 4TO
Y BBIIYKJIOTO N—YTOJIbHUKA M JaXKe y HPOCTOr0 He 00s13aTesIbHO BbI-
IYKJIOI'O N—yTOJIbHUKA BCE AMAMETPBI MOXKHO HAHTH CO CIOXKHOCTBIO
O(n). Tax Kax y npaBUJILHOIO HEYETHOYTOJbHUKS, YHCJIO JHAMETPOB
PABHO 7, 9Ta OIEHKA HEYJIydllaeMa.

PaCCMOTpI/IM TCIEeph 3a0a4y BBLIYUCJICHHA IINPHUHBI BBIIIYKJIOTO
N —YyroJIbHHKAa.

& 315*. Haiitu IIMPUHY BBIITYKJIONO 71—YTOJBHHKA CO CJIOXKHOCTBIO
O(nlogn).

Yxazanue. HeficTBoBaTh aHANOru4yHO pemeHuio 3anadu 313, HO
CTPOUTbH OIIOPHBIE HOJIOCHI C KpasMH, NapaJiIeIbHBIMU CTOPOHAM MHO-
royrosibHuKa. OTCrOga CiiefyeT, YTO YUCIIO HOJIOC MUHUMAJIbHON HIK-
puubl He 6osbme n. lllupuHy MOXXHO HalTH CO CJIOXKHOCTBIO 1 — 1
CTaHAAPTHBIM AJTOPHTMOM IOMCKa MHHUMyMa M3 n qucesa (U faxe
BCE TI0JI0CHI MUHUMAJILHOM IUPHHBI). Y IPABUIBHOIO HEYETHOYTOJIb-
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HMKA, YHCJIO OMIOPHBIX I10JIOC MUHUMAJILHON IIUPHUHBI B TOYHOCTHU PaB-
HO YHCJIy BEPUINH.

MoxHO IpPeAJIOKUTh He OYEHb [IPOCTHIE aJI'OPUTMBbI, KOTOpbIE Yy
JAHHOI'O BBIIYKJIOTO 7.—yTOJIbHUKA HAXOASIT JUaMeTD UM IUPUHY CO
cnoxuocTeio O(n) (mo nosoxy cM. [55]).

BoruucsieHue 1 — MakCHMAaJIbHOTO DaJiyca BJIOXKEHHOTO B JIaH-
HbI#f BBINYKJIBI 71—YTOJIbBHHK KPyra MOXXHO CBECTH K MaKCHMU3a-
LMK Ha 3TOM N—YIrOJIbHUKE BBHIMYKJION BBepX GyHKINH, sIBJIsIOUIEH-
cs1 MUHEMYMOM U3 7 JiuHelHbix yuknuit. IHocnennsas 3anaua pas-
HOCWJIbHA IIOCTPOEHMIO BBIIMYKJIOTO MHOTOTDAHHUKA B TPEXMEPHOM
IIPOCTPAHCTBE, OIPAHMYEHHOrO 7t + 1 IJIOCKOCTBIO M MaKCUMHU3aUMU
Ha HeM JuHelHoN ¢yukuuu. TpexmepHas 3amada JUHEHHOro IIpo-
IpPaMMHPOBaHHsL COTTIACHO [55] MOXKeT ObITH pelleHa CO CI0XKHOCTBIO

O(n).

2.4 CummMmerpu3saiius 110 MUHKOBCKOMY

Jst mo6BIX ABYX IJIOCKHMX MHOXKeCTB A 1 B MHOXECTBO BCEX TOUEK,
SIBJISIFOILMXCSI CEPEIMHAMU OTPE3KOB, Y KOTOPBIX OIMH KOHELl [IPUHA-
nexut A, a gpyrott B, o6oznauum (A+ B)/2 u Ha30BeM noaycymmots
9THX MHOXECTB.

£316. ZlokaxuTe, 4TO €cyil MHOXKECTBa NOABEPTHYTH NapaJlielib-
HOMY TIEPEHOCY, TO U WX MOJYyCYMMa IIOABEPTrHETCS NapaJuIEILHOMY
IIEpEeHOCy.

2317. JlokakuTe, YTO MOJIyCyMMa OKDYXKHOCTEN paguycoB T; €CTb
OKPY>KHOCTb paguyca (r1+72)/2 1 aHANOrMYHOE yTBEPXKIEHHE BEPHO
JIJIsi KPYTOB.

Vxasanue. llpumenure 3aauy 316 U paccMOTpHTE Cilydait, KOTAa
OKPY2KHOCTH KOHLEHTPUYHEI.

£318. JloKaxkuTe, 4TO TOIyCyMMa TTapaJIIESIbHBIX OTPE3KOB JIJTUHbI
l; ectp mapaJuienbHbIi UM 0Tpe3ok anuHbI(l; + l2)/2.

Yxasanue. Ilpumennte 3agauy 316 u paccMoTpuTe cilydaii, KOraa
OIUH OTPE30K COAEPKUT APYroi u oba uMmeroT obuit KoHel,
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£ 319. JlokaxxuTe, 9TO NOJIyCyMMa HellapaJLIeTbHBIX OTPE3KOB IJIH-
HHI [; ecTb HapajuIesIorpaMM, CO CTOPOHAMH NapaJlIe/IbHBIME 3THM
OTpe3KaM, ¥ UMEIOIUM JTHHBI U;/2.

Vxasanue. Ilpumenute 3anaay 316 u paccMoTpHuTe Ciy4aii, KOrja
O/IMH OTPE3KU UMEIOT 001uii KOHell,

2 320. Jlokaxkute, 4TO eciM MHOXECTBO A; COOEPXKUTCI BO MHO-
xecte M;, 1 = 1,2, ro muoxecrso (A; + Ag)/2 comepxurca Bo
muoxkectse (My + Ma)/2.

€ 321. Jlokaxure, YTO MOJIYCYMMA BBITYK/IbIX MHOXECTB SBJISETCS
BBIIIYKJIBIM MHOXXECTBOM.

Yxasonue. IIpumennre 3amaun 320,318, 319.

Penrenus npegecTBYONINX 330a4 3TOIO Pa3/iesia MOXKHO HalTy,
nampumep B [77, 16, 17].

&322, JIokaxKuTe, UTO NOJYCyMMa ABYX [APAJLIENBHbIX MOJIOC SB-
JISIeTCsI IIOJI0COH, MUPHHA KOTOPO# paBHA IOJIYCyMMe HIMPHH JaHHBIX
I0JIOC, ¥ KOTOpAasl NapaJjuleibHa 3THM II0JIOCaM.

Vxaszarue. Ilpumenure 3agaun 320,318.

&£323. (C.Iemepbype, 2012) dokaxure, 4TO Ajis1 JTODOBIX UuCEJ
T,Y, TAKHX, YTO z? + y2 < 1, npaligyTcst uucna i, Y;, Takue, UTO
lz1] < L, ly1] £ 1, |wa| + [ye| < 1, 22 = z1 + 22, 2y = y1 + 9.

Vxaszanue. Jokaxure, yTo MOSIycyMMa KBaJIpaTa M BIHCAHHOIO
B HEr0 KBaJpaTa, BEPIIMHBI KOTOPOIO JIEXKAT B CEPENMHAX CTOPOH
GoJIbIEr0 KBAIPATa €CTh BBHIIIUCAHHBIA B OOJIbLINY KBAJADPAT pPaBHO-
yIroJIbHBI BOCBMHUYTOJIbHUK, COZep2Kaluii B cebe Kpyr, BIMCAHHBIH
B OompInit KBaApAT.

&324. Jlokaxxure, 4To €C/Id MHOXECTBO A; MMeer mMpHHY b;, TO
mupuna MHOXKecTBa (A + A2)/2 ne menbute (by + bg)/2.
Yxasanue. PaccMoTpuTe 10M0Ccy HaMMEHbIEH UIMPUHBL, COLEP-

xamyo ¢urypy (A; + A2)/2 1 nosocs ¢ HapasuienbHBIMA et Kpasi-
MH, orpanuuuBalomue ¢puryps! A;. [Ipumenure 3agaun 320,322,
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&325. Jlokaxkure, YTO €CI MHOXKECTBO A; MMeeT BHEIHUN paJuyc
R;, To BremHuit paguyc muoxecrsa (A; + Az)/2 ne Gonbme (R; +

Ry)/2.
Yxazanue. Ilpumennre 3amauu 320,317.

2326. JlokaxkuTe, 4yTO €c/iM MHOXKECTBO A, uMeeT BHyTpeHHui pa-
JMyc T3, TO BHyTpeHHuit paguyc muaoxkectsa (A; + A2)/2 He meHbIe

(r1 + 7r2)/2.
Vxasanue. Ilpumennre 3anaun 320,317.

£327. HoxaxkuTe, 4TO eciiu MHOXecTBo A; umeer auamerp D;, To
Jauamerp MHOXKectBa, (A1 + Ag)/2 we Gombine (D; + Dg)/2.
Yxasanue. Ilpumenure 3anaun 319 mwm 22.

&328*. Ecmn JBa BBIOYKJILIX MHOT'OYI'OJIbHMKa HE HMEIOT Iapajl-
JeNBHBIX CTOPOH, TO IOJYCYMMa 3THX MHOIOYTOJIBHUKOB €CTh MHO-
rOYTOJIbHHK, CTOPOHBI KOTOPOI0 TapajulelibHbl CTOPOHAM 3THUX MHO-
TOYTOJIbHAKOB M BJIBOE MEHbIIE MX. MCJIO CTOPOH Yy IOJIyCYMMBI
MHOTOYTOJIbHUKOB PaBHO OOLIEMY KOJIMYEeCTBY CTOPOH Y 9THX MHOTO-
YTOJIbHUKOB ¥ HEPUMETP IOJIyCyMMbI PaBeH IOJyCYMME IIEPHMETPOB
JAaHHBIX MHOTOYT'OJIbHUKOB.
Yxazanue. Ilpumennre 3agaun 320,319, 321.

£329*. Ecnu JBa BBINYKJ/IBIX MHOTOYTOJBHUKS HMEIOT apaJijiesib-
HbIE CTOPOHBI, TO [OJIyCyMMAa 3THX MHOTOYTOJIbHUKOB MMEET CTOPO-
HYy, NapaJIEJIbHYI0 9TMM CTOPOHAM, KOTOpasli paBHa UX IIOJyCyMME.
B obmem ciydae 4uc/io CTOPOH Yy HOJIYCYMMbl MHOTOYTOJIBHHKOB He
Gonbire OOIIETO KOJUYECTBA CTOPOH Y STMX MHOIOYTOJIBHHKOB, HO
HIEPUMETP IIOJIyCYMMBI 110 NIPEXKHEMY PaBEH IOJIyCYMME IEPUMETDOB
JlaHHBIX MHOTOYTOJIbHUKOB.

Yxasanue. Ilpumenure 3amaun 320,319, 318, 321.

BrifepeM Ha IJIOCKOCTH NPOM3BOIBHYIO TOUuKy O u 0003HaUUM
(—M) MHOXECTBO, LEHTPAILHO-CHMMETPMYHOE MHOXKeCTBY M oT-
HocuresibHO Touku O. Ionycymmy sTtux mMHOXKecTB 0003Haumm M™*
M Ha30BeM cummempusayueti no Munxoscromy® (nns kpatkocTn B

5Tepman MUHKOBCKHE — BhIIAMOIMiicss HeMenkuil MaTemaTHk 19 — 20 BEKOB.
Popuiicst B nonsckoit yactu Poccuiickolt nmnepun.
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3TOM pasfese OymeM IMCaTh [IPOCTO CHMMETpH3anmeli) MHOXKECTBA

M.

2 330. JlokarkuTe, YTO CHMMETpHU3alusl MHOXKECTBa HE 3aBHCUT OT
BbIGOpa TOUKH J B TOM CMBICJIE, YTO NPH BEIOOpE APYyroit TOUKM HO-
Basl CHMMETPHU3aLMsI II0JIyYaeTCs IIapaleIbHbIM IIEPEHOCOM CTapoil.

Yxasanue. [lpumennre 316.

£331. JlokaxxuTe, YTO CUMMETPU3ALMS BHIIYKJIOTO MHOXECTBA —
LEHTPAJIbHO-CUM METPUYHOE BBIIYKJIOE MHOXKECTBO. Ecim MHOXKe-
CTBO IEHTPAJIbHO-CHMMETPHAYHO, TO CUMMETPU3ALIHMS €0 HE U3MEHsI-
er.

£332. [lokaskute, YTO IPH CUMMETPH3AIHE MHOMKECTBA €0 BHeI-
Huit paguyc R He BOo3pacTaer, a BHyTpeHHu#t paguyc r He ybOpIBaer.
Vxasanue. Ilpumennre 3amaun 325, 326.

£333. JokaxkuTe, 4TO CUMMETpH3aIell TPEyroJbHUKA SIBJISIETCS
IIECTUYTOJbHUK B TIOJITOPa pa3a Gosblieil miomamy.
Vraszarue. Ilpumenute 3amauy 328.

&334, Jokaxure, 4TO cuMMeTpu3anueit Tparenun sIBJISIETCS e
CTHYTOJIbHUK.
Yxaszarnue. Ilpumenure 3amaay 329.

&£335. Jlokaxxure, 4TO CUMMETPHU3AIsl BbIIYKJIOTO 71- YI'OJIbHUKA
SIBJISIETCST 2mM-YTOJBHUKOM, Ie m < n. PaBeHCTBO BOBMOXKHO JIMIIb
KOTZIa M- YIOJIbHUK He CONEDKUT MapaJliesIbHbIX CTODOH.

Vxasanue. Ilpumennre 3amaun 328, 329.

& 336. JJokaxxuTe, YTO IIPA CUMMETPU3ALMH BHILYKJIOTO BBIIYKJIOIO
MHOKECTBA €r0 €ro JuaMeTp W UIMPHHA HE MEHSIIOTCS.
Vxaszarue. [Ipumennre 3anaun 324,327,318.

£337. JloKaxkure, 4To Np¥ CUMMETPU3ALMH BBIIYKJIOTO 7- YTOJIb-
HUKa €ro IepUMeTp He MeHsIeTcd.
Yxasanue. Ilpumenure 3agaun 328, 329.
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&338*. JokarkuTe, YTO PN CUMMETPH3AIY MHOXKECTBA €r0 BHEII-
Hu# paguyc R ymenpmaercs: e 6omnee yem B 2/ V3 pasa. PaBeHcTBO
JOCTHUraeTCs JIMIIb KOIrZa BO MHOXKeCTBO M MOXHO BIHMCATH IPa-
BWIBHEBIH TPEYTOJIbBHUK TOTO K€ JIHaMeTpa M BHEIIHsIs] OKPYXKHOCTD
OIIMCAaHA BOKPYT 3TOI'0 TPEYTOJILHUKA.

Yxazanue. Ilpumennts Teopemy FOwra.

£339*. JIokazkuTe, 4TO IIpH CUMMETPU3aIllME MHOXKECTBA €ro BHYT-
peHHuit pazuyc r yBeauuuBaeTcs: He Gosiee yeM B roJrropa pasa. Pa-
BEHCTBO JOCTUTaeTCsl JIMIb IS TIPABUJILHOTO TPEYTOJILHHAKA.
Yxazanue. Ilpumenuts TeopeMy Bistiike.
Pertenust 60bIIMHCTBA 33124 9TOTO pa3zesia MOXKHO HalTH, Ha-
npumep B {77, 16, 17, 21].

2.5 W3zoamamerpuyeckue HepaBEHCTBa

[TpaBoe HepaBeHCTBO CiEAYIOIIEH TeopeMbl GLLIO AoKasano B 1922
r. HeMenkuMm MaTemaTukoM K.Peituxaparom (83]. Jasee npusoagurcst
6oJiee POCTOE JOKA3ATENBCTBO. JIeBOe HEPABEHCTBO, IO-BUAUMOMY,
6b110 BriepBble yka3aHo B [21] (cm. Takxe [22]). U3 [82] asTop y3HAT,
uro B [78], BeposiTHO He 3Hasi 0 |21, 22], TakXKe JOKa3aHO HepaBeH-
CTBO, cBsI3bIBalONee HepuMerp M mupuHy. Io-Bugumomy, moka3a-
TesbeTBO (78] cnoxuee, uem [21].

Teopema 13 (Peituxapar). ITycmo p nepumemp, b wupuna u d dua-
Mmemp evinykaozo n-yeoavruka M. Tozda cnpasedsusvs nepasencmea

s 7r
2nbtg — < p < 2ndsin —.
" g2n =P =< m2n
Kaorcdoe u3 nepasercme mounoe, ecau n # 2% k e N.

Hoxaszamesvcmso. Ilycrs M* — cummerpusanus MuHKOBCKOIO
n-yronbHuka M, T.e.

M* = Z(M +(=M)) = {(z ~9)/2: 2,y € M},

Torna corstacuo 3amauam 335, 336, 337 muoxecTBo M™* ecTh IIeHT-
PAJIbHO-CUMMETPUYHBINA BBULYKJIbIH 2mM-yrOJIbHUK, e m < 1, C Te-
MU K€ IepUMETPOM, JuaMeTpoM U mupuHoi uro u 'y M. CoryacHo
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3ajaue 25 U3 UeHTpabHOH cuMMmeTpuuHocTu M* cnemyerT, 4To ero
BHyTpeHHult pajguyc 7* = b/2 u Bremnnii paguyc R* = d/2. Co-
IJIacHO 3aJade 234 IOCIeIOBATENBHOCTD 7 tg T CTPOr0 MOHOTOHHO
ybbiBaeT, a I0C/IeI0BATENILHOCTb N Sin I cTPOro MOHOTOHHO BO3pac-
taet. [Tlosromy

2nbtg% < 2mbtg§rn—l- = 4mr*tg§% <p< 4mR*sin§7r—n—L =

T
2m
TIpHYeM paBeHcTsa p = 2nbtg 4, p = 2ndsin £ sk ToOrma cnpa-
BeIUBEL, Korua M™ ecTh npaBuIbHBIA 2n-yrOJbHUK.

OueBnaHo, 17151 HPABUIILHOTO 7-YTOJbHUKA IIPH HEYETHOM 71 CIIpa-
BeJUTMBLI PABEHCTBA p = 2nbtg o= = 2ndsin -, & IpK YETHOM 7 HU
OOHO U3 HUX He BepHO. OHAKO IIPH YETHOM 7, HE PABHOM CTEICHU
JBOMKHM, YKa3aHHblE PABEHCTBA MOTYT JOCTUTIaThCS.

IIpumepsb! N-yroJIbHUKOB, [j1sl KOTOPBIX OHM JOCTUrAIOTCsl, MOX-
HO IIOCTPOMTH clexyromuM obpasom. IlpeacrasuM 1 IPOU3BOIBHBIM
o6pazom B Buge m(2k + 1). OueBugHo, uro ecnu n = 2°ng, rue ng —
HeYeTHO, TO YMCI0 npeacTasaenuil B puge n = m(2k+ 1) Gyaer pas-
HO T(np) — YHMCIIYy BCEX pa3jIMYHBIX Jejuresedl yucia ng. Bozbmem
npaBunbHblil 2k + 1-yroapHuk ¢ guamerpom (Haubosibmiedl Juaroxa-
JIbI0) d ¥ C IEHTPOM B KaxKJI0i ero BepuirHe OCTPOUM KPYT Paauyca
d. OueBuHO OH GYZAET MPOXOAUTDH UEPEe3 KOHIbI MPOTUBOJEKAIIEH K
JaHHOM BepmuHe CTOpoHBI 2k + l-yronbHuka, KoTopasi Oyzer ero
XODIOH, OTCEKAOIIe OT HEero CErMeHT, CONPHKACAIOIIUICS HM3BHE C
2k + 1-yroJibHUKOM IO 3TO0# cTopoHe. PaccMOTpuM BBHINYKIy0 u-
T'YpY, SIBJISIIOLLYIOCS TIEPECEYEHHUEM ITOCTPOCHHBIX KpyroB. OuyeBuaHo,
oHa Oyzer nosiyuarcst obbenuHerueM 2k + 1-yroapHUKa C YKa3aHHBI-
Mmu cerMenTamu. HazoBeM ee npaBuiabubiM 2k + 1-yronsaukom Peno.
LuameTrpom 31o#t purypsl mmo npexkuemy oyner d, a nepumerp b6yaer
PaBeH CyMMe JyT IIOCTPOEHHBIX KPYTOB, T.6. Td, TAK KaK CJIOXKUB 3TH
JAYTH BMeECTe, IIOJIyYUM TOJIOBHHY OKpy»kHocTu paamyca d. Lllupuna
9TOl (purypsl Bo Bcex HalpaBJEHUsX OxuHaKoBa u pasHa d. [Tosro-
My AaHHas1 PUTYpa ABJAETCss IPUMEPOM (DUTYDbI HOCTOSHHOM NIHPH-
Hbl. Briniiem B Hee n—yrosbHUK ¢ PABHbIMH CTOPOHAMHU TaK, YTOOBI
Cpey ero BEPIIUH COAEPXKAJIUCh BCE BEPLIMHBI PACCMATPHBAEMOIO

= 2mdsin < 2ndsin I—,
2n
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2k + l-yronbauka. OueBuaHo Kaxknas u3d 2k + 1 ynoMsHyTHIX Ayr
npu 3ToM Oyaer pa3buBaTHCA HA 1M PABHBIX JyKEK, XOPAbl KOTOPBIX
OyZyT CTOpPOHAMHU DPACCMAaTPHBAEMOr0 N—yTOJIbHHKA. JIuamerp ero
OyzeT oueBniHO d, a mupuHa paBHa b = dcos(m/2n) — BbICOTE paB-
HODEIPEHHOTr0 TPEYronbHIKa ¢ pe6poM d U yIVIOM IPH BeplIuHE T /7.
Torpa nepumerp, oueBuHO, paBeH 2ndsin(w/2n) = 2btg(n/2n).

Cnenyomas: Teopema toxe mpunagiexur K.Peiaxapary [83].
3aeck npuBogMTCA HOJIEe IPOCTOE JOKA3ATENbCTBO.

Teopema 14. ITycms p nepumemp, 82 naowads u d duamemp 6vi-
nyxaoeo n-yeoavruxa M. Toeda cnpasedaiuso nepasercmeo

S n ™ ™
- < 4/=cos—tg —
d= V2 %oy

KOMOopoe 06pawaemca 6 PAGEHCINGO MOADKO OAf NPABUADHILT HEUETT -
HOY20ALHUKOG.

Hoxazamenvcmeo. I3 nepapencrsa 3enomopa

2 / ™
->2 tg —
s~ ngn

1 JOKa3aHHOTI'O BBIIIE HEPpABEHCTBA

p < 2ndsin T
2n

CJIEAYCT HEPaBEHCTBO

s n Tw
P < 2 cos n tg o
KOTOpOe 04eBUIHO 06palaeTcst B pABEHCTBO TOJILKO Korua oba Hepa~
BeHCTBa obpamraioTcs B paBeHcTBa. Ho /1711 BTOPOro U3 HUX 3TO Bep-
HO TOJIBKO B CJIyYae IPaBHJIBHOIO N~ yTOJBHUKA, & JJIsl IEPBOrO U3
HHX B 3TOM CJIyyae PaBeHCTBO BO3MOXKHO JIMIIb KOTZ@ 7 HEYETHO.

£340. Cpeau Bcex n—yTOAbHUKOB (n He paBHO CTeneHH LBYX) C
JaHHON IIMPUMHOH HaliauTe TOT, KTO MMEeT MUHUMAJIBHYI) CyMMY
KBaJIpaTOB CTOPOH.
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Yxasanue. ITpumenuts HepaseHcTso Kommu. OTser: moboit akc-
TpeMaJibHbIA n—yronbHUK Peltaxapara.

£341. PeruuTs npepiayInyo 3a8a4y s 4eTbIPeXyTOJbHUKOB.

2.6 kcrpeMaJibHble MHOTOYTOJIbHUKU
Peitaxapnara

B cnenyiomeit Teopeme Gosiee nmoapoGHO paccMaTPUBAETCs CIydait
obpaieHusi HepaBeHCTB TEOPEMBI B PABEHCTBA.

Teopema 15. ITyemv R(n) ecmsb “ucao nonapro He pasHulT n-y-
eoavnuxoe Pelinzapdma, m.e. maxuT, wmo ebinoAHeHd, DIBEHCMEA

T .o
2nbtg 5. =P= 2nd sin o

Toezda

(4) Rn)=0<=3n=2F keN;

ons awboeo n € N

(@) = Y 2/™(p(m) - u(m) < Bn) < 5= 3 2™ p(m);
2Amin 2Hmin

onan =2k k,l €N, 20e p> 2 — npocmoe wucao,

(i) Rn) = 5= 37 2™ ((m) — pu(m)) =
2tm|n

= 2—171—(2”/”]7 + 2"/p2p(p —D+...+ on/P* pk=1(p — 1)) ~ 2*Pp/2n;

(iv) R(n)=1<>n=pusun=2p,p>2,p — npocmoe.

Baecy p(n) — byukuus Ditnepa, u(n) — dynknua Mebuyca,
m | n — ofo3HayeHue [Isi OTHOIUEHMs] [EIMMOCTH HATYPaJIbHBIX
YHCell.



2.6. Ixcmpemarvrnie mrozoyzorvruru Pelinzapoma 129

3uauenne giynryuu nepa @(n) 0o OUPeAEICHUIO PABHO YUCILY
IIPaBWIbHBIX HECOKPATHMBIX ADPOGeH Co 3HAMEHATENIEM Nn.

342, HokaxkuTe, 94TO
¢(n) =n(l—1/p1)...(1 —1/px),

rae p1,... P — BCE Pa3/InYHbIE IIDOCTHIC OEJTUTENH 71,
Dynxyua Mebuyca OTIPeneNseTCs: CASLYIOMUM 06pa3zom

1, ecou m = 1,
0, €cJIM M JENINTCS Ha KBaIpaT IPOCTOrO
pu(n) = YuciIa,

(=1)*, ecim m ecTs mpousBeneHue k PABIHTHEIX
HPOCTHIX YHCEJI.

Myskr (ii) gaeT ciefyONI0 reOMETPUIECKYIO XaPaKTEPUBAIUIO
IIPOCTBIX YHUCEJ: HEYETHOE YHUCJIO N ABJISIETCS] IPOCTHIM €CJTH ¥ TOJIBKO
ectn R(n) = 1, T.e. eciim CymWECTBYeT €IUHCTBEHHBIN 7i-yTONBHUK
Peltaxapara. AHAJIOTHYHO IIOJIYyYaeTCss M BTODAs XapaKTepH3allis:
HEYETHOE YHCJIO N ABJISETCS IPOCTHIM €C/IH U TOJbKO eciau R(2n) =
1, T.e. eciiu CyueCTBYET €AMHCTBEHHBIN 2n-yroabHUK Peftuxapsra.

Hoxasamesvcmeso. Ilycts M Takoit n-yronpHuk, yto M* — npa-
BUJIBHBIHN 2n-yrospHuK. OpHEHTHpYyeM BCe CTOPOHBI MHOTOYTOJIbHHU-
Ka M™ B oZjHOM HAIIpaBJIeHUH U COIIOCTABAM MM BEKTODA, u3obparka-
IOIIe KOMILJIEKCHBIE KOPHU 21-11 CTEIeHN U3 €IUHUIIBI

l,e,€2,...,eL,
rae € = exp I SlcHo, uTo —€' = g™, Torga CTOPOHAM 7i-yTOJIBHUAKA
M omHO3HAYHO COIOCTABJISIETCA N —3JIEMEHTHOE MHOXECTBO, TAKIKE
obo3nagaemoe M, sexkaliee B rpymne KopHel u3 equHunbl Wo, =
{1,¢,...,e?*"1}. Eciu pacmosioXuTh BEKTODA STOTO MHOMKECTBA B
ONpEEJIEHHOM MOPSIKE TakK, YTOObI HAYAJO OYEepEeqHOr0 BEKTOpa
BEKTODA COBMNAJIO C KOHLOM IIPEILIAYIIEro, TO OHM OYyILyT OrpaHudn-
BaTb N-yTOJbHUK, NONOOHBIN n-yrospHuky M. Ecim pacnosoxurb
BEKTOpA AHAJIOTMYHBIM 06pa30M, HO B IIPOTUBOIMOJIOXKHOM IOPSIAKE,
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HOJIYYUTCSI MHOTOYTOJIbHUK, CHMMETPUYHBINA NPEIbIAYIIEMY OTHOCH-
TEJIbHO HEKOTOPOW mpsiMoii. EcTecTBeHHO, IEHTPabHO-CHMMETDPHY-
HOMY MHOroyrosibhuky (—M) coorBercTByeT MHOXKeCTBO (—M) Ta-
koe, uro M N (—M) = 0. fcuo, uro ycnosus M N (M) = @ u
M U (-M) = Wy, pasrocwibHbl. OHH PABHOCHJIbHBI TAKXKeE TO-
My, YTO B K&sKJ0# Iape IIPOTHBOTIONOXKHEIX BEKTOpOB {&¢, —¢'} onun
npusagnexxutr M, a gpyro#t npunagnexur —M. Takxke ogeBUIHO,

YTO

Z gt =0,

e*eM
TaK KakK CyMMa BEKTODPOB, B KOTOPBIE TIPEBPAIlaloTCs OPHEHTHPOBAH-
HbI€ B OHOM HAIIPABJIEHHH CTOPOHBLI MHOTOYTOJIbHUAKA, PABHA HYJIO.
Pacnonokenue BEKTOPOB B J1IOOOM JApPYyroM IMOPSIAKE, XOTSI U MMeEeT
BCETHa CyMMY PABHYIO HYJIIO, IPUBOJUT K HEBBIMYKJIOMY HUJIH CAMO-
IIEPECEKAIONMIEMYCSI MHOTOYTOJIbHUKY.

O60o3HauuM 4vepe3 A,, MHOKECTBO

{M: M C Wap, |M| =n, M0 (-M) =0}

(3neck u nasee | M| o6o3HauaeT 4ucsIO 31€MEHTOB BO MHOXKecTBe M.)
Tax KaK U3 KXol maphr {£*, —€'} TONBLKO OAMH 3IEMEHT IIpU-
Hajexur M, to |A,| paBro 2". O6o3Ha4duM uepe3 Aj, NOAMHOXKE-
CTBO An, COCTOsAIee N3 TaKHUX MHOXKECTB M, AJ1dd KOTOPBIX CyMMa
BXOJAIIMX B HUX BEKTOpOB paBHa Hymo. O6osnaunm Ay, nogMuo-
2KeCTBO
{M: M e Ap,|Aut M| =m},

rae rpymna AutM = {w : w € Wop, M = Mw}. C reomerpuyecko
Touku 3penust Aut M ecthb rpyIlmna BpaleHuit, mepeBOIsIIUX MHO-
xectBo M B cebs. Ecnu |Aut M| = m, o m | 2n (3mech u ganee
a | b osHauaer, 4To a menwmt b, a a 1 b oznayaer, uro a He nenut b) u
9Ta rpynna

Aut M = {1’ Ezn/m’ €4n/m’ . ,€2n-2n/m},

T.e. COCTOUT U3 IOBOPOTOB Ha yribl 2kmn/m,k = 0,...,m—1 (moso-
POT Ha HyJIeBOH yroJ — 9TO TOXKJECTBEeHHoe npeobpasoBaHue). Tak
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Kak MHOxecTBO M € Ap;,m,m > 1 nepexomur B cebsl IIpu HETPUBU-
aJIbHOM ITOBOPOTE BOKPYI Hadajia KOOPAWHAT, TO CyMMa €ro BEeKTO-
POB paBHA HyJII0, MHa4Ye Obl OHA U3MEHSIJIACH IIPU 3TOM MoBopoTe. AJl-
rebpandeckoe JOKa3aTeIbCTBO STOTO TAKIKE YMEIIAETCSI B HECKOJIBKO
crpok. JeiicreuTensro, ecnma M € Apm,m > 1, z € Aut M,z # 1,

Torna

E g = Z ' =1z Z =z E &',

eteM zet€EM zet€EM eteM
CJIeIOBATEIBHO
1-2z) E g' =0, E e' =0,
eteM eteM
[I03TOMY
E g =
eeM

u M € A}. 3naunr Ay, copepixurcs B Ay, T.e. Ap m MOXKHO ObUTO
OTIpEJIEJTUTH PABEHCTBOM

{M : M € Ay, |Aut M|=m}.

Ecnn m detHoe umcno, To —1 = e@/m(M/2) ¢ Ayt M, Te. yxa-
3aHHAsI TPYIIA COUEPXKUT IOBOpoT Ha 180 rpaaycoB (LeHTPAIbHYIO
CHMMETPHIO), TI03TOMY B 3TOMy ciyuae —M = M. Ho no ycnosuio
9TO HEBO3MOXKHO, Tak kak M N (—M) =0 qna M € Ay, m, cienosa-
TeJbHO Ay = 0 npu 4eTHBIX M.

Ecnm »xe m newerno, nesmr n u M € Ap p, TO pacCMOTPHM TIOA-

MHOXKECTBO
2n

My =Mn{lee? ..., em 1}
fcHo, yTo
n 2n
M| = n/m, (=M)m = My + =) mod =, M 1 (=M)r = 8,
BEIIL

€2n/mM = M, 6n/mM — 6.n/m(€2n/m)(’m—l)/2]\4 = —M.
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Vno6HO BMECTO MHOXKECTBA,
My, = {e¥, ... gfn/m}

PacCMATPUBATH MHOXKeCTBO My, = {e™*1 ... g™Fn/m} C Wan/m-
Torna

|Mm| =n/m, MpN (=M =0, |Aut Mp| =1,
BeZb U3 ycsosust |Aut My,| = k > 1 cieosasio 651, 9TO
|Aut M| =mk >m

B npotuBopednu ¢ yciaosueM M € Ay . Iostomy My, € An ;.

m
VYkaszanHoe Bbiie orobpaxkenue M «— M, B3aUMHO OZHO3HAYHO,
[I09TOMY CIIPABEIMBO PABEHCTBO

| An,m| = lAﬁ,l

CrneoBaTebHO

Anl = 3 [nml = D [nml = 3 |42

2tm|n m|ng m|no

H

[Oe Ng MaKCUMAJhHbIM HEYeTHBIH HeauTeab n, T.e. n = np’,s =
0,1,....
— — (ok —
Ecmu nonosus fi = |Agn /gl = (25/%, gk = | Atn/mo 1l b € N,
TO JJIsl HEYETHBIX K ITOJIyYUM, 4TO

fr= |Ak:n/no] = Z A’m/ng’l = ng/m-
mlk ™ m|k

Janee HaMm IOHAIOOUTCS CIEAYIOMIAS JIEMMa O Npeobpa30BaHUK
Mebuyca.

JIemma 1. ITycmov wucaocsas nocaedosamenvhocms {fn} 6vipasica-
emCA uepes nocaesosamesvhocms {gn} dopmysamu

fa= ng-

m|n
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Toz20a nocaedosamenvrocmo {gn} mooicem 6vimo 6vipadicena wepes
nocaedosamenvrocmd {fn} dopmysamu

gn = Z p(n/m) fm.
m|n

Ilepen TeM, Kak JOKa3aThb JIEMMY, 3aMETHM, YTO CIIPABEIIHBO

paBeHCTBO
§(n) =Y p(m),

m|n

rne 6(n) =0mpun>1ud(l) =1

JleACTBATENBHO, €C/IH N UIMEET PA3IHYHbIE IPOCTHIE JETUTENH D,
i=1, ..., k To ocTaB/IsAs1 B CyMMe TOJIbKO HEHYJIEBBIE CJIaraemble, U
IpUMeHsIst B KOHIE (GopMysy GuHOMa, UMeeM

Y oum)= > pe...pp) =

min a,=0,1

k
=) Cp(-)m=(1-1)"=0.
m=0
Jlma nokasaTenbCTBa JIEMMBI JOCTATOYHO MHIYKIHEH 110 1 yoeant-
ci B OXHO3HAYHOCTH BOCCTAHOBJIEHHSI MOC/IEIOBaTENbHOCTH {gn} u

[IPOBEPUTH, 9TO
D gm =YD uwm/k)fi= fn.

min m|n klm

O6oznauast m/k 4epe3 d, u MeHsIsT IOPSIAOK CYMMHUPOBAHHUSI B JBOL-
HOU cyMMe, COTJIACHO JOKA3aHHOMY BHIIIE PABEHCTBY UMEEM

Dofe Y wld) =) fud(n/k) = fa,
kln  din/k kln

HTO U OOKa3bIBacT JICMMY.

&2343. JlokakuTe paBeHCTBO

$(n) = D _u(dn/d

din
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IIpumensist npeobpa3oBanne Mebuyca, nmeem

gk = Zﬂ(m)fk/m = Zu(m)@k/m)"/no = Zﬂ(m)2k”/(mno)

mik mlk mik

JUIsT HEYeTHBIX Kk, CJIeOBATEbHO

[An,1| = gno = Z Qn/m.u(m)'

m|ng

JI06OIBITHO, YTO €C/IN 73 HEYETHO, TO

lﬁhﬂ = lzzn/mu(m)

n n min

PABHO YHCJIy HENPUBOAMMBIX IJBOWYHBIX MHOTOYIEHOB CTENEHH 7
(dopmyny s ux gucnia cMm. B [36]). I3BecTHA TaKXKe CBSI3b ITOTO
YHCJIA ¢ KOJIMYECTBOM HEIePHOAUYECKUX JBYXIBETHBIX OXKepesuii u3
n GycuHoK. [Ipon3BosibHOE ABYX1IBETHOE OXKepeJibe U3 11 OyCHHOK Ha-
30BeM 7/ k-LIEPUOANYECKNM, €CIIH €T0 MOXKHO Pa3pe3aTh Ha k onuHa-
KOBBIX 110/1BecOK. OQxKepeibsi, KOTOPbIE He SIBJISIIOTCS k-IIepHOIIYeC-
KHMY HH IIpU KaKOM k, HA30BEM HETIEPHUOAMYECKUMHU U UX KOJMYECTBO
o6o3HaunM I, (Oxepesibsi, MOy Yalourecs APYT U3 APYTa BpalleHu-
€M B UX IUIOCKOCTH, CUATAEM OAUHAKOBbIMHU). OYEBHAHO, YTO YHCIIO
OKepeJinit ¢ MUHUMAJIbHBIM 1iepuosioM k paBHO [i. Paspe3as pa3Hbl-
MH CIIocobaMy KaxKa0€ U3 TAKHUX OXKEPeJIuii, [oJIydaeM &k Pa3/HJIHbIX
JIBYXIIBETHBIX OPHEHTUPOBAHHBIX IoABecoK. ObIee KOJINIECTBO MOL-
BECOK, TIOJIYYEHHBIX U3 BCEX OXKepesnil, paBHO C OLHOY CTODOHBI

> _dla,

dln

a ¢ apyroit cropous! pasHo 2", ITosromy mo dopmyne Mebuyca

1
In=~ > 2M™u(m).

min

DTO UNCIO OYEBHIHO PaBHO |Ay, 1|/n npu HEYeTHBIX n.
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Ecnn nnst HekoToporo w € Wy, u 1ByX n~3JIEMEHTHBIX MHOXKECTB
M;, M € A, cupasenymBo paBeHCTBO M, = Mw B rpynne Wy,, To
9TH MHOXKECTBa HA30BEM SKBHUBAJEHTHBIMH. Jpyrumu ciosamu, asa
MHOXkecTBa M u M) SKBUBAJIEHTHBI, €CJIA OJHO U3 HAX MHOXKECTB
MOJIy4aeTcs IIOBOPOTOM K3 JPYroro MHOXecTea. B wacrHocTn, M u
—M skeupanentnel. QueBngHO, yro ecu M € Ay .y, u My 3xBH-
BaJIeHTHO , TO My € Ay m, mosTOMy MHOXKecTBO Ay, ny pacmamaeTca
Ha HenepeceKarouyecst KJacchl SKBUBaJIeHTHOCTH. Ecin M € Ay m,
TO YHCJIO PA3JINYHBIX MHOYKECTB, KOTOPHIE MOXKHO IOJIyIUTh TOBOPO-
TaMu MHOXkecTBa M, pasHO 2n/m. 3HaunT, B KaxI0M Kjacce 2n/m
MHOYKECTB H II03TOMY YHCJIO KJIACCOB SKBUBAJIEHTHOCTH B Ay, vy PABHO
|Anm|m/2n. Teomerpnueckn moboe pasbuenne Wo, Ha napy MHO-
KecTB M n —M MOXKHO NPEACTABUTH B BHIE OXKEPEJIbsl M3 PABHOIO
KOJINYeCTBa 4epPHbIX U OesibIx OYCHMHOK, B KOTOPOM IIpM [IOBOPOTE Ha
180 rpamycos MeHsOTCs IBeTa Beex Oycmuok. Ecimu M € Ay, TO
3TO OxKepesibe Byfer 2n/m-neprHoauyecKkuM. DKBHBAJIEHTHBIM MHO-
JKECTBaM COOTBETCTBYIOT OXKepEJibsl, MOJIyYAIOUIHECS APYr U3 Bpa-
menuaMy. Eciu Takne 0XKepesibsi CYNTATh OAUHAKOBBIMHU, TO KaXKI0-
MY KJIaCCy SKBHBAJEHTHOCTH COOTBETCTBYET OQHO OJKEPEJIbE U YUCJIO
KJIaCCOB 9KBHUBAJIEHTHOCTH PABHO YHCJIY PA3JMYHBIX oxKepesuit. Ec-
g MHOKecTBa M wm M) SKBHUBAJIEHTHBI, TO COOTBETCTBYIOLIHE MM
MHOTOYTOJIbHUKY PeltHxapara. HoJiy4aioTcst ApYT U3 Apyra HOBOPO-
TaMH, T.e. paBHbl. OUEBHAHO, YTO HE SKBHBAJEHTHHIM MHOXECTBAM
COOTBETCTBYIOT He PaBHBIE APYT APYTY MHOIOYTOJbHUKY Pefiuxapi-
Ta.

fcro, uTOo cymecrByer MHOXecTBO M € Ap1 co cBOiicTBOM

5 €' # 0 (sanpumep, muOXecTBO {1,¢,...," 1}). [TosTOMy
eteM
m m 1 n
R(n) < Z |An,m|§',,',; = (A;%,ll o om Z m Z 2mk p(k),
m|ng m|no mlno k|22

TaK Kak n/m = 2°ng/m. MeHsisi IOPSIAOK CYyMMHUPOBAHHUS U TI0JCTAB-
ass k = 1 /m, nmeem

Rn) < 5= S22 S mpijm) = 5= 37 2000,

ling mjl llng
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TaK KakK

> mu(l/m) = o(l).

m|l

Tak Kak pa3HBIM OKEPEJIbsIM COOTBETCTBYIOT Da3HbIE 1l—YTOJIbHHKH
Pettuxapara, TO

m m A
R(n) 2 Z |An,MI% = Z lAn,ml‘zz - ‘2‘nn_1 =

1<mlng m|ng

= o 32 o) = ) = 5 3 2/(p(m) - u(m)

tlno 2fmin

U cooTHOLIEHNUsT (i1) JOKa3aHBI.
3aMeTHM, YTO IIpH HEYETHOM Nl

m m
Z |An,m|§ﬁ = Z |An/m,1|§ﬁ
l1<m|ng 1<m|n

paBHA TOJIOBMHE YHCJIA BCEX IEPHONWYECKHX JBYXI[BETHBIX OXepe-
auk u3 n 6yCHHOK.
IIycrs n = 25p%, 5,k =0,1,..., roe p npocroe uucino, M € A, u

Z et =0.
erteM

Ioxacrasnsss —e*™™ BMecTo €' npu ¢ > 1 B IpeAbIAyHIEe PABEHCTBO,

uMeeM
n—1
Za,e’ =0,
i=0
roe o = £1,1=0,...,n — 1. IIpu atom sicuO, yTO
m=leedeMa=-1a¢e¢e(-M).
IIycts

n—1
P(z) = Z oyt

1=0
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U fon €CTH NOJIMHOM JEejIeHUs! Kpyra (Onpefenenne U CBOKCTBA CM.
B [36]). Torma P(e) = 0, u TaK Kak fop, MHHHUMAJBHBIA IIOJMHOM
JUIl €, TO COIJIACHO CBOMCTBY MMHMMAJIbHBIX IIOJHHOMOB OH Oyzer
JenvreneM noyuHoMa P(z). Ecim p =2, Ton = 2!, crenoBaTeIbHO
fon = 2™ 4+ 1 u nostoMmy fon(x) He Moxer menuth P(z), Tak Kak
crenenb P(z) menbme n. Cnenosarensro, R(n) = 0 u pasencrso (7)
JIOKA3aHOo.

PaccmoTpum caydait p > 2,1 = 2°pF. Jljnst KpyroBhIX MOJMHOMOB
M3BECTHBI COOTHOIIEHHS

Fo(@) = 1+z+...+2P Y fop(z) = fp(—2) = l—z+22—.. . +2P7}
fn(m) = fpl...p, (mp’; p;s-1> ’

rae n = pi'...phe. VI3 nux cienyer, 9To

fon=1—2MP 4 22/P — 4 gn(1-1/P) = 2855,

Tak kakx

f2n($) Z a; Ty,

=0
rae a; — Iejble 4ucia, TO

51 n-
P0) = @) P — 1) 3 = 3 Sy

‘f ( ) i=0 =0 =0
OTcrona cienyer, 4To H0CJIe0BATENbHOCTD (; AHTUIIEPHOIUYIHA C IIe-
PHOZOM /P, T€. Uipn/p = —04, 4= 0,...,n— 1 —n/p. Tax Kak

ai=1¢>€i€M,ai=—1®Ei€(—M),

TO
aiEMﬁeH%e(—M),z'=0,...,n—1—n/p,

cnenoBaTensro ' € M & et € M,i=0,...,2n—1, Bemp €77 =
—¢t. Tostomy €2™/P € Aut M, |Aut M| > 1, smaqur M € A, u
MHOXKecTBO A, ) mycro. CnenosatesbHo,

R(n)= ) IAn,m12 =—-Z2"/'"(<P m) = u(m))

l<ming 2fmin
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u paBeHCTBO (%i) mokaszaHo. B wacrHocTH, R(n) = 1, ecim n = p
nm n = 2p, rae p > 2 — npocroe uucso. Ecou n = 2°p, s > 2, Toraa
corytacHo (iii)
— 1 n/m _ 1 n/p _
-MM—2n3%2 (p(m) = p(m)) = 2=2"(o(p) — u(p)) =
™min

1

2° __ n2°—5-1
=om? =2 2y,

Tak Kak 2° > s+ 2 st s > 2.
Ecmu 1 < p < y/n genut n, 1o gust n > 4
1 L on
R(n) 2 5~ > 2™ (p(m) ~ p(m)) > o2 ?(p(p) — (p)) =
2tmin

_1 n/p D on/p Vvn-1
= - = >2 >1
2n2 (p 1+1) 2n2 > /\/ﬁ_ ,

TaK Kak 2%/x Bospacratomas GyHKImS Ipu T > 2, u 2y/n > 2¢/n
npu n > 4. Cnexosarenbro, R(n) = 1 Toapko Korma n IpocToe
4HCIIO0, ¥ MyHKT (iv) JoKa3aH.

Hoxazannas TeopemMa JaeT IpHMEPhHl MHOTOYrOJabHHKOB PelfH-
Xap/ITa, KOTOPbIE HE/b3S HOJIYYUTh U3 MPaBUIbHBIX 2k + 1— yrosb-
HUKOB Pejio. DT0 0OYeBMAHO NpPH CPABHEHMH IOJIYYEHHBIX HUKHHX
oneHok aist R(n) u ouenku 7(ng) uucia n-yronsHukos Peltuxapara-
Peno. Eciiz n e paBHO HU CcTeneHn ABOWKHM, HE IIPOCTOMY, HU YABO-
€HHOMY IIPOCTOMY YHCJY, TO U3 JOKA3AHHBIX HEPABEHCTB CJENyeT
ACHMIITOTHYeCKoe HepasencTso 2%/Pp/2n < R(n), rue p- MUHUMATb-
HBIIf HeYeTHBIH TpocTol Jenurens n. M3 nero cuenyer, 4o 7(ng) <
7(n) < 2v/n < 2V 1/ /n < R(n), Te R(n) B paccMaTpuBaeMbIX
cllydasix pacTeT cymecTBeHHO GpicTpee 7(n). MuHNManpHOE 3HAYE-
HUe 7, upu KotopoM R(n) > 7(ng), paero 15. B arom ciyuae

2°34+235+2(2-4-1

5.
30

R(15) >

W3 5 s7ux 15- yroJbHUKOB OQWH NPABWILHBIN M €Iie ABa HaM yiKe
U3BECTHHI Kak 15-yrospHuku Peitaxapara-Peso, oguH U3 KOTOPBIX



2.6. Bxcmpemaavnne muozoyzosvnuxy Petinzepima 139

o0
Oo .O

]
OOO..

Puc. 2.1: 5-nepuoauueckoe oxepenbe st 15-yrosnbauka Peltaxapara

crpourcss Ha 6ase S—yrosibHEKA, a Opyroi#t — Ha 0a3e TpEYTOJbHU-
ka Pemo. Ilokaskem myig mpumepa, Kak ONUACAHHBIA B JI0KA3aTeJIb-
CTBE METOJ, II03BOJISIET MOCTPOUTH €IIe JBa MHOIOYTOJIbHUKaA PelH-
XapATa C HeTPUBUAJIBLHON rpynmnoil Bpamennit. Baagasne paccmorpuM
caydail Korga sTa rpynmna coaepxkur 15 Bpamenuit. Torma ouyeBngHO
CYWIECTBYET TOJIBKO NpPaBWIbHBIN 15—yrospauk Peftnxapara. Ecom
rpynna COAEpP>KUT 5 BpamieHuil, To COOTBETCTBYIONIEe MHOXKECTBO M
MOYKET UMETh TOJILKO BH[

€20 (24 (25 26 }

76 76 ’616 !

{1,6,62 6 7 8 12 613,614,618,619,

7 COOTBETCTBYET 5-TIEPHOAMYECKOMY OXKEpesIbio, H300parkeHHOMY Ha
puc. 2.1. B paccmaTpuBaeMoM cirysae 15—yrojbHAK MOXKHO ITOCTPO-
uTh Ha 6a3e msiTyrosibHuKa Pesio.

Ecnn rpynma comep:kuT 3 BpalieHusi, TO MHOXKECTBO M MOXeT
COBIAJATh C MHOYKECTBOM

(1,6, €2, 63, ¢4, €10, €11 (12 13 (14 20 (21 (22 (28 (24}

KOTOPO€ COOTBETCTBYET 3-TIEPHOAMYECKOMY OXKEPEeJIbIO, N300parKeH-
HOMY Ha puc. 2.2. B aToM cimydae 15—yTobHEK MOXKHO IIOCTPOUTD Ha
Haze Tpeyronpuuka Peno. OpHako MHOXKecTBO M MOXKHO BbIOPATH
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Puc. 2.2: 3-nepuoauyeckoe oxkepesne As1 15-yronphuka Peitaxapara

e1me OByMmsI criocobamu. O,D',I/IH N3 HUX COOTBETCTBYECT MHOXKCCTBY

2 4 8 10 .11 .12 14 _18 20 21 22 24 28
{1’676 ,6 ,636 )6 76 )e ’6 )6 ,6 )6 )6 ’6 },
KOTOpOEe M300parkaeTcsi 3-NEPHOJUYECKUM OXKEpeJbeM Ha puc. 2.3.
CooTsercTByIOMmINii IISITHAAUATHYTOIBHEUK Peifnxapara n3obpaxkeH Ha
puc. 2.4. Bo BTopoMm cityuae B KadecTBe M BbpIOHpaeTcs: MHOXKECTBO

(1,663, ¢, ¢7,e10 ¢l €13 (1 (17 (20 (21 (28 (24 (2T
KOTOpOe M300paXkaercsi 3-IepUOIMYECKUM OXXEpelbeM Ha pHc. 2.5.
CooTBercTByIOIMH ISITHAAIATHYTOJIBHUK PeltHxapTa n300pakeH Ha
puc. 2.6.

Henasuo B [82], mo-Buaumomy, Hesasucumo ot 21, 22| ucciemo-
BaH BOIPOC O YHKCJIE SKCTPEMAJIBHBIX MHOrOyroJibHHKOB Peftnxapn-
T4 € TOYHOCTBIO JIO0 IIOBOPOTOB M OCEBBIX CUMMeTpHH. YHC/IO Takux
N—YTOJIbHUKOB, 00JIAJAIONINX, KAK U B HANINX PACCMOTPEHHIX BBI-
e, cBOKCTBOM nepuommyHocTd, B [82] oGo3naueno Eg(n), a obmee
YHCJIO BCEX TAKUX N— YrOJBHUKOB (B TOM Hucje M He 00J1aJa10mux
cBoOicTBOM TIepuoauuHOCTH) 06o3Ha4veno F(n). Boime 6p110 dakTy-
YEeCKH TIOKa3aHO, YTO

En)=0<=>n=2F keN,
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Puc. 2.3: Eme onxo 3-neprmommteckoe oxepesbe s 15-yroabHuka

Pettnxapara

Puc. 2.4: IIaTnagnatnyronsuux Pelftrxapara
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Puc. 2.5: Tperbe 3-mepHomuyueckoe oOXxepenbe it 15-yrosbHHKa
Peitaxapnra

Puc. 2.6: Ipyroit HHTHa,I[IIaTI/IyI‘OH\bHHK PeitaxapaTa
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E(n)=1<n=pwmn=2p,p>2,p — npocroe.
B [82] (B momosnueHue k Teopeme 13) mokasana

Teopema 16. Jas awbozo n € N, n # 2F,

Eo(m)= > (-u(d)D(n/d),

1<d=(2k+1)|n

2de
—olm=3)2 | 1§~ gmya
D(m) =2 + > 2m/d(d),
24d|m
8 MACTNHOCTA, ECAU P — MUHUMAALHOT NPpocmol HevemHwt denu-

meab N, Mo
~ P on/p
Eo(n) 4n2 y

onan=2p* k1 eN, 2de p>2 — npocmoe wucao,

E(n)=D (E> —ol®2l L P > 275 ().
p A st
P

Kpowme Toro, B [82] myTem ncuepnbiBaromero MalgHHOrO IIOKCKa
HaliieHbl HEKOTOPHIEe Henepronuyeckne (Ha3panHble B [82] cropann-
YECKMMH) SKCTPEMajIbHble N—yrojibHuKK Peituxapara. Munumaiin-
HOe 7, IPH KOTOPOM OHH CYIIECTBYIOT, paBHO 30, M TakuX CropaJu-
yeckux 30—yTrosIbHUKOB POBHO 3.

Ykaxkem py1s mpuMepa ofuH u3 Hux. UTobbI ero HaiiTu, coracHo
Paccy>XIeHHsIM M3 JI0Ka3aTeIbCTBA TEOpPeMbl 15, mocTaTouHo Hai-
1 MHOX)ecTBO M C Weo = {l,¢,...,€}, €% = 1, cocroamee u3
30 BekTOpOB, BHIOpaHHBIX cpean 60 BEKTOPOB C HAYAIIOM B Hayaje
KOODAHMHAT, KOHIIEI KOTOPBIX 06pa3yioT mpaBmIbHBIM 60— yro/bHIK,
TaKkuM 00pa3oM, 4TobObI cpean BuIOpaHHbIX 30 BEKTOPOB HE GbLIO II0-
IIapHO IIPOTHBOIOJIOXKHBIX, ¥ UX cyMMa ObUIa paBHA HYJIIO, IPHYEM
3TO MHOXKECTBO JOJIAKHO IOPOXKIATh HENEPHOAMYIECKOe OxKepesbe. B
KAYECTBE TAKOI'O HENEPHOAUYECKOTO MHOYKECTBA MOXKHO B3sThb (CM.
puc. 2.7)

2 3 4 5 6 7 8 9 10 11 12 13 14 15
{1’6)6’6a6)6’67—6,_63_6’—6 y "€ T, €, e, €, €0,
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'—616, 617, 618, —-619, 620, —621, 622, —623, 624, 625, 626, 627, '—628, 629}

(B STOM 3ammCH HCHOB3OBAIOCH ToXaecTBo € = —e0+
i =0,...,29) U npoBepUTH, YTO

l+et+ @+ e+ +ef—e"—B - -0l — 2 13— M4 el5—

M6 1T 1819, 20 21, 22 23 24 95 26 27

-e® + ¥ =0,

9090
o® o

000Cep
o© ®e
o °
Ceceee®

° [
®0e000°

Puc. 2.7 Henepuonuueckoe oxepenbe gy 30-yrosbHHKa
Peitaxapara

HerrocpeicTBeHHO 3TO c€IaTh 3aTPYAHATEIBHO, HO MOXKHO HEIO-
CPEACTBEHHO IIPOBEPHUTH, YTO

(:v13—x12+2x10+m9—m8—m7+x6+m5+x4+x+1)-
-(1+£172—x6—$8—$10+l‘14+$16)=
— 1+a:+a:2+a:3+a:4+m5+a:6—x7—x8—x9—x10—a:ll—w12+m13—x14+

+£I715 _ m16 +z17+w18 _ :1719 +3320 _ m21 +1L'22 _ .’1323+.'E24 +$25 +.’L‘26+
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% — 2B 4 g™
1 3aMeTuThb, 4To 1 + €2 — €6 — €8 — €10 + €14 4 €16 = 0, Tak xax
0= (0+1)(e24+1) = (P +1)(e0+1)(14+ €% -6 — B — !0 414 4 €19),
S+1#£0,e0+1#0.

Henepuonuuecku#t 30-yronbHuk Peiinxapara, COOTBETCTBYIOMIMMA
oXKepeJibIo puc. 2.7, nsobpaked Ha puc. 2.8. Kpome cTopoH, HA HEM
[TOKa3aHbl TAKKe ero JUaMeTphbI.

Puc. 2.8: Henepunognueckuit 30-yronpauk PefiHxapara, COOTBETCTBY-
omuit oxxepenpio puc. 2.7

Crnenytomiee 3Ha4€eHNE 7, IPH KOTOPOM CIIOPAAAYIECKUE 1 —YTOJIb-
HukM PeitaxapnTa cymecTByior, paBHO 42, u ux posHO 9. L1451 oncka
CIIOPAAUYIECKUX N—YTOJbHUKOB B [82] HCIIOIH30BAJICT METOL, YKA3aH-
Hblll B [83], & UMEHHO MCKAINCh « HENEPHOAUYECKHE» MHOTOUJIEHBI
C HEUYETHBIM YHCJIOM OAHOUJIEHOB, €MHUYHBIM CBOGOIHBIM YJIEHOM,
koapdpunpenramu 0, £1 u cTemeHu, MeHbINEH N, HALETO IEJSIIHE-
cst Ha KpyroBo#t MHorowieH fo,. Mcnons3ys momxon, yKa3aHHBIA B
Teopeme 15, ¢ TOH e LEIbI0 MOXKHO HCKATH <«HENEPHOANIECKIE>
MHOTO4JIEHBI CTeNeHU n — 1 ¢ Koacddurmentamu +1, nensmuecs: Ha
fon, KaKk 9T0 GBLIO MOKA3AHO BHIIIE,
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B [82] nana Tabsuna umcesn cnopaguuecKux 1—YTOJBHUKOB IO
n = 286 M BBICKA3aHa TUIIOTE3a, YTO UX HE CyIIECTBYET IIPU 7, PaB-
HOM TIPOM3BEIECHMIO ABYX IIPOCTBIX HEYETHBIX YHCET. T4 THIIOTE3a
BriocijeAcTBIu Obuta nokasaHa B [81]. Taxxke B [81] Gbuio mokasa-
HO CYINECTBOBaHME CIIOPAIUYECKHUX N—YroJbHUKOB PefiHxapnra rpu
JI060M N = pqr, re p,q — Pa3UYHbIE NIPOCTHIE HEYETHHIE YHUCJIA,
a r > 2 — npousBojibHOE 4nciio. ToT ¢akT, 4TO CIOPaIUYECKHX
n—yronbHukoB Pefinxapara me cymecrByer npu n = 28p!, rne p —
HEYETHOE IIPOCToE, (paKTHIEeCKU ZIOKa3aH BBIIIE B 'Teopeme 15.

2.7 WzonepuMmeTpuyecKue HepaBEHCTBA
- JIJIst BBIMYKJIBIX (pUTYP

ITocste MHOTOYHCIIEHHBIX 3324, KACAIOUIUXCSI Pa3JIMYHBIX H30IEepH-
METPHYECKHX CBOMCTB BBUIYKJBIX 71—YTOJBLHUKOB, GBLIO GBI HEro-
CJIeJIOBATE/IbHO He KOCHYTCsl AHAJIOTUYHBIX CBOMCTB JJIsl IIPOU3BOJIb-
HBIX BBINYKJIbIX uryp. K coxkasieHuio sTa Kpacupasi TeMa He COBCEM
JIEMEHTAPHA y2Ke MIOTOMY, YTO B Hell 3a4eficTBOBaHO HE COBCEM 3Jie-
MEHTAPHOE IOHSITHE IUIOMA N ITPOU3BOJIBHON BBIIYKJIONH DUrYypHI B
OJIMHBI ee rpaHuIbl. Jlaiee MBI IONBITAEMCSI, He BaBasCh B TOHKO-
CTH TEOPUU U3MEPEHHUs! TIOMAAM U JJIMHBI IIPOU3BOJIBHBIX HUTYD U
KPUBBIX JIUHUH, JATh YATATENIO NPEJICTABICHUE O HEKOTODBIX UHTe-
pecHbIX PaKTaX U3 TEOPUH M30MIEPUMETPHUHU. /

Hauynem ¢ 3amMeuanust 0 TOM, 4TO U30NEPUMETPUIECKUE HepaiaeH-
CTBa MOYXHO BBIBECTH M3 COOTBETCTBYIONIMX HEPABEHCTB IJISI MHOTO-
YTOJBHUKOB C IOMOINBIO IIPENEJBbHOI0 Iepexosa U, HapuMep, cie-
Iyoumel TeopeMsl.

Teopema 17. IIpou3eoavHyto 02paHUMEHHYIO BBINYKAYIO Puypy

MONHCHO 3AKAONUMD MEHCOY CKOAL Y200HO MECHO PACTIONOHCEHHDL-
MU NO0OBHBIMYU BLINYKABLMU MHO20Y20ADHUKGMU (T.€. 0Af A106020
sunyxaot guaypvt M u aobozo €, 0 < € < 1, mooicho Hatimu co-
deporcawuti M svinyxanili muozoyzoavrur V, maxot, ¥mo nodobruili
emy ¢ xosdpuyuenmom 1 — e 6ydem codeporcamuvea e M.

Ilosie3Hoit B TAKHX PACCYKICHUSIX TAKIKe SIBJISIETCS CJIELYIONAs
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Teopema 18 (Busimike ). Ecau nocaedosameavrocmo N —yeosvhu-
%08 My = PJ'... P} pasromepno ozpanuxena (Hanpumep, ece oHu
AEHCAM 8 00HOM U MoMm dice Keadpame K,) mo u3 nee MOICHO 6bi-
bpamsb nodnocaedosamenvrocme Qr = My,, maxyo, wmo cyue-
cmeyem npedeavhviti m—yzoavhux M, y xomopozo m < N, u dan
aobozo € > 0 natidemesa maxoe wucao L, wmo das awbozo k > L
Kaocoas mouxa epanuydt guaypv Qr yoaseHa He boaee uem Ha € om
Kaxol-mo (nanpumep Gaudrcatiwets x neti) epanuvHolt moukyu duey-
pu. M u naobopom, awobas mouxa gpanuyd M ydarena ne 6osaee wem
Ha € oM HeKOmOopol 2panudHotl mouky gueypvl Q.

Teopema Bisimmke MoxeT GbITh AJOKa3aHa U JJIsI PABHOMEDHO Orpa-
HUYEHHOHN II0C/IeJOBATEILHOCTH BBHINYKJIBIX DUTYD.

JloKa3aTesbCTBO TEOPEMBI, KaK BHIHO y»Ke IO (hOPMYIHPOBKE,
CYIIECTBEHHO HCIIOJB3yeT CTPOTLYIO0 TEOpHIO IIPEJesOoB, W IOITOMY
37ech He mpuBoUTCs. Kejaoliye ¢ HUM O3HAKOMHUTCS YHUTaTeNH
azapecyiorest K [77, 9).

344, JokaxkuTe, YTO HpeAes II0C/IEHOBATENBHOCTH BBIIYKIIBIX
N —yroJIbHUKOB $IBJISIETCSl BBIILYKJIBIM TN —yTOJIBHAKOM, y KOTOPOTO
m < N.

2345, JlokazkuTe, 4TO mEPUMETD NpeleabHON (DUTYPBI SIBISETCS
npeniesioM riepumMerpoB p(Qg), & WIomaab SIBJISIETCS! MPEAEIOM ILIO-
mazelt s(Qx).

Crenyontyo TeopeMy MOXKHO BBEIBECTH U3 €€ BAPHAHTA JJIsl BbI-
IyKJIBIX TL—YTOJBHHAKOB (Teopema 11), HO MOXKHO JOKa3aTh U HEIO-
CPEACTBEHHO, ORHAKO 3TO JOKa3aTenbcTBO Henpocro. Tor, kTo mM
3aMHTEPEeCyeTcs, MOXKeT IpoyuTarth ero B [69, 73]. Hanomeamm, uro
3aecs P — 310 noaynepumemp.

Teopema 19 (Cekedanseu-Hans). Jas npoussosvnol evnykaoll
uzypo. cnpasediuss HepaseHCMea

s < %(P2 — (P —mr)?).
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£ 346. BoiBenuTe U3 5TOM TEOPEMBI, 4TO cpeau (puryp JaHHOTO Te-
puMeTpa HaubOJIbIIYIO ILJIONIA/Ib UMeeT Kpyr(M30MeprMeTpHIecKast
teopema Illteiinepa).

CripaBenyiuBa Tak»Ke CJIeIyIOIAst

Teopema 20 (Bonnesen). /Jaa npoussoavrol evinyxaol duaypo
CNPasedAued, HePABEHCTEA

2
(R—r) P—+P?2_gs P+ +P?%2—-7s
, .
DTa TeopeMa TaKrKe SIBJISETCS yTOYHEHHEM H30TIepUMeTPUIEeCKO-
IO HEPABEHCTBA.

£ 347. TlpoBepbTe, 9TO IOCIEAHEE HEPABEHCTBO TeopeMb! Donnese-
Ha PaBHOCIJILHO TOMY, 9TO IIpU Beex t U3 oTpeska [r, R| KBaapaTHbI
TpeEXUIeH 7?2 — 2Pt + s < 0. BeiBeuTe OTCIONA, 9TO

s 5
VP2 —7s>—-—P, VP2~7s>P— —,
r R
a TaK’Ke IIepBble TPM HEpaBEHCTBA TeopeMhbl Bonnesena.

&348. IIpoBeppTe, YTO HEPABEHCTBO

P+ P2 —7s
T

R<
PaBHOCHJIBHO HEPaBEHCTBY

s < =(P? - (P —7R)?).

3| =

£ 349**. Jlokaxkute HEPABEHCTBO

1
s < ;(P2 — (P -7R)%).
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Vxasanue. IlpennonaraeM, uto durypa M siBiseTcss MHOTOYTOJIbHY-
KOM, OIPaHMYEHHBIM JiIoMaHo# . PaccMorpum ero R—okpecTHOCTH
M(R). Cornacao ¢opmyne Hlreitnepa (3aga4a 235) ee miomanp

s(R) = s +2PR + nR%.

PaccmorpuM R—okpectHocts Y(R) somaHo#t y. Muoxectso y(R)
pacnajaerca Ha INOAMHOXKECTBa Ejg, COCTOSIIINE U3 TEX TOYEK I, IJIsI
KOTOPBIX OKPY>HOCTb C HEHTPOM I M PaJuycoM R IepeceKaer 7y poB-
Ho B'k Toukax. IIposepwre, uTo wiomans s(Fy) = 0 npu HeYeTHBIX
k, a Tak>ke MHAYKIHEH 110 YUCIY 3BEHbEB JIOMAHOM 7y JOKAYKUTE, UTO

2s(E3) + 4s(E4) + ... = 8RP.
Tak xKak

s(M(R)) = s(E3) + 2s(E4) + 3s(Eg) + ... <

< 2(25(Ex) +45(E0) + ..) < 4RP,

to s +2PR + nR? < 4RP.

st pemiennst uzonepuMerpudeckoit 3anaun Llrelinep npemnsio-
JKHJT KDACHUBBIN IIpHEM, KOTOPBIA Ha3bIBAETCSl YETHIPEXINAPHUPHBIN
metog Hlreftnepa. JJasiee MBI ero OIuH pa3 NPUMEHHM, HO IOKA3bI-
BaTh, KAK PEIIAeTCs] C ero MOMOUIBIO U30IepUMeTpUYecKast pobie-
Ma, He 6yneMm, Tak Kak 9TO MOAPOOHO M3JIOKEHO BO MHOIMX KHHTaX,
nanpumep [9, 37, 38, 59, 56] (B Hux xe O6BICHSAETCS, TIOYEMY ITOT
caM 110 cebe IPOCTON METOH, HyKAAeTCsl B HENPOCThIX JOIIOJIHUTE b
HBIX OGOCHOBAHMUSIX).

HaJsee byner u3noxen apyroit kiaccuveckuit meron Illreinepa
JIOKa3aTeNIbCTBa H30IIEPUMETPHYECKON TEOpEMBI, COBEPIIEHHO CTPO-
rufl, KOTOpBI MHTEPECEH €Ille U TeM, IOPOXKAAeT MHOXKECTBO HMHTE-
PECHBIX 387184, ¥ UMEET MHOI'O IIPHJIOXKEHUIA.

2.8 Cuvmerpuzanus no IlIreiinepy

Cummempusayuets no IlImetinepy BHINYKiOH (PUTYpBI HA3BIBAETCS
€e CHMMEeTpH3aI|sl OTHOCUTEJIbHO J1000 sannOM ocH. Brinosnnsercs
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OHA CJIeAyIomuM 06pa3oM. PaccMOTpUM ceMelicTBO MPSIMBIX, NE€PIIEH-
JUKYJISPHBIX gaHHO# ocu. Kaskmast 3 Hux nepecekaercst ¢ Gurypoit
10 HEKOTOPOMY OTpe3Ky win Boobiue He niepecekaercs. IlepemecTim
KaXXJbIil U3 3THX OTPE3KOB BIAOJb COOTBETCTBYIOUICH IIPSIMOM Tak,
4TO6BI OH CTAJI CAMMETPUYHBIM OTHOCUTEJILHO AAHHON ocH (JpyraMn
cyioBaMH, jgenusicst et monosiam). O6beuHeHNe MOy eHHBIX OTPe3-
KOB ¥ HA3BIBAETCSI CUMMeTpu3auneil nanHoi ¢Gpuryps! OTHOCHTEIBHO
JaHHOU ocu. Bee ciemyiomue yTBEpKIEHUST CIIPpaBe/INBBI [ JIIO-
601 BBINMYKJIO# (PUryphl, HO HAM OHM IOHAJOOSITCS TOJIBKO JJIsT MHO-
TOYTOJIbHUKOB,

£ 350. Joxkaxxure, uro npu cuMmmerpusanuu [lrefinepa miomans
GUrypsl He MEHSIETCSI.

2351, Jokaxkure, uyro npu cummerpusanuu Illreiitnepa oTrHOCH-
TeJIbHO OCH CUMMETpHU# DUrypsl cama ¢Gpurypa He MeHsIeTCs.

& 352. [okaxkute, 4TO Tipy cumMerpusanun lTeliHepa EHTpaIb-
HO-CUMMETPHUYHASI (PUTypa OCTAETCS IEHTPATbHO-CHMMETPHYHOM.

& 353. Noxaxute, uTo mpy cummerpusanun [lteftnepa n—yroms-
HPK IIPEBPAIAETCS B CHMMETPUYHBIN OTHOCUTEIBHO IPSIMOHN BBIIYK-
JIBIA M—YTOJIBHUK, m < 2n, Toll e IIoma u U He 6oJbInero nepu-
MeTpa.

Yxazanue. Ilpumenure 3anaay 163.

& 354. Jlokaxure, 9to mpu cuMmMerpusanuy 1lITelinepa BHYyTpeH-
HUPl paJilyC He YMEHBIIAETCS, & BHEIIHUN — HE YBEIUYHBACTCS.

£355. Jlokaxure, UTO npu cumMmerpudanuu lltefirepa npaBuib-
HOTO TPEYTrOJIbHUKA OTHOCHTEJILHO €ro CTOPOHBI IIOJIy4aeTcs: poMb,
IpU 3TOM BHYTpeHHHH pajguyc B 3/ V7 pa3 BO3pacTaeT, & BHEIIHNH
paauyc B v/3/2 pa3 y6uipaer.

£356. Jlokaxute, 410 Ipu cuMMmerpusamun lllTeiinepa auamerp
HE YBEJIMYMBAETCS, & €CJIY CHMMETPH3AINIO BLINIOJIHWTD OTHOCUTEIb-
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HO J@aMeTpa, TO OH He M3MEHHUTCs, & N —YTOJbHUK IIPeBPAllaeTcs B
M—yroabHuK, m < 2n — 2.

&357. INokaxmute, uro npu cuMmerpu3anuu [llTefinepa BHyTpeH-
HUH pajuyc U IIMPHHA MOFYT BO3pacTH B J1i060oe YuC/IO pa3, a BHell-
HH# paguyc, AuaMeTp U IEePpUMETpP — YMEHBIINTCS B J1oboe YHCIIo
paa.

Vxasarue. BHIIOTHATS CHMMETPH3AIINIO JIJIMHHOTO IIPSIMOYTO/b-
HHKa OTHOCHTEJILHO IIOAXOIsIEil OcH.

£358. Jlokaxure, 4To ecian cumMerpusanumio Itefinepa nocreno-
BATEJIbHO BBLINIOJIHUTH OTHOCHUTENLHO IEPHEHIUKYJISIPHBIX OCEH, TO
N—yTOJbHUK IIPEBPAINAETCS B IEHTPAJIbHO-CHMMETPHYHbBIN m—yTro
apHEK, m < 4n. Ecin B KadecTBe IepBoif ocd BuIOpaTh IuamMerp
N—YTOJbHYUKA, TO OH NPEBPATUTCS B M—YTONbHUK, m < 4n — 8,
TOrO XK€ JuameTpa.

TeopeMbl OKpPYIrJIeHHST

Crepyommee fajee I0KA3aTEILCTBO H30NEPUMETPHIECKOTO CBOKCTBA
Kkpyra cneayer uiesm [llreiinepa U NpUHALIEKUT HEMEIIKOMY MaTe-
MaTHKY DmJepy.

2359, Jokaxxure, 4TO €Cc/i¥ JABE OCH CHMMETPHH MHOrOYrOJIbHHUKA
o6pasytor yron m/2F, To onn mepecekarorcst B ero uentpe cuMmer-
pHH.

Yxa3anue. Ecnm BbIIOJIHUTE ApYr 3a ApyroM IpeobpasoBaHusd
3epKaJILHOTO OTPAa’KEeHUsI OTHOCHUTENIBHO ITUX OCel, TO HOJIydHTCs
noeopoT Ha yroi m/2F 1 ¢ nenTpom B ToUKe nepeceuenus ocei, nepe-
BOZSAIMA MHOrOYTrombHHK B cebsi. [Tosropsia aToT mosopor 28! pas,
TIOJIyYMM LEHTPaIbHyI0 cuMMerpuio. Ha caMoM fene orpanuueHue
MHOI'OYTOJIBHUKAMHY U YIVIAMH CIIEIHAJILHOTO BHJA HECYIIECTBEHHO.

£360. (90aep) JloKarxKuTe, YTO €CIIHM BHITYKILIA 71— YTOILHUK HME-
er 2F < n oceit cuMMeTpHH, SIBJISTIOIMUXCST B HEM JUATOHAJISIMH, [IPH-
9eM cocefiue ocu 06pasyioT paBHBIE YIVIbl MEXIY CO0O0M, TO MOXKHO,
He MEeHsisl €ro IIePUMeTpa, U He yMeHbIIasl IUIOIa/ (b, Ipeobpa3oBaTh
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€ro TakK, 9TO BCE YKA3aHHbBIE OCH CHMMETPHH, COXPAaHsIsI CBOU HAIIpaB-
JIEHUSI, CTAHYT PaBHBIMHU.

Vxasanue. st KaxKInoro u3 ceKTOpoB, H& KOTOphle pa3buBaeT-
CSI N—YTOJIbHUK COCEJHVMH OCSIMH CHMMETPHH BHIDABHATH OOKOBBIE
CTOPOHBI CEKTOpa, TaK, YTO IPHU STO He U3MEHHTCS XOpAa CeKTOpa
¥ COOTBETCTBEHHO CTSITMBAEMAsl el YacTh IEPUMeTPa Nn—YyroJIbHUKA,
TI0CJIe Yero IPUMEHUTh 3a1a4y 42.

2361. (9drep) Jokaxute, uTO €CIH N—yrombHuK nmeer 2F < n
ocelt CHMMETPUH, SBJISIONUXCA B HEM PABHBIMH JUATOHAJISIMHU, IIPH-
YeM coceTHUE ocH 00pa3yioT paBHbIE YIJIBI MeXAy co00it, TO MOXKHO,
HE MEHslsl YKA3aHHBIX OCell CMMMETDPHH U IUIOIIAJM N— YIOJbHHKA,
npeobpa3oBaTh €ro Tak, YTO y HEro MepuMeTp He YBEJIUHUTCS U I10-
sBsiTcs eme 28 oceit cuMMerpun, AeNSIMX TOTOIAM YIVIBI MEXKIY
CTApPBIMHU OCSIMU.

Yxaszanue. K KaxkjjoMy U3 CEeKTOpPOB, HA KOTOpbIe pa3buBaercs
N—yTOJbHUK COCEJHHUMH OCIMU CHMMETDPHH, IPUMEHUTH CUMMETPH-
zanuio LlTefiHepa OTHOCUTENBHO GUCCEKTPUCH! YIVIA IIPU BEpIIWHE
9TOTO CEKTOPA.

&2362. (S0sep) okaxkure, 9TO NPUMEHSIsSI NOCIEN0BATENbHO IIPH-
eMbl, YKa3aHHbIE B IIPEABIAYIINX ABYX 3a/a4aX, ¥ [IOBTOPSS 3TO HE
Goitee 2"! pa3, MOXKHO N —YrOJBHHK HPEBPATHTh B 2F—yronbHuk,
k < n -1, y KOTOpOro miomaab He YMEHbIIUTCS, MEPUMETD HE YBe-
JIMYMTCS, ¥ KAXKJIasl U3 MArOHAJIEH, MPOXOISIINX Yepe3 ero HEHTP
cuMMeTpuH, 6yIeT OChbI0 CUMMETPHH, B YIJIBI MEXK/Iy COCETHUMU JHa-
roHajsiMu. OyIyT paBHBL.

&363. (Doaep) dokaxure, 4TO 1715 JIOBOTO HENPABHIBHOTO N—Y-
TOJIBHIKA MOXKHO IIOCTPOMTD IpaBWIbHbIN 28 —yronpauk, k < n—1,
TOM 2ke IWIoWaau K OOJIbINero IepuMeTpa.

&2 364. Jokaxxute, 4TO y J1I060OI0 N—yroJIbHHKA IUIONAAb MEHBIIE,
YyeM y Kpyra TOTO JKe IIepuMeTpa.
Cnenyromast TeopeMa UHTYUTUBHO JOCTATOYHO OYEBHIHA.

Teopema 21 (ITpuGnuxenue bUrypbl n—yrojabHUKaMu). Jas 410-
6020 € > 0 8 02PAHUNEHNYIO SAMKHYMYIO BBNYKAYIO PULYDY MONHCHO
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BNUCATD PABHOCTROPOHHUT YEMHOY20NDHUK, Y KOMOPO20 NEPUMEMD
U NA0WA0L OMAUNGIOMCA He BoAEE Yem HA € 0N NEPUMEMPA U TWA0-
wadu dannot duaypul.

Teneps Bce roToBo, 9TOOBI YUTATEIH CAM [IPOBEJ T0KA3aTEILCTBO
cjaenyoueil TeopeMel.

Teopema 22 (U3onepumerpudeckas: Teopema). Cpedu ecex dueyp
OGHHBMY NEPUMEMPOM HAUBOALWYIO NAOWATD UMEET KDY2.

Ob6paTuM BHMMaHHE, YTO B YCJIOBHH TEOPEMBI HE CKA3aHO, YTO
durypa BhIIyKJas, TaK KaK TeOpeMa BepHa JJisl Jiio00# orpaHneH-
HOYt urypsl, IOTOMY, YTO BBIIYKJIass 060049Ka JI060# OrpaHudeH-
HOM urypsl uMeer GOJIBIIYIO JIOWIAAL X MEHBIINHA IIEPUMETD, UeM
ucxonHast purypa.

Eme ogH0 10Ka3aTesILCTBO (KOTOPOE MOXKHO IIPOBECTH M B IIPO-
CTPAHCTBEHHOM CJIy4ae), MOXKHO IOJIy49HTh, PELIUB CJIEAYIONHE 3a-
JaYu.

&365*. JokaxkuTe, 4TO €CiM JBE OCH CUMMETDWM OTrpPaHNYEHHON
BBHIYKJIOK (Urypsl 00pasyIoT yros Qm, IJe & — UPPaAlAOHAIbHOEe
YHCJIO, TO 3Ta PUTypa — KPYT.

PaccMoTpuM nocneioBaTeIbHOCTh MHOTOYTOJIBHUKOB My, TIOJTY-
YaOIIyI0csl HOOUEPENHBIM BBIIOJHEHAEM OIEpPAINii CUMMETPH3aIul
OTHOCUTEIFHO ABYX Oceit, 00pa3yIonux yroyu qm, rhe ¢ — Uppany-
OHaJIbHOE 4uCiI0. B 3To# 1mocie10BaTesIbHOCTY MHOT'OYTOJIBHUKH C
YeTHBIMYA HOMEPaMH CHMMETPUYHBI OTHOCHTENILHO OJHON OCH, & MHO-
FOYTOJILHUKYA C HEYETHBIMHM HOMEPAMY — OTHOCHTENIBHO ApYyroi.

2366 LlenTp TsAKeCTH CUMMETPU3aLNK JAHHOM DUryphI ABISIETCS
IPOEKINel IEHTpa TAXKECTH TOH (DUrypHI Ha OCh CUMMETPHU3AINH.

Yxaszanue. Llentp Tsikectn cuMmerpuuHO# DUTYDBI JIEXKUT Ha
ocu cummeTpun. [Ipy BBINOJIHEHNN CUMMETPU3aIMK [EHTD TIXKECTH
MOYKET CABUHYTHCH TOJILKO B HAIPABJIEHAU IEPIEHAMKYJISIPHOM OCH
CHMMETPU3AIWH.

2367 IIpenes nocneA0BaTEALHOCTH HEHTPOB TSXKECTH JAHHOM I10-
C/IEA0BATENBHOCTH (DUTYDP COBHANAET C MEHTPOM TSIXKECTH IIPelesib-
HOM Gurypsl 3TOH 10C/IEI0BATEIHEHOCTH.
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Crenyrollyo KJIACCHYECKYI0 TeOpeMy YMTATENh MOXKeT HaifiTh B
m0060M ZOCTATOYHO TIOJIHOM Y4YeOHHUKE MATEeMaTHIeCKOro aHAJIN3a.

& 368*. (Betiepumpacc) MOHOTOHHAST OTDAHUYIEHHAST
TIOCJIENOBATEILHOCTL UMEET IIpejiel.

o Toro, kak Betiepurrpace copmyaupoBas u Doka3al ee, Teo-
peMa MHOIMM Ka3aJ1ach O4eBHAHOH.

£ 369. Ecu sobas CXOISIIIAsICS [IOAIIOC/IEN0BATEAbHOCTE IIOC/IEI0-
BaTenbHoCcTH uryp M, uMeer OJHY M Ty XKe IPeIesbHYIO buUrypy,
3HAYUAT U BCsI TOCEIOBATEILHOCTh M, NMEET Ty »Ke IpeesbHYIO

dburypy.

Teopema 23 (IllBapua 06 okpyruenunn). IIpedesom onpedesernod
8bIE NOCACOOBAMEABHOCTNY PUzYD Pasroli NAOULAOY ABAAEMCA KDY2
mot oice naowadu. Juamemp e2o He NPesocTodum Juamempa ucroo-
Hot ueypot.

DCKU3 10KA3aTe/ILCTBA.

Tak Kak nepuMeTpsl ¥ JUaMeTpsl (PUTYD B IIOCIIEI0BATEILHOCTH
HE BO3pAacTaJjid, TO CyIIECTBYeT IIPEees UX IePUMETPOB P, IIpesiesl UX
JAuaMeTpoB d, KOTOPhIE OYEBHUIHO COBIIAJAIOT C IIpeAeaMy JJIs JIo-
6oit moamocsemoBaTetbHOCTH GuUryp. Bribepem u3 ganHON rmocieno-
BATEJIBHOCTH JIIOOYIO0 CXOASILYIOCS TIOATOCTEA0BATENBHOCTD (UX CY-
HIECTBOBAaHUE rapaHTUPyeT TeopeMa Buibopa Buisiike) n paccMoTpuM
ee TpeneabHyIo ¢urypy. Ecau BeiOpaHHasT MOANIOCIEI0BATENIBHOCTD
CONEPKUT OECKOHEYHO MHOI'O KAK YETHBIX, TAK M HEYETHBIX dHCel,
TO C OJIHOM CTOPOHBI, €€ IpelesibHasl (pUrypa COBIaLaeT ¢ NpeAeaoM
YETHOH TOIOCIEOBATELHOCTH, IOITOMY OHA HMEET OChb CHMMET-
pHH, COBNAJAIONIYIO ¢ OJHOM M3 JAHHBIX Oceil, a ¢ Apyro#f CTOPOHHL,
OHa CHMMETPHYHA M OTHOCHUTEJIBHO JIPYToi OCH, a II03TOMY ABJISIETCS
kpyrom K Toif 3Ke iomaay, ITO U MCXOAHAs! DUTypa, H C IEHTPOM
B TOYKE NEepecedeHust ocell, T.e. Bce TaKue IOIIOCIeN0BaTeIbHOCTH
HMEIOT O6IIyI0 Mpeae/bHYI0 (DUTypYy.

Ecin xe paccmarpuBaemasi IOJIITOC/IEI0BATEILHOCT CONEPIKUT
TOJILKO KOHEYHOE YHCJIO0 Y4JIeHOB ¢ HOMEpaM# NMAaHHON 4eTHOCTH, TO
BBIKH/ILIBASI U3 HEE HECKOJIbKO HAYAJBHBIX (PUTYD, IIOJIydaeM Iocye-
JOBATEIbHOCTh (DUryp, IIpenen KOTOpolt L cUMMeTpUYeH OTHOCH-
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TEJIbHO OIHOM M3 ocelf, U ero nepuMeTp paBeH MPEJESTy IEPUMETPOB
dburyp paccMaTpuBaeMoil moanocienoBaTenbHocTH, T.e. p(L) = p.
CummeTpusyeM Bce QUTYpHI JaHHOM IMOCIEIOBATEIbHOCTH OTHOCH-
TEJIbHO BTOPOM ocH M paccMOTpHM npefeibHyio dburypy M, koro-
pas GymeTr mosiydaTbCsi ImyTeM cuMMerpu3aunuu durypsi L orHOCH-
TEJILHO BTOPO# ocu (3TOT (akT Hago Toxke Aoka3biBaTh!) ITepumerp
durypsr M nostomy paBeH pefely nepuMeTpoB GUryp B MOAHNOCTe-
JIOBaTEJIbHOCTU ¢ HOMEpPaMH APYTro# 4eTHOCTH, KOTODBIHM, KakK ObLI0
CKa3aHO B Hadaje, Takxke paseH p(L) = p. Ho ecnu npu cummerpn-
3aIMM TIEPUMETpP He YMEHbINWICH, To purypa L Ho/pkHaA ObITh CHM-
METPUYHONM OTHOCHUTENbHO M NPSMOM [, napasiesibHOM BTOPOH OCH.
HokazkeMm, uro [ coBrnamaer co BTopoit oceio. JeficrBuresibHO, U3 3a-
maun 366 ciemyet, YTO LEHTPHI TSXKECTH (PUTYypP paccMaTpHBaeMOi
TI0C/IEA0BATEILHOCTH TI0OYEPETHO JIEXKAT Ha JBYX OCAX W IOy YaloT-
Cs1 HOCJIeJOBATEILHBIM IIPOEKTHPOBAaHUEM APYT U3 JIpYyTa, MOITOMY
¥X TpeJes COBHAJACT C TOYKOH IlepecedeHMs Oocel, 3Ha4YUT, COIJIac-
HO 367, uenTp TsxkecTn ¢Gurypsl L coBnamaer ¢ Toft Toukoi (ueH-
TpoM Kpyra K), HO Tak KakK OH JOJIKEH JIEXKATH W Ha npsiMoit [, To
oHa coBnaaaeT co BTopoil ockio. [losToMy L mMmeer ABse HaHHBIE OCH
CHMMETPHH ¥ CJIEI0BaTENbHO OyAeT KpyroMm, KOHIEHTpu4YHbIM ¢ K 1
HMEIIYM TY K€ IUIONIalb, T.€. COBHAXalomuM ¢ HUM. Takum obpa-
30M J0Ka3aHO, YTO J106ast CXOUSIMAsICS OAIIOC/IEI0OBATEIbHOCT My,
HMeeT OJIHY U Ty JKe IpeneJbHYIO (PUTYpY, 3HAUUT H BCSI IIOCTIEI0Ba~
TeJIbHOCTb M, uMeeT Ty JKe IIpeleNibHYI0 durypy.

Crnenyromas TeopeMa y»ke BCTpeYaach HaM B YACTHOM CIIy4ae.

Teopema 24 (Kpamep). Cpedu 6cex 8unykAvL n—y2oabHuKo8 C
OGHHBMYU CTNOPOHAMY HAUDOADWYIO NAOWATD UMEEM BNUCAHHYBIT 8
OKPYIAHCHOCTIID.

Jloka3aTeTbCcTBO MOXKHO TIDOBECTH “eMbLPELULAPHUPHBIM MEMO-
dom IImetinepa. PaccCMOTPHM BIIMCAHHBIN B KDYT N—YTOJBHHK C
JAHHBIMH CTOPOHAMH M OTPEXKEM OT KPYra CerMeHThbl CTODOHAMH
Nn—yroabHuKa. Bo3bMeM IIPOU3BOJIBHBIN BBIITYKJIBIH 71—YTOJBHHUK C
JAHHBIMU CTODOHAaMU M K KaXXAOH €ro CTOPOHE NPHKJIEUM IOIXO-
asmyi cermenT. [losydenHass urypa uMeer Takod Ke IMEPUMETD,
uTO M JaHHBI Kpyr. IInomane ee paBHa cymMme Iuiomaell cerMeH-
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TOB M HaHHOTO N—yroJjibHuKa. CoryiacHO M30IepuMeTpudecKoil Teo-
peMe 3Ta IUIOIALh MEHBIE IUIOIAIN JAaHHOro Kpyra. OTHMMas oT
Hee CyMMY IUIOIAAeil cerMeHTOB, MOJIy4aeM, YTO IUIOMAa b JaHHOTO
N—Y TOJIbHUKA MeHbIIe ILJIOA/ A BIMCAHHOTO B JAHHBIN KPYT n—y-
FOJIbHUKA C TEMHU K€ CTOPOHAMH.

Eite 0aHO OKA3aTEILCTBO MOXKHO HaiiTn B [13]

£370. Ecnu onHa BhIyK/as QUTYPa COLEPKUT APYLYIO, TO ILIO-
maap 1 rnepumerp obbemutionieit purypsl 6oJibIe.

W HTepecHbIM aHAJIOTOM HM30IEPUMETPHYECKON TEOPEMEB! SIBJISIET-
csl CJIEAYIONIAST TEOPEMA, IIPUHAMJIEXKANIAS U3BECTHOMY HEMEIKOMY
MaTeMaTuKy Bubepbaxy.

Teopema 25 (Bubepbax). Cpedu ecex duzyp ¢ dannvim duamem-
POM HAUBOABWYIO NAOWGAODL U HAUOOALUWUT NEPUMEMP UMEEM KDY2.
Cpedu scex uzyp ¢ dannotll NaoULEOLI0 UMY JOHHDIM NEPUMEMPOM
HAUMEHDWUT JUAMEMD UMeem Kpye.

JlokazarenncTBo. BTOpoe yTBepikJeHHEe paBHOCHUJIBLHO IIEPBOMY.
Jokaxkem ero. MoxkHo cuntaTh, 4TO burypa Boiryksasi. Paccmor-
pum ee cummerpusanuioo Munkosckoro. Jluamerp d m mepumerp p
IIPU 9TOM HE H3MEHSTCS, IUIOIaJb HEe YMEHBUIUTCS, a TaK Kak ¢u-
rypa CTajla UeHTPAIbHO-CUMMETPHYHOM, TO OHA JIEXKUT B KpyTre Jua-
MeTpa d, IO3TOMY ee IIona b He Gonbime md2 /4, a nepumerp p < 7d.
PaBeHcTBa BO3MOXKHBI TOJIBKO KOTZia cUMMeTpu3aius ecTb Kpyr. Co-
IVIACHO M30TIEPUMETPUYIECKON TeopeMe PABEHCTBO st IIOIHAIH BO3-
MOXKHO TOJIBKO B CJIy4ae Kpyra. PaBeHCTBO [Jis1 IEpUMETPa BO3MOXK-
HO TOJILKO Jyis1 (PUTYp TIOCTOSIHHOM IMMpPHHBI (0 HUX CM. B pa3jeiie
2.10).

Tak Kak CBOMCTBO MOHOTOHHOCTH ILJIOIIAH IIPU CUMMETPH3aIN
MuHKOBCKOro ene He OBUIO TOKAa3aHO, TO NPUBELEM BTOPOE JOKa3a-
TeJILCTBO (TONBKO Jyist wiomaan). Caenaem cummerpusanmo et
Hepa I0CJIEJOBATEIBHO OTHOCUTEILHO NEPIIEHINKYJISIPHBIX Ocell, Bbl-
O6paB B Ka4decTBe IEpPBOH ocu AguaMeTp (PUTyphbl, TOTAA OHA, HE H3-
MEHMB IUIOL@Ob W JUaMeTpP, CTaHeT IEHTPAJbHO-CHMMETPHYHOH, H
nosToMy OyZer JiekaTh B Kpyre JuaMmerpa d, TOITOMY ILIOMAL €e
He Gosbme 7d? /4, TipuYeM PaBeHCTBO BO3MOYKHO JIMIIb KOIJ@ CHM-
METPHU3aLHs €CTh KPYT, T.e. KOIAa UCXONHas (PUTIyPa eCTb KPYT.
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Tperbe IOKa3aTeNbCTBO IS IJIOMIAAN JIETKO IOJIyYUTh U3 TeOo-
pemnr [TIBapna 06 okpyrienun (6e3 ycioBus paBeHCTBA).

Eme oaHo o4eHb KOPOTKOE JOKa3aTeNIbCTBO ITON TEOPEMBI MOXK-
HO npouects B [41, 66]. Ho oHO HCnonb3yeT uHTErpabHOE UCUNCIE-
HHe.

2.9 «3anava JAugoHbI»

CorsniacHo apeBHeMy MuUQYy, CIeLyIOmAs 3a1a49a BO3HUKIIA TIePe]] Bbl-
caquBInelicss Ha adppukaHckui 6eper sereHnapHol GUHUKUUCKON 11a-
puneit JumoHott, Korza MecTHBIE IUIEMEHA Pa3pelidyiy el 3aHsThb
CTOJIBKO 3€MJIH, CKOJIbKO MOXKET HAKPBHITH ObIYbs HIKYDa.

&371. (3adava Judors,) OTTOPOAUTH OT MPAMOMHEHRHOrO Gepera
MOPSI BEPEBKO# JaHHON MJIMHBI MAKCHMAJBHYIO ILIOMIAdb.

Yxasarue. CocTaBbTe U3 ABYX Takux uryp urypy c nepumer-
poM, BAiBOe GOIBIINM JTMHBI BEPEBKY, H IIPUMEHHUTE H30MEPHMETPH-
YECKYIO TEOPEMY.

2372, OtropoauTb OT HPSIMOrO YIJjia BEPEBKOM NAHHOMN AJIMHBI MaK-
CHMAaJIbHYIO IIONMIAb.

Yxasanue. CocTaBpTe u3 dernlpe Takux Guryp burypy c nepu-
MEeTpPOM, BUYeTBEpO BOJIBIIMM AJIMHBLI BEPEBKH, W IIPUMEHHUTE H30IIE-
pUMETPHYIECKYIO TEOPEMY.

2373. Orropomuts OT yriia 2m/n BEPEBKO# JAHHOM [JIMHBI MAKCH-
MAJIbHYIO IUIOMIAIb.

Yxasanue. CocTaBpTe U3 1 TakKuX HUryp GUrypy ¢ NHepaMETPOM,
B 7 pa3 GosbIIuM JUTMHBI BEPEBKH, U IIPHMEHHUTE H30IepHMETPHYE-
CKYIO TEOPEMY.

&374. (Mosep) Kak oTropouTs OT NpsSMOJIHHEHRHOro Gepera Mopst
BEpeBKOHN naHHON NIMHBI NPSIMOYTOJBLHIK MaKCUMAJIbHON IIJIOTHAIM.

Yxaszanue. CocraBbTe U3 ABYX TAKWAX IPSIMOYTOJIBHUKOB IIPSIMO-
YTOJIBHUK C IIEPUMETPOM, BABOe OOJIBIIMM [JJIMHBI BEPDEBKH, U IIPH-
MeHHTe 3amaty 183.
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&375. (Xaymopn) Kak o1ropouTs JBYCTBOPUATOH TIMPMOI JaH-
HOW JJIMHBI OT yIJIa KOMHATHI HAUOOJIBINYIO TLIOMANE !

Yxaszanue. CocTaBbTe M3 YETHIPEX TAKUX (PUTYP BOCBMHYTOJIb-
HHUK C IEPUMETPOM BUYETBEPO OOJIBIINM JUINHBI IIUPMbI U IIPUMEHUTE
TeopeMy 3eHOI0pA.

&376. Kak 0TPEe3aTh OT KBAJAPATA JIMHUEH NaHHON JJIMHBI, MEHbIEH
€ro CTOpPOHbI, MAKCHUMAaJIbHYIO HJIOII.L&,D,I)?

Yrxasarue. Dta JTUHUSI OTpaHUYIHBAET (DUTYDY, HPHUMBIKAIOMIYIO K
JIBYM CTOpOHaM yria kBajapaTta. CocTaBbTe U3 YeThIpEX TAKUX PUTyD
durypy ¢ nepuMeTpoM, BUeTBepO GOJIBUINM JJIMHBI JIaHHOHN JIMHUH,
U [IPUMEHUTE H30IEPUMETPUUYECKYIO0 TEOPEMY.

&377. Kak OTPE3aTh OT IPABUJIBHOIO TPEYTOJbHAKA OTPE3KOM JaH-
HOM JIJIMHBI TPEYTOJbHUK MAKCHUMAJbHOM ILIOmAa u?

Yxasanue. CocTaBbTe U3 TPEX TaKUX (DUryp HIECTHYTOJbHHUK C
NEePIMETPOM BIIIeCTepO OOIBLINM JIJIMHBI NAHHOTO OTPE3Ka M IpHUMe-
HHUTE TeOpeMy 3€eHOJ0pa.

£378. Kak 0Tpe3aTh OT IIPABHJILHOTO TPEYTOIbHAKA JIHHHEH LaH-
HOM JJIMHBI, IIEPECEKAIoNEN TOMBKO JIBe CTOPOHBI, bUrypy Makcu-
MaJIbHOH TIIomanun?

Vxasanue. Cocrasbre U3 mectu Takux Guryp Gurypy c uepu-
METpOM, BIIeCTEPO GOJBINMM IJIMHBI JAHHOM JIMHUU, U IIPUMEHHTE
H30IEPUMETPHIECKYIO TEOPEMY.

& 379. Pasnenuts NIPaBUJIbHBIN TPEYrOJIbHUK Ha JBE 4acTH PaBHON
IJIOIIAAY JIMHUEH MUHHMAaJIBLHOHM JUJIHHBEI.

Vxasanue. CocraBbre M3 mecTr Takux ¢uryp burypy c Imio-
aAbI0, PABHOM IIOJIOBHHE ILIOIAAM COIAEPIKAIIEro ee IPaBHJILHOIO
WECTUYTOJbHUKA U NIPUMEHUTE U30MEPUMETPUUECKYIO TEOPEMY.

& 380. Pa3nennTs KBaapaT Ha JBe YACTH PaBHOHU ILIOMIaAu JIMHHEH
MUHUMAJILHON IJIVHBI.

Yxasanue. TIpoBecTn B HEM CPEAHION JIMHUIO: ).
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& 381. Cpeny Bcex Guryp, OrpaHHYEHHBIX OTPE3KOM IPSIMOi JaH-
HOU N/IMHBI M KpuBO# JinHueH JaHHON JTMHBI HAnOOBIIYIO IUIONIATh
HMEET CerMeHT Kpyra.

& 382. Cpenu Bcex puUryp JaHHON IJIOMIAAN, OTPAHUYEHHBIX OTPE3-
KOM NpsiMOM JaHHOW JUIMHBI U KPHUBOH JIMHUEN HamMeHbHINH Itepu-

METp HMEET CErMEHT KpyTa.

Yxasanue. IlocTpouM yKasaHHBIN SKCTPEMAJIBHBIN CETMEHT KpPy-
ra ¢ JaHHBIM OCHOBaHHeM. Jlo6aBuM K HEMY €Ile CEerMEHT, JOIOJI-
Hsomui ero Ao kpyra. Jlo6aBuM TOT ke CerMeHT K MPOM3BOJIBHOMN
durype ¢ HaHHBIME IEpUMETPOM M OcHOBaHueM. llosyuum durypy
C U3BECTHBHIM TIepuMeTpoM. MakcuMasbHasT IIOMAAb €€ IPY JTaHHOM
nepuMeTpe 6y/ZieT, KOrJa OHa COBIAJET C KPYTOM JAHHOTO IIepUMET-

pa.

& 383. Cpenn Bcex N—YTONBHUKOB C JAHHOM CTOPOHOM ¥ JAHHBIM
IIEpUMETPOM HanbOoNbIIYIO ILIOIMIANbh MMEET BIHCAHHBIY B OKDYIK-
HOCTb, Y KOTOPOTr'O BCE OCTAJIbHbIE CTOPOHBI PaBHHI.

Vxazarue. PaccMOTpuM yKa3aHHBIN SKCTpEeMaJIbHbIN 72— YTOJIbHUK
¥ CErMEeHTBI KpyTra, KOTOpPBIE OH OT HEero orpe3aeT. K npou3Bo/ibHOMY
N—YTOJbHUKY C JAHHOH CTOPOHOH, JAHHBIM NEPHMETPOM H PaBHBI-
MH OCTaJIbHBIMH CTOPOHaMH IIPUKJIEUM yKa3aHHbIE CETMEHTHI KO BCEM
ero cropoHaM. Ilonyyennas purypa umeer nepuMeTp, paBHbIH HepH-
MEeTpYy JAaHHOTO Kpyra, IO3TOMY €€ MaKCHMaJjibHasl IVIOmaab Oyler,
KOI/Ia OHA COBIAJET C 9THM KPYTOM, T.€. N-yroJbHUK Oyner BOucaH B
Kkpyr. Ecin >xe He Bce CTOPOHBI —YTOJbHUKA (OTJIHYHBIE OT AAHHO-
IO OCHOBaHWsI) PaBHBI, TO OH HE MOJXKET ObITh 9KCTPEMAaJIbHBIM, TaK
KaK COCeHHEe HEPABHbIE CTOPOHBI MOXKHO 3aMEHUTh Ha DPaBHBIE Tak,
YTO TIEPUMETD He USMEHUTCS, a IUIONIQIb YBEJIHIUTCSI.

2384, Cpenn Bcex n—yrojIbHUKOB C JAHHOM CTOPOHOM W JaHHON
TIOIIAJIBI0 HANMEHbIINt IEpUMETD UMeeT BIIUCAHHEIN B OKPY>KHOCTD,
Y KOTOPOr0 BCE OCTa/IbHbIE CTOPOHBI PaBHBI.

Yxasanue. BoiBecTn U3 npeaplayIieit 3aaaqm.
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&385*. (Kyboma) Kak 0oTpe3aTh OT JJIMHHOTO NDSMOYTOJBHUKA
eIMHUYHON IIUPYHB! (GUTYPY AAHHOIO HEPUMETPa W MAKCUMAJIbHON
momagu’

& 386*. Briykias ¢urypa JaHHOrO NNEpUMeTpa OrPaHMYeHa ¢ Tpex
CTOPOH YaCThI0 KOHTypa Hapajuiesiorpamma. B kakoMm ciydae OHa
IMeeT MaKCUMAJIbHYIO IIOIALh?

2.10 Purypsl HOCTOSHHON INMPUHBI

s npoussonbHOH durypsr M o6o3nauum bys(¢) mUpHHY IpOEK-
o 9TOM PUTYDHI Ha MPSIMYIO, BBIXOSILYIO IO YIVIOM ¢ U3 Ha4asa,
koopruHat. PyHKIWs bar(¢p) oueBHAHO ONpefesieHa Ha OTPE3Ke OT
HyJIs I0 T U €e MOXKHO MEPUOAUYECKH NPOJOJIXKUTH Ha BCIO YHCJIO-
BYIO OCb C mepuogoM 7. O4YeBHIHO, YTO MHHHMYM 3Toit (pyHKIMM
paBeH mupune urypst M.

Bonee noapobHO 0 durypax IOCTOSAHHON IMUPHUHBI MOXKHO IIPO-
quraTh B [59, 77).

& 387. [Ipu HEYEeTHOM N PACCMOTPUM TIePeceveHue 7 KPYTOB C IeH-
TpaM# B BEpIIHHAX HPABUJIBHOI'O 7N —YIOJBHHAKE, Paudyc KOTOPBIX
paBeH JAMaMeTpy JTOro n—yrojbHuka. JJokaxkute, 4To sTa GuUrypa
(na3biBaemast n— yroJabHUKOM Peio) comepxut B cebe naHHBIN mpa-
BUJILHBIN 11— YTOMBHUK, SIBJISIETCS BBIILYKJION, UMEET BO BCEX HAIIPaB-
JIEHUSIX OQWHAKOBYIO IMMPUHY b, paBHYIO JUAMETPY HAHHOIO IIpa-
BWJIBHOI'O N—YTOJIbHUKA, U ee IepUMeTp paseH 7bh.

& 388. Jlokaxkure, 9TO qUAMETpP (DUIyphI IIOCTOSIHHON IIUPUHBI Pa-
BEH ee LINpHHE.

Yxaszanue. ITpumennte 3anady 22.

durypa Ha3BIBAETCSI NOAHOU, €CIH TP N0OABIEHNH K Helt 060#
HOBOH TOYKM €e JUaMeTp yBeJINYUBAETCH.

&389. Jlokaxure, 9TO mobast onopHas npsMasi K purype rnocro-
SIHHOM IIMPHUHBI TIEpeceKaeTcss ¢ Helt POBHO B OMHON TO4Ke (TOUKe
KacaHusi). Ecau mpoBecTn mnapaJiiesibHO JaHHOM OIOPHOH NpsAMOH
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ele OHY OTIOPHYIO NPSMYIO M COEIUHUTh UX TOYKH KaCaHusl, TO IO-
JIy4eHHBIN oTpe30K 6yaer quaMeTpoM (burypsl, neprneH UKy IISIPHBIM
K 9TH OIIOPHBIM IIPSIMBIM.

Yxasanue. [IpumennTe 3anauy 327.

Crnenyroomast TeopeMa HNPHHAINIEKHUT HEMENKOMY MATEMATHKY
Maiiccuepy.

Teopema 26 (Maiiccuep). Jobas guzypa nocmoantots wupurs: A6-
ASEMCA NOAKOT U Haobopom.

Ee mokasaresnbcTBO MOXKHO HaiiTu B [11].
Crenyiomue J1Be TEOPEMbI HIPHHAAIENKAT YKe YIIOMUHABIIEMYCST
1O. any.

Teopema 27 (Ilan). Jhobas Pueypa duamempa D codeporcumes 6
duaype nocmosannoti wupuns D.

Teopema 28 (ITas). Boxpye dueypwu nocmoanroti wupunss D moorc-
HO ONUCAMD NPABUALHBIT WECNUY20AbHUK WUPUuHbL D,

2 390. Hokaxkure, 4To eciu PUrypa MOCTOSHHON IIHPHHBI LIEHT-
pPabHO-CHMMETPHY Ha, TO 3TO KPYT.

Yxasanue. Y 1eHTpabHO-CHUMMETPUYIHON (DUryphI ITUPUHA PaB-
Ha yIBOEHHOMY BHYTPEHHEMY paJuycy, a JUaMeTp — YIABOEHHOMY
BHemHeMy paauycy. I[Ipumennte 3agauy 388.

£391. JlokaxuTe, 9TO MOJyCyMMa (PUIyp HOCTOSHHOM LIHPHHBL
HMeEET MOCTOSIHHYIO IUHPHHY.

Yxaszanue. CoryacHo 3agade 322 mosrycyMMa ABYX IIapaJijiefib-
HBIX I10JIOC OQUHAKOBOH LIMPHHBI €CTh NapaJijIeIbHAST MM I10JI0Ca TOH
»Ke IIUPHHBI.

2392, HokaxkuTte, uTo cumMmeTpusanust GUrypsl MOCTOSTHHOM 1K~
PHHBI €CTb KPYT TOTO >Ke JIAaMeTpa.

Yxasanue. Ilpumennre 3agaun 331,391,390.

CnpaBenyiueo 1 0OpPaTHOE YTBEDIKIEHHE.

&393*. JloKarkATe, YTO €C/IM CHMMETDH3AIMs] BHITYKJIOH (UTypHI
€CThb KPYT, TO 9Ta (puUrypa HMeeT IOCTOSIHHYIO HIUPHHY.
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Vxasanue. Ilpumenure 3amaun 388, 336.

£ 394*, JIokaKuTe, 4TO y BHILYKJION (PUTYPBI IOCTOSHHOM IHPHHEI
HanOOIBIINN BIMCAHHBIN 1 HAUMEHbIINH OIMHCAHHBIN KPYTH KOHIEH-
TPHYHBI ¥ CYMMa UX PaJInyCOB PaBHA IIUPHHE (DUTYPEL.

£ 395. Yoy npu BepiIuHe GUrypbl IOCTOSIHHOM IIUPUHBI HE MOXKET
6biTh Menbile 120 rpaaycoB. PaBeHCTBO AOCTHraeTcsl TOJBKO IJISt
TpeyroabHuKa Peso.

Pemenne 370l 3aqa4u MOXKHO HaiTu B [59).

£ 396*. JlokaxkuTe, 9TO CPEH BBIIYKJIIBIX (DUTYDPBI IOCTOSHHOM K-
puHbI HanbosbIIKi BHEIIHUH U HAMMEHbIINY BHYTPEHHHAN paauychl,
a Tak>Xe UX HaubOJIbIIYIO Pa3HOCTh MMeeT TpeyroJbHHK Pero.
Yxasanue. ITpumennts 3anauu 388, 394 u reopemy HOHra.
CrnpaBeZyiuBa clielyIoNnasi TeopeMa, MpHHAIeXKamas 3HaMeH-
ToMy (ppaHIly3cKOMy MaTeMaTuKy Komm.

Teopema 29 (Kowmn). Ilepumemp swinyxaoti gueypu. pasen

/ " bar(9)d.

BumecTo unTerpana B GOpMYIHPOBKE TEOPEMBl MOXKHO HCIOJIB30-
BaTh NPEJEe
n—1
1
B(M) = lim — S b (im/n)
n—oo 1, 4
i=0
(cpeagoio mupuny urypsl M.) TeopeMy JOCTATOYHO JOKA3aTh JJIsI
BBINYKJIBIX MHOTOYTOJIbHUKOB, & JIJIsl HPOU3BOJIbHBIX BBIIYKJIbIX (hu-
Typ OHA IOJIyYaeTCsl IEPEXOJIOM K Ipenety (KOTOpbIi 371ech OIyCcKa-
ercst).
JInst MoKa3aTesIbCTBa PACCMOTPHM IPOKU3BOJIBHOE MHOXECTBO OT-
pesKoB I, (Hampumep, 06pasyiomux JIOMaHyIO, HO He 00sI3aTeNIbHO),
JUTsl KaXKJ0TO U3 HUX BBIYHCIIHM

n—1

1, 1 .
V() = nlLHOIO - % by, (im/n) = nanéo - iz; k|| cos(im/n + ag)|,
1= =
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> V)
k

sapuayuetl MHOYKECTBa OTPE3KOB k.

H Ha30BEM

&2397*. Jloxaxure, uro V(i) = C|lk|, rae |lx| — mmuna oTpeska I,
a C — HekoTopas KoHcranTa (Ha camom gese C = 2/m).

£ 398*. PaccMOTPHM BBIILYKJIBI MHOTOYTONBHHK My,, BIHCAHHBIH B
JaHHYIO BRINyKIyIo durypy . Jokaxkure, 9TO BapHalus MHOYKECTBA
€ro CTOpPOH, paBHAs

n n
Y V) =C Ikl

C Apyroif CTOPOHBEI PaBHAa

2B(M,) = n}}_r’noo - Z b, (i /m).
i=0

Yxa3anue. CymMMa mpoekumit CTOPOH MHOTOYTOJIbHUKA Ha JII06YI0
IpAMYIO B ABa pa3 GoJibie IIpOeKIUK Ha Hee caMoro MHOI'OYTOJIbHU-
Ka. OCTaeTCH IIOMECHATDL IIOPAA0OK CYMMHPOBaAHHUS B IIOJIyYHUB DaBCH-
CTBO

n m-—1
— Z 2barn (i /m) = Z > lixll cos(im/n + o))
z—O k—l 1=0

nepefiTd B HEM K MpeZeNy MpH 1M — 0.

IlpumeHsisi mpenblAyIee PaBEHCTBO K ciy4aio, korma M ecTb
€AMHUYHBIN KPYT, ¥ IIEPEXO0/sl K [IpejIesly, HoydaeM paBeHCcTBo 20T =
4, orkyna C = 2/7, a B obwweM ciiyyae uMeeM

2
—p (M) = lek| e hm — Z ba, (im/m),

1.-0
OTKYyZa

p(M) = tim =S by (im/m) = | (@10,

m—oo m
=0
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¥ IEPEXOMs] elle pa3 K npeneny, nojaydaeMm dopmyiny Kommu.
Cnenyromast Teopema obobuiaer 3amaay 387.

Teopema 30 (BapObe). Y ar060ti huzypv. nocmoannot wupurst ne-
pumemp 8 T pa3 boavwie wupurvt. Cpedu sunyrans Pueypvl darnol
WUPUHDL HOUMEHDWUTE NEPUMEND UMENMN GUYDPBL NOCMOARHOT WU~
DUHDL.

Yxasanue. Y 370l TEOPEMBI €CTh MHOTO Pa3HBIX JOKa3aTeNIbCTB.
MoxxHOo, HanpuMep, TPUMEHUTD 3ada1y 392 mniu TeopeMy 29.

& 399. Cpenn Beex GUTYD NOCTOSHHON MHPHHBI HAXGOIBIIYIO IO
HIaab UMeeT KpYT.

¥Yxa3anue. Ilpumennte Teopemy Bapbne u n3onepumeTpuyeckoe
HepaBeHcTBO [l Telinepa.

Teopema 31 (Bastmke-Jleber). Cpedu scex Pueyp nocmosnnot wu-
PUHBL HAUMERDILYN NAOULA0L UMmeem mpeyzoavHuk Peso.

JoKa3aTesbCcTBO ITOM TEOPEMBI MOXKHO HaitTu B [77].

2.11 Meron ycpeaHneHus

& 400. Vmerorcst nBe cucTeMbl BeKTOpoB. CyMMa [UIMH PO
BEKTOPOB IIEPBOM CHCTEMBI HA JIIOOYIO MPSIMYIO HE MEHbIIE CyMMBI
JUTAH TPOEKIH# BEKTOPOB BTOPOM CHCTEMBI Ha Ty »Ke npsmMyio. Jdo-
KayKuTe, YT0 CyMMa JJIMH BEKTOPOB IIE€PBOM CHCTEMBbl HE MEHbIIE
CYMMBI JIJTAH BEKTOPOB BTOPO# CHCTEMBI.

Vxazanue. PaccMoTpuTe Bapuanuu o6enx cucTeM.

£401*. Eciu cymMMa JJIMH BEKTOPOB paBHa L, TO M3 HHX MOMKHO
BBIGPATh HECKOJILKO BEKTOPOB (MOKET GBITH OZMH), CYMMa KOTODPBIX
nmeeT iy Gosbie L/,

Yxaszanue. PaccMoTpuM Bapuanuio JaHHOU cUCTeMbl BEKTODOB.
Owna pasna 2L/7, a ¢ apyro# cropors! (cMm. 398) ona paBHa cpen-
HEMY 3HAUYEHMIO CyMMBI JJIMH UX [POEKIXI HA BCEBO3MOXKHBIE IIPsI-
MBbl€, IIPOXOISIIHE YePE3 HAYaJI0 KOOPAUHAT. 3HAUUT, HalieTcs nps-
Masl, JUIsi KOTOPO# yKa3aHHasi CyMMa NpOeKIui He MeHbme 2L/7.
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MOXHO PacCMaTPHUBATD OPUEHTAIMIO HA STHX IPOCKIHAX (COOTBET-
CTBYIOLLYIO OPUEHTAIWE BEKTOPOB), H BBIOPATh OPHEHTHPOBAHHEIE B
OIHY CTOPOHY NPOEKIHH TaK, YTOGBI CyMMa MX JUIMH Gblia HE MeHb-
mwe L/m. CymMa COOTBETCTBYIOIINX BEKTOPOB MMEET MPOEKIUIO He
menbme L/7. 3HaUAT u JUINHA 3TOH CyMMBI He MeHbuIe L/,
VTBepxkAeHHE NPeablayIelf 3a/a49u MOXKHO YCUIIUTD.

&£402*. Eciin cymMa IJIMH 1L BeKTOPOB paBHa L, TO U3 HAX MOXKHO
BHIOPATh HECKOJIBKO BEKTOPOB (MOXKeT GBITH OfiMH), CyMMa KOTODPBIX
umeer symHy ue menbme L/((2n + 2)sin 5:55) > L/,

Yxasanue. [JobaBUM K JaHHBIM BEKTOPaM BEKTOpP, IPOTHUBOIIO-
JIOXKHBI ux cymme (€C/ii OHa paBHa HYJIO, TO HHYEro He HaJO JO0-
GaBJIsATH) U PaCIOIOKHM 3TH 7 + 1 BEKTOPOB, CyMMa KOTODBIX DaB-
H& HYJIO, TaK, YTOOBI OHM OTDAHUYMBAJIA BBINYKJILIH 7M1~ YrOJBHHK,
m < n + 1, ¢ nepumerpom, He MenbmuM L. Torma amamerp sToro
M—YTOJIbHEKA YZOBJIETBOpsieT HepaBeHCTBY L < p < 2mdsin s -.
OcTaercs BHIOPAThL BEKTOPA, 00pa3yoniye JJOMAHYIO, COSIUHSIONLY IO
KOHI[BI JAAMETPA.

£403. Ecin cymMMa JUTHE N BEKTOpOB paBHa L, a cymma caMux
BEKTOPOB HyJIEBasi, TO M3 HMX MOXKHO BBIODATh HECKOJIBKO BEKTO-
poB (MoOXeT GBITh OJUH), CyMMa KOTOPBIX HMEET IJIMHY HE MEHbIIe
: yis
L/(2nsin g-).
Yxa3anue. B npeapiaymeM ykKa3aHHe MOXKHO B3STh M = 7.

2 404*. Ykaxxure 6 BeKTOPOB ¢ cyMMolt inH L 1 HysieBo# BeKTOp-
HOW CyMMOIi, U3 KOTOPBIX HEJIb3sI BHIODATH HECKOJIBKO, CyMMa JIJTHH
KoTOpBIX Gyner Goneme L/(12sin {5).

Vxasanue. B3saTe BekTOpa, MAYIIKE IO CTOPOHAM INECTHYTOJIb-
nuka Pefinxapara (B HalpaB/IeHHH, HAIIPUMED, II0 YACOBOH CTpEJIKE)
¢ nepumerpoM L u auamerpom L/(12sin ). IIposeputs, 4To cymma
mOOBIX TPEX U3 HHUX MMEeT JJIMHY He DOoJbLIe 9TOro AUaMeTpa.

& 405. Ecnu ofua BRINyKJas UTYDA JIEKUT BHYTPH APYTOH, T.e.
nepuMmeTp He Gojiplie epuMeTpa o0beMITIoNIEd pUrypBIL.

Vxasanue. IIpumenure Teopemy Kommn. MoxkHo, koHeuHo, 060~
THCh U 6e3 Hee.
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&2 406*. (BMO, 1976) st BEKTOPOB €, TAKHX, UTO €1+eg+e3+eq4 =
0, moxa3aTh HEPABEHCTBO

ler] + lea] + les] + les| = |e1 + e2| + |e1 + e3] + |e1 + e4]

Vxasanue. [lpumennts 3amady 400 u cBecTu 3ajayy K CJIy4aio BeK-
TOPOB, JIEXKAIIUX HA NPAMOH, T.e. K TAKOMY K€ HEPABEHCTBY, HO JJIs
ancen. Mogpobuoe permenue cM. B [51]. Pemenue, He ncnons3yomee
ycpenHeHue, cM. B [15].

& 407*. JI1s1 NpOU3BOJIHBIX BEKTOPOB €; CIIPABEUINBO HEPABEHCTBO
le1| + lea] + les| + le1 + ez + €3] > |e1 + ea] + |e1 + e3| + |e2 + es].

Yxasanue. Ilpumennts 3anagy 400 m cBecTH 3amady K CIydalo
BEKTOPOB, JIEXKAIUX Ha TPSIMOM, T.€. K TAKOMY K€ HEepaBEHCTBY, HO
Jutst ancedt. IlogpoGroe pemenne cM. B [54], 3agaga 11.31 . Tam xe
€CTb pellleHue, He uCnoJis3yloniee ycpeguesne. Ho npome Bcero mo-
JIOXKHTb e4 = —e1 + eg + e3 U cBecTH Bce K 3aga4ge 406.

2 408*. JokakuTe, YTO IEPUMETDP IPOU3BOILHOTO YeTBIPEXYToJb-
HUKA HE MEHbIle CyMMBI JJIMH €ro JuaroHajeil M yIBOEHHOI'O pac-
CTOSIHUSI MEXJY UX CEPeIUHAMHU.

Vxasanue. Ilpumennrs 3agagy 406.

&£ 409. Ecm JJINHBI CTOPOH U JUArOHAaJIeH BBINYKJIOTO 71— YTOJIbHH-
Ka MeHbIle d, TO ero IepuMeTp MeHblle md

Yxasarnue. MOXHO IDUMEHUTH METOA YCPeIHEHHUsT, HO 6oJee CHiTb-
Hasl OIIEHKA BBITEKAET N3 U30ANAMETPUYECKOI0 HEpaBeHCTBa pasziena
2.5.

£ 410. BayTpH BBIIYKJIOTO TL—YyTOJAbHAKA BLIOPAHA TOYKA TAK, 9TO
CyMMa BBIXOJISITITUX M3 HEee BEKTOPOB, HAIIPABJIEHHBIX B €T0 BEPIINHHI,
paBHa Hy/iO (3Ta TOYKa HA3bIBAETCS LEHTPOM MAacC Nn—yTOJbHHKA)
Jlokaxkute, 4TO €ro nepuMeTrp He MeHslule 40/n, e 0 — cyMma
paccTOsIHUY OT BEPIIMH N~—YTOJbHUKA IO €ro LeHTpa Macc.
Vxaszanue. Cornacuo 3agade 400 HepaBeHCTBO OCTATOYHO JOKa-
3aTh JJIsl [IPOEKIUH BEKTOPOB Ha JoOyio mpsimyto. IlycTs sTtu mpo-
€KIMN ¢ y49eToM 3Haka ecThb ] < 2 £ ... £ 2 £ 0 < yp—i <
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... <y1. Hpu sToM )"z = a = — ) y;, & IepUMETPY COOTBETCTBY-
er 1 — y1. YCpeAHHM Bce Z; M y;, 3aMeHUB MX Ha »  z;/k = a/k
u Y y;j/(n — k) = —a/(n — k) coorsercrsenno. IIpu sTtom z1 — 1

MOXKET TOJIbKO YMEHDbIINTCH, IIO3TOMY

(1 = 11)/(2a) 2 (a/k +a/(n - k))/(2a) = n/(2k(n - k)) 2 2/n,

T.K. k(n — k) < n?/4. Vs 3ana4n 400 Tenepsb ciexyer, uTo p > 40 /n.
HepageHcTBO OYTH JOCTHraeTcs, €C/I¥ BEPHIMHBI 71— YTIOJbHHKA Pa3-
GuThl nonoJsiaM (WJIM IOYTH IIONOJIAM), BEPUIMHBI B KaxKIOH rpyrie
PACIIOJIOXKEHBI PSIIOM APYT € APYroM, & BEPIIMHBI Pa3HbIX PYII —
JaJieKO pYyT OT Jpyra.

Cucremy uryp HasoBeM nepasdeaumoti, €CAN HE CyIIECTBYET
npsIMO#, pa3feNsioniell 3Ty CHCTEeMY, T.e. TaKo#, YTO 4acTh puryp
CHCTEMBI IIEJIMKOM JIEXKHUT [0 OHY CTOPOHY OT 3TO! HIPSIMOH, a 4acTh

— IO OpYTYIO.

2411. (Xadsuzep) Nokaxkure, 4TO Pa3feNUMyI0 CHCTEMY BBIIYK-
JIBIX PUrYP MOKHO HAKPBITh BBIIYKJIOHN GUTypoit MEpUMETP KOTOPOi
paBeH cyMMe NePpUMETPOB 3TUX uryp.

Yxasanue. B kauecrBe HakpoiBawie# Gpurypsl BO3bMEM BbIIYK-
syto obosouky mauHoi#i cucreMsl. IlIupuna aToit obosiouku B 1060M
HalpasjeHUH He OOJIbIle CyMMBI IIHPUH B 9TOM K€ HAIPaBJIEHUH
Bcex (pUrYyp CHCTEMEBI, TaK KaK IPOEKIMH BCeX (PUTYp CHCTEMBI B
9TOM HAIIPaBJIEHHH B O0bEOUHEHUH AAIOT [IPOEKIMIO BBIIMYKJION 060-
soukn. IIpumensia Teopemy 29, nosrydaeM, 4To nepUMeTp BBITYKJION
o6ostouku He 6oJIbille CyMMBbI IEpUMETPOB Guryp cucrembl. Ocraer-
Cs1, €CJIM HaJ10, FOMOTETHYHO YBEJMYHUTD BHITYKJIYIO 000I0UKY, YTOOBI
ee IepUMETD CPaBHSJICA C CYMMOM [EePHMETPOB (DUryp JaHHOH CH-
CTEMBI.

Jnst buryp noctostHHON MUPHHLL YTBEpXKAeHUE 3agaun 411 MoxK-
HO YTOYHHUTb.

& 412. Jlokaxure, 4TO Pas3lesIMMYyI0 CUCTEMY BBIIIYKJIbIX QUryp 1o-
CTOSTHHOM IIHPUHBI MOYKHO HAKPBHITh (PUTYpPOH NOCTOSIHHON MIHPHHBL,
NEPUMETD KOTOPOH paBeH CyMMe MEPHUMETPOB 3THX (PUryp.
Yxasarnue. Kak u B 3a1a1e 411 qaHHYIO CHCTEMY MOXKHO HAKDPBITh
durypoit, y KoTopo# mupHHA B JIIOOOM HAIIpaBJIeHUH He GOJIbIIe CyM-
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MBI ITUPHH Bcex uryp cucremsl. [losTomy u nuamerp ee He Gosibiiei
yka3aHHO#t cymmbl. CoryiacHO TeopeMe 7 3Ty MUrypy MOXKHO IOME-
CTUTBH (PUTrypy NOCTOSTHHOM INUPUHBI, PABHOW ee AUaMeTpy, T.e. He
bonbmeit yromsinyTolt cymmsl. Ilpumensisi Teopemy 29, mosydaem,
YTO MepuMeTp 3To¥ purypnl He 6ObIIE CYMMBI IEPUMETPOB (DUTYD
cucrembl. OcTaercsi, eciii HagO, FOMOTETHYHO YBEJIHYHUThH (DUTYDY,
94TOOBI €€ IIEPUMETD CPABHSICI C CYMMOHN IIEpUMETpPOB (bUryp HaH-
HOHM CUCTEMBL.

AHasornyHoe yTBEpXKIEHNE CIIPABEIJTUBO U JJISl CACTEMBI OKPY K-
HOCTel, KOTOpbIE HAKPHIBAIOTCSH OKPYIKHOCTBIO, HO OHO JOKA3bIBAET-
CsT CTIOXKHEE.

Mertog, ycpenHeHust MOXKHO TIPUMEHSITh M B IPOCTPAHCTBEHHOM
CJIydae ¥ HEKOTOpPhIe U3 PACCMOTPEHHBIX 33/1a4 UMEIOT CTEPEOMETPH-
ueckue anasoru (cM. [53], o 11, n. 9). Hanpumep, 3anaxuu 400,406,
407 nake He MEHSIIOT CBOUX (DOPMYJIMPOBOK IIPH NEPEXONe K CTEPeo-
METPUYEeCKOMY BapHaHTy, B 3anadax 405,410 menarorcsti ecrecTBeH-
Hble U3MeHeHus1, B 3a1a4e 401 ognako ouenka ociabisiercs 1o L/4.

IIpsimble 1 KpuBbIE

Crnenymonyio 3a1a4y apTop npeiiaraj Ha MOCKOBCKYIO ONTMMITHALY

&413. (Mocxsa, 1981). B kBagpare ¢ eqUHUYHON CTOPOHOM pacrio-
JIO>KeHa HecaMorlepecekalomasicss soManast auabl 200. lokaxure,
YTO HalijleTcsl IpsiMasi, NapaJiyleJibHasi ONHOI M3 CTOPOH KBaJpaTa,
IepeceKaonas JoMaHylo He MeHee, yeM B 101 Touke.

Yxaszarnue. OueHUTH CHH3Y CyMMY JJIMH IIPOEKIUit 3BEHLEB JIO-
MaHoOl Ha CTOPOHBI KBAJpATA.

£414. B eqMHNYHOM KBaJpaTe MOXKHO HADPHCOBATH HECAMOIEpe-
cekaromylocst KpuByio auuabl 200, KoTopas Iepecekaercst ¢ Jioboit
npsiMoit He Gostee yem B 101 Touke,

Yxasanue. Kpuasi nosoKHa POXOOUTH B OJIM3KON OKPECTHOCTH
TPaHUIBI KBaIpaTa.

£ 415*. B n1paBmIbHOM IISITHYTOJILHUKE C €IMHHYHONR CTOPOHOIH Jie-
xKut JomaHas JumHB 100. JokaykuTe, 4To Haiigercsl npsimasi, na-
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paJulenbHas OAHON M3 ero AuaroHajiel, nepecekamomasd KpUBYIO He
MeHee 4yeM B 40 Toukax.

Vxazanue. O6o3nauam P, 1 = 1,...,5 cyMMy IJUH NpPOEKIuik
BCEX 3BEHBEB JIOMAHON Ha OCH CHMMETPHHM ISITHYTOJIbHUKA. Tak Kak
€ro NPOEKIUA Ha OCH CUMMETPHH PaBHBI HEKOTOpOMY uuciy h (mn-
pHHE NSTUYTOJILHAKA), TO B NPEJIIONIOKEHNY, YTO YTBEPXK/ICHHE 38~
Jady HeBEepHO, nosy4aeM, uro P; < 40h, orkyna P; + ... Ps < 200h.
IIpumensisa MeTon ycpeaHeHwMsI, ojiyvaeM, uto Py + ... + P5 paBHa
cymme v(l;), rae l; — 3BeHbs JIOMaHOH, a

4
v(l) = |4 Z | cos(a; + 7;/5)|.
rd

3aMeTrM, YTO TOCJEAHSIA CyMMa pPaBHa YOBOEHHON MPOEKIMH IIpa-
BWJIbHOTO IIATHYTOJILHUKA C €JUHNIHBIMH CTOPOHAMH Ha HEKOTODYIO
IPSAMYIO, 3HAYUT OHA He MeHbIe 2h (LIMpHUHA [ATHYTOIbHUKA PABHA
MHHIMaJIbHOM npoekunn). Ilostomy

Pi+...4+ P >20)_ |li| = 2hL = 2004,

4YTO BeAeT K nporusopeymo. IlonobubM ke obpa3oMm pemraercs: 3a-
Jaga ¥ JJist JIIo00ro IPaBUIBHOTO N —YTOJILHUKA.

Cnenyronas 3amada npemiaraigack B 2003 r. Ha 3a1aYHOM KOH-
Kypce IBM (Tam yKa3sIBajIoCh, 4TO OHA SIBJISIETCS] PA3BATHEM 33a49K
413, onyGimkosanHo} B KBante B 1984 r.)

£416*. B NPaBUJIBHOM IISITHYTOJIbHHKE C €IJMHUIHON CTOPOHON Hali-
TH JIOMaHYIO Ha¥MeHbIell JUIHHE! [, KOTOpasi NEPECEeKaeTCsI C HEKO-
TOPOH IPAMON, He NPOXOAAINell uepe3 ee 3BeHbsl, HE MEHee eM B
MIECTH TOYKaX.
Yxasanue. Cm. Teopemy 33. Otser: | = 10 + 2sin(37/10).
Crenyloniast 3anada 3auMCTBOBaHa u3 [5).

2417. B KPyre eAuHUYHOTO pPajguyca PacloJIoXKeHa HecamoIlepece-
Kalomasicss KpuBasi OauHBI 22. JokaxkuTe, 4TO HAWIETCH HPSIMAsi,
nepeceKalolas 3Ty KPUBYIO HE MeHee, 4eM B 8 TOYKax.

Caexnyrompe Tpu 3a1aun B3sTh U3 [61] (nepBasi u3 HUX UMeeTCs
Takxke B [68] Ge3 ccoinkm Ha [61])
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& 418. Ecim kpupast C sl L HAXOAUTCS BHYTPY BBIIYKJION KpH-
BO# JumHBl L1, TO CymecTByer IpsiMasi, YACIO TOYEK MepecevdeHust
koropol ¢ C He MeHbIe, ueM 2L /L.

W3 3TOro yTBEp:KIAEHHSI MTHOBEHHO CJIEAYIOT yTBEPXKIEHUS 3a-
nau 413, 417, npasaa, B 11epBoit U3 HUX OyAeT yTBEpKIAThHCA CyIIe-
CTBOB&HUE HEKOTOPOH IIpsAMOl, & He IPAMOH, IapaJljieIbHON CTOpOHE
KBaJparTa.

£ 419. BuyTpu Kpyra paauyca R DacIiooxKeHBI 1 OKPYKHOCTeH pa-
auyca r. Jlokaxkurte, 4To HaleTCs MpsiMasi, llepeceKaroniasi He MeHee
rn/R.

Yxasanue. Ilpumenuts 3ana4ay 418 (ToT akT, UTO cucTEMa OKpY-
JKHOCTE#H He 00pa3yeT CBSI3HYIO KPHBYIO, He CYIIECTBEHEH) U Y4eCTh,
YTO IMPSIMasl TIEPECEKAET OKPY?KHOCTh B JABYX TOUKAX.

£420. PaccmorpuM (h+1)(k+1) nap nenbix uncen (z;, y;), TAKUX,
yroa <z, < a+h, b <y, < b+ k. lokaxute, 4To HaltayTCs u, v
TaKue, YTO YUCJIO Hap (Z;,Y;), YAOBIETBOPSIONINX HEPABEHCTBAM

luz; +vy; + 1] < pVu? + 22,
ne menpme T2AEL(ELL)

h+k+4p

Yrxasanue. Yenosue |uz; + vyj + 1| < pvu? + v? o3mauaer, uro
Touka (z;,y;) yAaseHa oT npsaMolt ux + vy + 1 = 0 Ha paccrosHmue,
He GosibIiee p, T.e. 3Ta NpSIMasi NIEPECEKAET OKPYKHOCTh ¢ LIEHTPOM
(%i,y,) u pamuycom p. Janee npumenuts 3amady 419. Ilpu atom
n = (k+1)(h + 1), r = p, HO BMecTO 00BLEMITIONETO KPYyTa C Nepu-
MeTpoM 27 R Gyjer npsiMOyroJbHHK cO cTopoHamu h + 2p,k + 2p n
nepumerpoM 2(h + k + 4p).

IlycTs naHa NpOM3BOJIbHAS OTPaHWYEHHAsi KpuBasi (MJIM JIOMa-
Hast) y. PaccMoTpuM cemelicTBO NpsAMBIX T COS @ + ysing = p nan-
Horo Hampasienus: ¢, 0 < ¢ < 7. OGo3HauuM uepe3 n (P, p) UnciIo
TOYEK, B KOTOPBIX IIpsIMasi oS ¢+ sin ¢ = p nepecekaeT KPUBYIO Y
(1151 HEKOTOPBIX P HTO YKMCIIO MOXKET ObITh GECKOHEUHBIM, HAIIPEMED,
€CJIA JIOMAHAsI UMEET 3BEHO, NapalIe/IbHOe JAHHOMY HalpaBJIEHHIO
@) @yukupst ny (¢, p) 4J1s1 JOMaHON <y ABJISAETCA KyCOIHO-IOCTOSHHOM
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dyHnxumet (BO3MOKHO B HEKOTOPBIX TOYKaX, HO HE HA IIEJIBIX OTPE3-
Kax, paBHasi GECKOHEYHOCTH), OTJIMYHONK OT HYJ/ISI TOJIBKO HA HEKOTO-
pom otpeske I = [a, b]. D10 3HAUMT, YTO JyIsT HEKOTOPOrO pa3bHeHus
3TOro OTpe3Ka Ha oTpe3ku Ii, dbyHKIus n.(¢,p) nocrosHua, Korma
P JIEXKUT BHYTPH j11060ro oTpe3ka Ik, 1 paBHA HEKOTOPOMY YHCIIY Nk
O6Goznaunm

b
S(¢) = /I iy, p)dp = / ny(6,0)dp = Ekjnkukl.

OTa cyMMa AeHCTBHTENbHO €CTb MHTErpaj (M OHA HE 3ABUCHUT OT
3HaYeHHH (YHKIMH Ha KOHIAX OTPE3KOB Pa3OUEHHs), XOTs MOHSITHE
HHTErpaja peajlbHO HaM 31ech He moHaaobutcs. Ecmu ke v — He
JIOMaHasi, 8 KpHBasi, HO JOCTATOYHO Xopomias (He GyaeM 31ech yTou-
HSATH, B KAKOM CMBICJIE), TO ONPEJIEJIEHHE OCTAETCsI TAKUM ke (y He
XOPOIIMX KPUBBIX CyMMa MOKET COIEP>KATh OECKOHEYHO MHOI'O CJIa-
raeMbiX, T.€. NPEBPATUTCsl B GecKOHEUHbIH psifi). Boruucianm Tenepnb
3Ha4eHust ITOM cymmel (uHTErpasna) B Toukax nk/n, k =0,...,n—1,
¥ PACCMOTDHM CYMMY

m(S(0) + S(n/n) + ...+ S((n — 1)n/n))/n.

IIpenesn sTo#t cymMMbl (OHA HA3BIBAETCS] MHTErPAJIbHOM CyMMOH) mpu
n — oo obosnadaercss Kpatko [y S(¢)de (Ha camom jerne 510 HH-

Terpas), & TAKXKE elle ¥ TaK: f(;r f‘f ny (¢, p)dpd¢ (310 mOBTOPHBIH
uHTerpai) uin, kopode [ [ n, (¢, p)dpdd(a sto apoitHoN MHTErpA).

CropaseyivBa CIEAYIOMAs TEOPEMA SIBJISIETCST OHUM K3 IPOCTEH-
HIMX Pe3yJIbTATOB TAK HA3BIBAEMOM MHTErpaybHOM reomerpun. B [68,
67] ona HasuBaercs: opmystoit Kpodrona’, no B [61] aTa dopmyna
CBAI3BIBAETCS CKOpee ¢ uMenamu Biismke® n @apapa’.

Teopema 32. Jauna xpusoti vy pasna 3 [ [ n (¢, p)dpde

7 Aurnaitckni#t MaTeMaTuK 19-ro Beka.

8Busnbressm Basmke — u3BecTHbi HeMenkuit MareMarnk 20-ro BeKa, OJMH
U3 OCHOBATeJeil HHTErpaabHON MeOMETPHH.

9Ussectabift Gpanny3ckuil MaTemaTrk 20-ro Beka. C MOMOImBIO 3TOH hopmy-
JIbI OH JIaJl HOBOE€ ONpE/IE/IeHne IOHATHS JJINHbBI KPHBOHA.
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HokazaTenncTpo. Xopomast Kpusas (HAIIpUMED, OKPYKHOCTD) MO
KeT ObITh CKOJb YTOAHO TOYHO NMPHOJIUKEHS KOHEYHO-3BEHHOU JIO-
MAaHOH, [T09TOMY JOCTATOYHO BCE JOKA3aTh ISt JIOMaHEX. Ecaum jio-
MaHasl COCTaBJIeHa M3 JBYX JIOMAHBIX, M OHA BEPHA JJIsI KAXKIOH u3
HHUX, TO OHa& BEPHA M JUIsi BCEH JIOMaHOM, MOTOMYy 4TO N4 (¢,p) =
Ny, (6, D) + Nyy (@, p). TloTOMY OCTATOYHO BCE JOKa3aTh IS OTHO-
ro 3B€Ha, T.e. JJIs1 oTpe3ka mpsimol [. Ecim ero mymna pasHa |l|, To
npu so6om ero Hanpaeiennu [ [ ny(¢,p)dpdé pasen C|l|, rme —
HEKOTOpAs! KOHCTAHTA, OTKYJa CHIeLYeT, YTO Jist JIobo#t tomanoh

//n7(¢,17)dpd¢ = Chl,

rae |y| — ee manuHa, U nEpexons K Npenety, INOIy4aeM TO YK€ PaBeH-
cTBO JJ1s1 siro6oit xopomeit kpusoit. Korcranty C MOYKHO BBIYUC/INT,
Ha#iisl COOTBETCTBYIOIMINL «TPUIrOHOMETPHYECKUil» npenes, HO MOXK-
HO MOCTYINHTb TaK: B KAYECTBE 7Y BO3bMEM OKDYXKHOCTb €IUHHYHOIO
pajuyca, Torga Ajs Hee N, (¢, p) =2mpu 0 <o <m, -1 <p<l,m
HYJIb B OCTQJILHBIX CIYYasiX, I03TOMY f [n(¢,p)dpdp =2-2-7 =
47, & Tak KaK JJIMHA OKPY»KHOCTH paBHa 27, To0 C = 2.

£421. BoisequTe U3 JOKA3aHHON TEOpeMbI TeopeMy 29.

Yxasarnue. JIna Kpusol, orpaHAYMBAIOMIEN BHINYKIIYIO GUrypy
K npu no6oM ¢ ouesugno ni (@, p) = 2 Ha uHTEpBase quHbI br (@),
rae by (¢) — mupuna Gurypsl B HanpasieHuu @, u ni (@, p) = 0 Bue
aTOr0 MHTEpBaa (Ha ero KoHuax ny (¢, p) = 1), nostomy

p=3 [ [nx@.napas =3 [ [2apas = [ [apas =

=[wwm

STy TeopeMy MOXKHO IIPHUMEHSITH JJISl pelleHus! 33J]1a9 3TOTO U
NpeJbIAYIIEro pa3fiesa BMECTO MCIOJIb30BAHHOIO TaM IOHSTHS Ba-
puanuu Kpusoil,

B [79] mokazana ciemyomas Teopema'®

10B cBsizn ¢ 3amadveit 416.
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Teopema 33 (Kynepummur, Hans, Pasckuit). ITycms daa evnyxaoti
Puzypv. nepumempa p u Juamempa d wucao | ecmv HOUMEHLUWAA
dauna nestcauieti 8 vel xKpusot (ne 06a3amenvHo 6vnyraoti) maxot,
NMO CYWECTNBYEM NPAMAA, NEPECEKAOULAA IMY KPUBYID HE MEHEE
wem 8 1 + 1 pazaunnoti mouxe. Toeda | = pn/2 npu wemmom n u
I =p(n—1)/2+ d npu n nexemmnom.

Hoxkazarensctso. Eciin kpusas 7y gymmnb! | nepecekaercs ¢ 1000
npsimoit He Gosiee YeM B 7. TOYKAX, TO COIVIACHO TeopeMe 32

l= % / / (¢, p)dpdg < %n / / dpdg,

a cormacHo 3anade 421 p = [ [dpd¢ = [J br($)dp, orkyma | <
pn/2.

Ilycte n HedeTHO M KpuBas mepecekaercst ¢ ai000i mpsimoit He
Bonee ueM B 1 Toukax. Jlokaxem, uro l < p(n—1)/2+d. Jocrarouno
CHAEJIaTh 9TO B NPEANONOXKEeHUH, 4To | — ymomanasi. Jlo6aBuM k Hel
elle OHO 3BEHO MJIMHBI lg, 4TOOBI JloMaHast ' cTajla 3aMKHYTOM.
OueBnano, 4ro JiI0Gast MpsiMasl MPOU3BOJIBHOIO HANPABJIEHUS ¢, HE
IPOXOJAAIIAs Yepe3 ee BEPIIMHBI, [IEPeceKaeT ee YeTHOe YHCIIO pas.
Ecnn sTa psiMast K TOMy >Ke He mepecekaeT foOaBAeHHOe 3BEHO lg,
To n(¢p,p) < n — 1, a ecsin nepecekaer, 1o n(¢,p) < n + 1. Ho Ttorna

I+l = %//ny(aﬁ,p)dpdqﬁ <

<25+ [ [avao+ [ [ 2m(6,p)dpas -

n—1

=252 [ox@s+ 5 [2bu(@)ds = "5+ 20,

orkyna l < Bip+ 1o < 5lp + d.

TlosTOMY, ecn KpuBas JUINHBI | TIepeceKaeTcsl ¢ HEKOTOPOI IIpsi-
MOH He MeHee 4eM B 1 + 1-# Touke, T0 I > pn/2ul > p(n—1)/2+d
11pu He4eTHOM 7. YTOGEI TOCTPONTS IIpUMEP KPUBOY C JUIHHON CKOJb
yrojiHO 61M3KON K yKa3aHHBIM TPaHALIAM, U IEPECEeKaromecst C HeKo-
TOpOH npsiMoit B 1+ 1—1# Touke, HocTATOUHO T = |n /2] pa3 HamoTaTh
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KPUBYIO BZOJIb I'DAHULbBI JAHHON BBITYKJION (PHUTypBI CKOJIb YTOAHO
GIM3KO K HeHM, a ecjiM 7 HEYETHO, TO II0TOM HAIPaBHTh €€ BJIOJIb
OJHOTO K3 AUAMETPOB (PHUTYPHL.

HekoTopble u3 33724 9TOrO pasjena MMEIOT CTEPeOMeTPHUYECKHE
anaJsioru. [IpuBenmem omuH npumep.

£422. B xybe ¢ equHUYHON CTOPOHOH PACIOJIOKEHA HecaMomepe-
cekatomiasicst sjomanas gmuebl 300. Jokaxkure, uro Haftnercsa rioc-
KOCTB, MapaJulejibHasl OOHOM M3 CTOPOH Ky0a, mepecekaromast JomMa-
HYIO He MeHee, ueM B 101 Touke.

2.12 3amaum o AuaMerpax

IousiTue AuaMeTpa 9acTo BCTpedasioch B 3Toi KHMKKe. Ho karkercs
HEJIMIITHUM TIOCBSITUTDH €MY OTHAEIbHBIN pa3ned.

Crnepywomas 3aa4a Opeajarajach Ha MeEXXKIYHApONHON OJIMM-
TUaje.

& 423. (IMO,1965) oxaxure Teopemy Xonda 1 o Tom, uto max-
CHMAJILHOE YHCJIO JUAMETPOB B n—YTOJbHEKE (M B 060M n—Toued-
HOM MHOXECTBE) PaBHO Tt.

Pemenne MoxxHO HAHTH, eCTECTBEHHO, B [45].

& 424. JlokaxxuTe, 9TO €CIH — N—YTOJbHUK, TO byHKIus bps (o)
HENpepLIBHA U UMEET Ha OTPE3Ke OT HyJId O 7 NOPOBHY JIOKAJIbHBIX
MaKCHMYMOB M MHHMMYMOB, IIDHYEM H TeX M JApPYyTrux He Gosiee n.
BeiBeguTe orciozia TeopeMy Xomnda.

Yxaszanue. MakcuMyMbl COOTBETCTBYIOT AUaMETPAM COTJIACHO 3a-
gade 22. JIokaibHBIe MHHUMYMBI JOCTHTaIOTCS B TOYKaX, COOTBET-
CTBYIOIIUX BBICOTAM 7i—YTOJIbHUKA.

& 425. (Benzpus, 1962) Ecin B n— yroibHEKe BHIGPAHO T MONAPHO
[IePECEKAIOIIUXCST CTOPOH WM AuaroHadeif, To m < n. BeiBeanTe u3
3TOT0 yTBep:KIeHus: TeopeMy Xomnda.

R X atinn Xond — n3sectanit meefinapeku#t MaremMaTuk 20—ro Beka.
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Yxasanue. JJnameTpsl He MOTYT HE NIEPECEKATHCS B CHIIy 38]a9H
188.

B kuwure [19] nmpuBeseHo 4eThipe penieHus STOR 3a1a4u.

B [73] MoxHO HaliTi JOKA3ATENBCTBO CIIEAYIOMEN TEOPEMBI,

Teopema 34 (Ipronbaym-Xenmem-Crpamesuy). Maxcumanrvhoe
HUCAO OUAMEMPOB Y TI—TMO “EUH020 MHONCECTNBA 6 MPETMEPHOM
npocmparcmee paero 2n — 2.

K COXKaJIEHNIO, OHO AOCTATOYHO CJIOXKHOeE.

TypanoBckue rpadbl 1 ¢—aAuaMeTpPbI

HazoBeM a—auaMeTpoM IIPOU3BOJIBHYIO IAPY TOYEK MHOXKECTBA, PAC-
CTOSIHME MEXAY KOTOphIMH He Menbite al, rae D — puamerp 3TOrO
MHOXKeCTBa. MaKCHMaJIbHOE YHC/I0 @1 AMETPOB Y 71—3JIEMEHTHOTO
IUIOCKOrO MHOXKecTBa o6o3nauum Na(a,n). Janee Gymer npuseneHa
Teopema Ipaema-lllom-Typana, B KOTOpOH 9Ta BEIUYIMHA TOYHO Bhi-
ynciasiercst. Joia dpopMynnposku Teopemsl noHan0baTCs ciepyionme
TIOHSTHSI.

O6oznauum ko(a) HauGOIIbIIEE YHCIIO TOYEK B IIJIOCKOM MHOXKe-
cTBe, B KOTOpoM Jirobas mapa To4ek oOpadyer —auamerp. llpeabi-
JAYII¥ie ONPENEsIEHHs] OUEBHIHO MOXKHO BBECTH M IIPOCTPAHCTBEHHOM
ciy4ae. (Torga oHu cHabXKaloTcst MEAEKCOM 3.)

O6oznaunm m(M) MUHMMAJIBHOE PACCTOSIHME MEXKIY TOYKAMM
N —3J1eMEHTHOTO MHOXKecTBa M, a uepe3 mg(n) 0603HAYMM MAaKCH-
MaJybHOe 3HadeHne m(M), KoTopoe MOXKeT ObITb y 7,—TOYEYHOTO
IIJIOCKOTO MHOXecTBa M eJHHMYHOrO AuaMerpa. AHAJIOTMYHYIO Be-
JIMMUHY JJI8 TPEXMEPHBIX MHOKecTB 0603HauaeM mg(n).

QuesuaHO, 9TO

ma(2) = ma(3) = 1,m3(2) = mg(3) =m3(4) = 1.

&426. Jlokaxure, a0 ky(a) = n eciu u TobKO ecint mo(n + 1) <
a < mg(n) u k3(a) = n ecim u Tosbko ecim mg(n+1) < a < mg(n).

Bonee tounas undopmanus o penuuumHax kg(a) Gyner mana B
CJIEAYIONIMX Jajiee 3a4a9aX.
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Jist nokasaresnbcrsa TeopeMbl Dpaema-ITom-Typanal? nonano-

OuTcst eme onHa TeopeMa TypaHa, OTHOCSIIASICS K 9KCTPEMaJIbHOMN
Teopuu rpadoB. MuI copMysipyeM 3Ty TeopeMy, He MOJIB3YSICh CIe-
I[MAJILHOM TEPMMHOJIOTHEN, U C LIeJIbI0 Pa3MUHKY IIpeJiIaraeM YUTa-
TeJI0 CJIefyIoNye 3a1a4H.

&427. (BMO, 1969) B koMnanuy u3 n 4eJIOBEK CPEIH JIOBBIX Tpex
Halinercst x0T OBl OofiHA TIapa HE3HAKOMBIX. JlokaxkuTe, 94TO YHCIIO
nap 3HaKoMbIX He Gosbme n?/4.

Yxasanue. Crienyroiee 3aMeuaTesIbHOE PACCYKAEHUE IIPUHATIIE-
KuT bonrapckuMm mateMmaTukaM XaspkuuBaHoBy u Henosy. Ilycts
HanboJIbIIee YUC/I0 3HAKOMBIX ¥ OIHOIO 4eJI0BEeKa paBHO a. Paccmor-
pPUM 9TOTO YEJIOBEKA M BCEX HE3HAKOMbIX ¢ HuUM. OueBuaHO B 3TOH
KOMIIAHHH 70 — G YEJIOBEK, a OCTAJIbHbIE @ Y€JIOBEK HE 3HAKOMBI IPYT
c ApyroM (Tak Kak 3HAKOMBI ¢ oqHuM uesioBekoM). Karkaniit u3 nep-
BOM KOMIIAHMM UMeeT He DoJiee @ 3HAKOMBIX, MOITOMY OOIIEE YHCIIO
nap 3HAKOMBIX He Gosiee a(n — a) (Tak KaK 3HAKOMBIX, He IPHHAJIe-
XKauyx 9To KoMmaHuu, 66Th He Moxker)., Ocraercst 3aMeTUTh, YTO
a(n —a) < n?/4.

Cnenyrouryio 3amady aBTop npeajiaraj Ha MOCKOBCKYIO OJIHMITH-
any (BinpoueM, 9TO u3BeCTHBIH paxT U3 Teopuu rpacdos).

& 428*. (Mocxea, 1983) B mpocTpaHCTBe BHIGDAHO 7 TOUEK, HHKa~
Kue 4 U3 HUX He JeXaT B onHoM mwiockoct. Ilposemen |n?/4] + 1
OTPEe30K, y KaXKJ0ro U3 KOTOPHIX 06a KOHIA SIBJISIIOTCS BHIGPaHHBIME
ToukaMu. JIOKayKuTe, YTO STH OTPE3KM 00pa3yioT He MeHee |[n/2|
TPEYTOJIbHMKOB, NpUYeM GOJIbIIEro KOJINYECTBA TPEYTOJBHHKOB MO-
€T U He ToJyunThesi. Ecym »xe nposenen |n?/4] orpesok, To Tpe-
YTOJIBHUKOB MOXKeT He ObITh BoOOILIE,

Pemenne a0l 3asaun MoxHO Haiitu B [20)].

&429*. B xoMnanux U3 N 4eI0BeK cpemu mobbix (k + 1) w3 mux
HalimeTcst XOTsl Obl OJIHA Iapa HE3HAKOMbIX. JJokaxkure, 4TO 4YHCIO

12Tas Spaenr, Bepa lomr, [Tax Typan — n3BeCTHbIE BEHT€PCKHE MATEMATHKH
20—ro Beka
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1ap 3HAKOMEBIX He 6osbine

———216 n-.

Yxasanue. Ipumennm uuaykumo no k. Basa unaykuuu (K = 2)
y»e nokasaHna. Beimosmaum mar naaykouu. Ilycrs nanGosbmee quc-
JIO 3HAKOMBIX Y OZJHOTO 4€JIOBEeKa paBHO a. PaccMoTpum 3Toro yeso-
BEKA& M BCEX HE3HAKOMBIX ¢ HUM. QYeBHAHO B 9TOH KOMIAHUH 1L —Q Ye-
JIOBEK, & JIJIsl OCTAJIBHBIX G YeJIOBEK BEPHO CJIEAYIONIee: CPEIH JTIOObIX
k u3 Hux HaliyTCs ABOE HE3HAKOMEIX. I109TOMY COMIACHO TpeAroJIo-
JKEHHIO MHIYKUXH 00Iee Y1C/I0 3HAKOMBIX IIap BO BTOPOY KOMIIAHHH
He GoJibIire ﬂ’i’k——%az Kaxxapiit u3 niepBoit KoMnanuu uMmeer He Oosee

@ 3HAKOMBIX, I09TOMY 06ILIee YrC/I0 map 3HAKOMBIX He GoJee
k=2 ,_ 2%-2 ka ka
— -_— — <
a(n—a)+or—3a PERETIR | Uty S
% —2n2 k-1,
< —_—= .
="k a %"
pu n He kpaTHOM k 4yTb GoJiee TOYHYIO OLEHKY Ja€T CJIedyIomast
38,5844,

2430, (Typanr) OTpe3KH, COENUHSIONME TAPbI TOYEK N—3J1€ MEHT-
HOT'O MHOYKECTBA, HOKPAaIIEHb! B GeJIblil 1 YEPHBIN [[BETA TAK, YTO Cpe-
an o6bIx ero k + 1 Toyek Halinercss xors Gbl OJ{Ha HAPA, COEqUHEH-
Has GesbIM OTpe3KOM. Toraa YepHBIX OTPE3KOB Y 9TOrO MHOXKECTBA

He BoJibire
k- r(r—1)
2k 2
rne n =kg+ 1, 0 < r <k, g — nenoe 4ucno.
Yxasanue. Ilpumenum maayknumio no n. bBasa waaykuunm (n <
k) ouesunna. lar unaykiun. BeibepemM MakcuMaabHOE IIOAMHOXKE-
CTBO, B KOTOPOM BCE OTPE3KHM MEXIY TOYKAMH 4epHble. Eciin B Hem
MeHee k Touek, H06aBMM K HEMY HECKOJbKO TOYEK, YTOOBI IIOJIy-
ymyiock k—roueunoe mMHOXKecTBO K. OcrayibHBIE TOYKH 06pa3yioT
(n—k)—Toueunoe muOkecTBO L. TIpHMeHsIst K HEMY TPEATIOIOKEHNE
WHJyKIuH, TOJTydaeM 4To B HeM He Gonee £=1((n— k)2 —r2) 4 =1

(n r?) +
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YePHBIX OTPe3KoB. [na kaxknolh Touku x u3 L Bo MHOXKecTBO K BBI-
xonuT He 6osee kK — 1 YepHBIX OTPE3KOB (IIOTOMY, YTO B IIPOTHBHOM
cny4ae, 100aBnfAa T K BBIOPAHHOMY MaKCUMAJILHOMY IIOJMHOXECTBY,
nosryqaeM 6oJibIee IIOAMHOYKECTBO, B KOTOPOM BCE OTPE3KH YEPHBIE),
no3TOMY 00IIee YHC/IO YEPHBIX OTPE3KOB He GoJjbie

k-1

- -+

———2:-——1-2+(n—k)(k——1)+

K(k—1) _
HE-L

ooy, rlr=1)
5% 1")+—-————-—-—2 .

2431. ( Typan) TlokaskuTe, YTO OLEHKA NPEABLIYINEH 381890 MOXKET
JAOCTHTaThCS.

Yxasarue. PazobbeM n To4ek Ha r rpynn 1o ¢+ 1 Touke u k—r
rpynn no ¢ Touek. Toyku U3 pa3HBIX IPYIINT COEAUHUM YE€PHBIMHA OT-
pe3KaMH, & TOYKM u3 ofHOU rpynmel — GenbiMu. O4eBHIAHO, cpeayu
mo6bIX £+ 1 Touku HalifeTcsa mapa TOYeK, JIeXKAal¥e B OfHON rpyImne
1 COEAMHEHHbIE N03TOMY OesibIM oTpe3koM. Obimee 4uciio 6eJbIx oT-
peakos pasHo 7(g+1)q/2+(k—7)q(q—1)/2 = (n(g—1)+r(g+1))/2,
II03TOMY ODIIiee YHCJ/IO YEPHBIX OTPE3KOB PABHO

1

r(r—1)
2k .

2

n(n—1)/2 - (n(g—1) +rig+1))/2 = * L2 _r2) 4

W, nakonen, obenanHas

Teopema 35 (Opuem-llom-Typan). Jas arwboz0 a,0 < a < 1, u
n =k(a)g+r, 2de 0 < r < k(a) u g — yeaoe wucao, cnpacedauso
PABEHCTNEO0

Nany =012 2 121
2k(a) 2
Jis noKa3aTeNbCTBA HUMKHEHM OLIEHKH JOCTATOYHO YKA3aTh n—
aJleMeHTHoe MHOXkKecTBO ¢ N(a,n) muamerpamn. O6o3nauum K (a)
Kakoe-HHOYAb k(a)-—371eMEeHTHOe MHOXKECTBO, B KOTOpOM jo6asi na-
pa Touek obpasyer a—auamerp. CyliecTBOBAHHE TAKOTO MHOXKECTBA



2.12. 3adauu o duamempaz 179

BBITEKAET U3 ompejesieHns: k(a), U3 Hero TakXe CJeAyeT CyIecTBO-
BaHME TOJIOKUTENHHOTO €, TAKOTO YTO PACCTOSIHHE MEX]Y JIOGRIMU
JByMsI ToukaMu u3 MHOecTBa K (a) Gonbute ad + (a + 1)e, roe d —
muamerp K(a). ITyers n = k(a)g+71, 0 < r < k(a). Onnmem oxpyx-
HOCTH pajuyca €/2 ¢ neHTpaMu B Toukax MHoxkectBa K (a). Buyrpu
KarkAOH U3 IEPBBIX I OKPY>KHOCTER BeiGepeM 10 ¢ + 1 Touke (mosty-
YEeHHBIE MHOKECTBa TO4YeK o0o3HauuM Mji, ..., M), a BHyTpH Kax-
ZI0# u3 ocranbHbIx k{a) — r OKpy»KHOCTEH BhIGEpEM N0 ¢ TOYeEK (110~
JTyYeHHbIE MHOXKECTBA TOYeK 0603HaMM My i1, ..., My(q)). O6bemn-
Henne M ykasaHHBIX MHOXKecTB M; comepxur (g + 1)r + q(k(a) — r)
= gk(a) + r = n Touex. [dnst mobbIX ABYX TOYEK I,y U3 IIOJIydIEH-
HOTO MHOJKECTB& PACCTOSIHHE MEXKJIY HUMHU B CHJIy HEPABEHCTBA TPE-
yroNbHEK He Gosbie d + €, I03TOMY JUaMETP STOrO MHOXKECTBA HE
6onpue d+ €. Ecnu x,y B3ATH U3 pa3HBIX MHOXKeCTB M;, TO coriac-
HO HEPABEHCTBY TPEYTOJbHHKA PACCTOSIHUE MEXIy I u Yy Gosbiue
ad + (a + 1)e — € = a(d + €), nosromy Jobasi mapa ToOUeK U3 pas-
HBIX MHOXKeCTB M; obpa3yer a— guamerp MHOXKecTBa M. Tak kak
YHCJIO Tap TOYEK, MPHUHAJJIEKAIINX OJHOMY MHOXeCTBY M;, paBHO
(¢ +1)q/2 pna q + 1— sMeMEHTHBIX MHOXKECTB, U paBHO ¢(q — 1)/2
JJ1S OCTAJIBHBIX k(@) — T MHOKeCTB, a obLIee YHCJIO Hap TOYEK PaBHO
n(n — 1)/2, To 4uCI0 a— AUAMETPOB HE MEHBIIE

n{n —1)/2 - r(g+ 1)q/2 — (k(a) ~r)g(g — 1)/2 =

E_:_l_(,n? '-7‘2)+ T(T" 1).
2k 2

Bepxusg ouenka foka3ana. [ljs noKasaTenncTBa BEpXHEN OLEHKH
B IIPOM3BOJIbHOM 71—3JIEMEHTHOM MHOJKECTBE OTPE3KH, SIBJISIOIINAECS
a—auaMeTpaMH, NOKpacuM B Oesblit IIBeT, a OCTAJIbHBIE OTPE3KH —
B uepuslit. U3 onpenenenus k(a) cnenyer, 94T0 B 9TOM MHOMKECTBE
He cymecTByeT k(a) + 1— 9J1IeMEHTHOrO NOIMHOXKECTBA, BCE OTPE3KH
Koroporo 6esoro usera. Ocraercs npuMeHUTh 3aaa4y 430.

Jns npuMeHeHHsI TEOpeMbI HAJNO 3HATH KOHKDETHBIE 3HAYEHUSI

kq(a).

& 432. Nokaxure, uto kz(a) = 3 npn 715 <a<l,

kz(a)=4npnif%$a<-\%§,
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kg(a)=5npuﬁ—21;73$a<f_%§,
k2(a) = 6 npu § < a < g,
kz(a) > 7npua < 1,

k3(a) = 4 npu %\/g$a<1,
k:3(a)=5npn%5a<% I,
k3(a) > 6 npu a < %

Yxasanue. [Tpumenuts crnenyomue gajee 3anayuu 426, 433,434,36,
437.

& 433. Ilokaxure, 9To my(4) = -\}5 EauncTBeHHAS! 3KCTpEMAIIbHAST
KOHMUTYpaIis B 3TOM CJIy4ae €CTh €CTh IIPOCTO KBAJPAT C eAUHNY-
HOHl JIMArOHAJIBLIO.

Yxasarue. JJeficTBUTEIHHO, eC/IN BHITYKJasd 000JI0YKa €CTh TPe-
YTONbHEK (BO3MOXKHO BBIPOXKJAIOIIMHCS B OTPE30K), TO OJJHA U3 €ro
CTOPOH BUIHA M3 YETBEPTOH TOYKHU (Jiexkamiell BHYTPH €ro) mog yr-
JIOM HE MEHBIIM 27 /3, 10TOMY COIJIACHO TE€OPEME KOCHHYCOB KBa/I-
PAT JJINHBI 3TOH CTOPOHE! He Menbie 2m (M )% +2m(M)? cos 2n/3 =
3m(M)?, orkyna mmeem, uto m(M) < 1/v/3 < 1/v?2, n, ecnu
HakoHewy, M COBHBJAET C MHOYKECTBOM BEPHIMH BBINYKJIOIO YEThHI-
pexyrojbHUKa, TO HauboJIbIIMY M3 €ro yIVIOB TYIOM HJIH IpSIMOH,
[I0STOMY COIVIACHO TEOpEME€ KOCHHYCOB KBAJPAT JJIMHBI JIeXKameh
IPOTHB Hero auaroHanu He Menbme 2m(M)?, orkyna umeem, gro
m(M) < 1/+/2, npuduem paBeHCTBO BO3MOMKHO JIAINb KOIZa BCE yI-
JIBI YETHIPEXYIOIbHUKA IIPSIMBIE M BCE €0 CTOPOHBI PaBHBI, T.€. OH
SIBJISIETCS] KBAJIPATOM.

2 434. lloxkaxute, uto my(5) = EZ\/—E ¥ €IMHCTBEHHAS] YKCTPEMAaJib-
Hasl KOHQUTYpalysi €CTh NPaBUJIbHBIM NATHUYTOJIBHUK C €QUHHIHON
JUaroHaJIbIO.

JelicrBuTenbHO, eci KOHUryparnus o6pa3yeT BBINYKJIBIH Iisl-
tuyrosbiuk ABCDE (BO3MOXKHO BBIPOXKIEHHBIN), TO NMPOU3BOAM,
€CJIM HYXKHO, IIepEeCTaAHOBKY B O0O3HAYEHMSIX, MOXKHO CYHTATH, YTO
yron ABC He meHbuie 37/5 (Tak Kak ecjiu BCe YIVIBI ISITHYTOJIbHAKA
mesbie 37/5, To ux cymma MeHbe 37, a 310 Hepo3MoxkHO). Torga
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COMIaCHO TeopeMe KOCHHYCOB

1> |AC)? > 2m(M)? + 2m(M)? cos 3 /5,

OTKYya (1oc/Ie HeKOTOPBIX BbruuceHut) umeeM, yro m(M) < ﬁg,
IpUYEM PABEHCTBO BO3MOXKHO JIMIIL KOTJIA BCE YIVIBI U BCE CTOPO-
HBI Yy NATUYTOJIbHUKA DaBHBI, T.€. OH IpaBHWIbHEIN. Ecin Brinykias
obosiouka MHOXeCTBa M eCcTh 4eTHIPEXYIOJbHUK WJIN TPEyrOJIbHHUK
(BO3MOYKHO BBIPOXKJAIOMMNCS B OTPE30K), TO OAHA M3 ToYek M Jje-
JKUT BHYTPH WA HA FPAHUIE TPEYrOJbHUKA (BOSMOXKHO BBIPOXKEH-
HOro0), 06pa30BaHHOIO TPEMs JPYTHMHU TOYKaMU M, a B 9TOM cJIydae,
KaK y»ke OBUIO TOKa3aHO BBILIE,

2
m(M) <1/V3 < ——.
(M) <1/ 1+v5
CrnpaBenyinBa ClIelyIomiasi TEOPeMa, KOTOPYIO MBI OCTaBUM 0e3
JOKa3aTeJILCTBA,

Teopema 36 (Dpaew-Betitmen). Cnpasedausv. pasencmea

1 1

ma(6) = Sn2n /5’ ma(7) = 3

Crnenymomas 3aja4a, HEKOTIa IIpejIaraBiiasics aBTopoM Ha Bce-
COIOBHYIO OJIMMIIHAJY, TIOHANOOUTCS fajree.

2435*, (BMO, 1982) Iloxaxkute, 40 A71s1 0GOH BHYTPEHHEH TOU-
KU TeTpasfpa OaHO U3 ero pebep BHAHO IOX YIVIOM, KOCHHYC KOTO-
poro He Gosbme —1/3.

Vxasanue. IlycTh e, es,e3,e4 — eMHUYHBIE BEKTODA, HAIPAB-
JICHHBIE W3 JIAHHOM TOYKHW B BEPIIMHBI TeTpasapa. IIpsimasi, mpoxo-
JASIIas 4epes e4, IePeceKaeT TPEXTPAHHbIN yrosl, 00pa3oBaHHbIM BeK-
TOPaMH €y, €z, €3, IOITOMY JJIsl HEKOTOPBIX T; > 0 nuMeem

r1e1 + ...+ x4e4 =0,

BO3BO,IL§{ 3TO PaBEHCTBO CKaJIAPDHO B KBalApaT W HIpeAarnosaras, 4ro
KOCHHYCBI BCE€X ITOIIAPHBIX YIVIOB MEXKIAY 3THMH BEKTODaAMH Gosbiie
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—1/3, umeem
0= Zaz +2 Z w,a:@(ez,ej)>2w - = Z ;T =
i=1 1<i<j<4 1<1,<_7<4
Z (i — -'”J)2 2 0.
1<¢<]<4

Cuorepytomue e 3a1a4d IPUHAIIEKAT W3BECTHOMY HEMELKOMY
soruky [1lioTTe.

&436**. (Illomme) Jdoxaxure, uro mz(5) = -\/g

¥xasanue. Ilycrs nuamerp MmuoxectBa A, B,C,D,E pasen 1.
BoamoxkHs! 1Ba cityyas (6e3 yJera BBIPOXKISHHBIX): OJ(HA TOYKa (Ha-
npumep E)sexxuT B Terpassipe ¢ BepUIMHAMH B APYTHX TOYKAX HJIH
ABCDE — BbinykJblit NIECTUIPaHHUK, SIBASOMuiCS 00beauHEHN-
eM JBYX TeTpasapoB ¢ obmeit rpansio (ABCD u EBCD). B nep-
BOM cJiy4ae OfgHO u3 pebep, ckaxkeM AB, suano u3 E nox yriom ¢,
cos ¢ < —1/3 corsacHo 3amaue 435. Ecnu npenmonoxuts, uro AE

u BE Gonbuie %\/g , TO U3 TEOPEMBI KOCHHYCOB CJIeAyeT IIPOTHBODE-

que:

1> |ABP? = |AEP + |BEJ? - 2|AB||BE| cos ¢ > 5 Z =1

ot

ITosromy B atom ciyuae m(ABCDFE) < min{AFE,BE} < %\/g
Bo BropoMm ciyyae mpsimasi AE nepecekaer TpeyroabHuk BCD B
HekoTopoit Touke K. CormacHo 3a1a4e 77 3TOT TPEYrOJbHHK MOXKHO
HAKPHITH KPyroM paguyca 1/v/3, I09TOMy KDYrH ¢ 3THM DaJHycoM
u uentpamu B B, C, D HaKpbIBalOT 3TOT TPEYTOJbHUK, & SHAYUT U
To4Ky K, mostoMy MoxHO cuMTaTh, yTo BK < 1/ V3. Tlostomy B
tpeyrosbunke AEB Boicora BL < BK <1/ V3. MoxKHO cumTars,
uyro L niexxut Ha orpe3ke AF (uHade BhIOEpEM B 9TOM TPEyroJbHH-
K€ MEHBIIYIO BBICOTY M cMeHHM obo3nauenns). Tak kak AE < 1,
TO MOXHO cumtath, 410 AL < 1/2. Torma u3 teopemnr ITudaropa
CJIEYET, ITO

7

1.1
2 _|BL2 2.1 1
|AB? = |BLP + |ALP < 5 + 7 = 7.
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Mosromy m(ABCDE) < AB < %\/g
Ecom BeibpaTs A, B,C, D, E Tak, uro BC = CD = BD = AE =
1, AE 1 BCD, AENBCD =K, BK =CK = DK =1/V3, 10

m(ABCDE)=EB=EC=ED=AB=AC=AD=—;— -;-

437, (Ihomme) doxaxute, uro mz(6) = :}—5

BTopoe paBeHCTBO JIETKO BBITEKAET M3 HE O4YeHb HPOCTO J0Ka-
3niBaeMolt Teopems! Lllorre 0 TOM, uTO MHOXKecTBO {Mj,..., My}
TOYEK B TPEXMEPHOM IIPOCTPAHCTBE, TaKoe, 4TO Bce yruibt M;M;Mj,
OCTpHBIE, CymIecTByeT Jivuib npu n = 3,4,5. elicTrBurensno, ecau
MHOXKeCTBO M COCTOMT M3 INECTH TOYEK, TO COIVIACHO YKa3aHHOMU
TeopeMe B HeM HaliAeTcst TYNOYTOJBHEI WIM NIPSIMOYIOJILHBIN Tpe-
YTOJIbHUK, TOT/Ia KBaApaT ero HanboJiblnell CTOPOHBI 110 TeopeMe KO-
cunycos ne menbime 2m(M)?, orxkyma umeem, uto m(M) < 1/v2.
WurepecHo, YTO paBEeHCTBO 3[eCh AOCTHIaeTCsl Ha ABYX Pas3/IMYHBIX
KoHdurypamusax. OaHa U3 HUX — 9TO NPABUJILHBIN OKTadAp C eXu-
HUYHOY AMaroHaJblo, a BTOpas — MPaBW/IbHAS TPEYTOJIbHAS IPH3Ma
C KBaJApaTHBIMU OOKOBHIMHU I'DaHsAMH. 3a JOKA3aTEJILCTBOM YIIOMSI-
HyTOl!t Teopemni lllroTTe unTaTENL OTCHUIAETCA K KHHUTE [73], 3ana4a
32.

& 438*. JlokaxwuTe, uTo my(n) u m3(n) Qajee MOHOTOHHO yGHIBAIOT.
& 439*. lokaxkuTe, 4TO 5&-{ <mo(n) £ \—/2;; Pemenue MOXXHO Hall-
T B [73)].

B [69] moxa3ana Gosiee TOgHast

Teopema 37 (®edtems-Tor). Cnpasedauso pasencmeo

Jl‘néomg(n)\/ﬁ =, /-2—:r-/—_§

M3BecTHO TaKkyKe, ITO CyIecTBYeT limy, oo m3(n)&/n.



184 I'nasa 2. Hepaserncmea dan svinyxanz duzyp u mea

3agaya dpaenia-Bunie

O6osxaunm d(n) maxcumaisHoe 3HadeHue m(M), KOTOpOe MOXKeT
OBITB Y BBITYKJIOTO N—yTOJIbHEKA eJMHUYHOro Auamerpa. OueBuaHO
d@3) =1.

& 440. Jlokasxure, uro d(4) = 1//2.
Crnenyromue JBe 3aJa4y NPUHAIJIEKAT BEHTEPCKOMY IEOMETDY
Bumrie.

2441, (Bunye) st n, He paBHOTrO CTENEHH IBOAKHY,

.
d(n) = 2sin o

Yxasanue. Ilpumenure Teopemy 13.

& 442*. (Bunuye) Mns n = 8
.
d(8) > 2sin 6

2.13 3apaua Jlebera o moKpbIMKax AJis
duryp gaHHOTO AUAMETpPA

Ynusepcaavraa noxpwwxae g puryp JaHHOro guaMeTpa — 370 dhu-

rypa, KOTOpO# MOXKHO HAaKPHITh (BO3MOXKHO I18PAJUIEJILHO CABHHYB U

IOBEPHYB HA HEKOTOPLIH yroJ) jao6oe MHOXKECTBO JAHHOIO JAUaMeT-

pa Kak HaliT yHEBepCAJIbHYIO IOKPHINKY MUHAMAJIBLHON ILIOMANN

(nm nepumerpa)? Dty 3ama4dy rnocraBui 3HaMeHuThIH AHpu JleGer

B Geceie ¢ BenrepckuM MatematukoM FO.ITasom B 1921 1.
ITonpobyiiTe camy peIuTh ClIEAYIONUE 3a0a9H.

& 443. JTiobyro purypy auamerpa 1 MOXKHO 38KIIOYHTL B EIMHMY-
HbIY KBaJpaT, & B MEHbIIH{ KBaApaT, BOoOIe roBOps, HEJIb3S.

& 444. JTio6y1o durypy muamerpa 1 MOXKHO 38KJTIOYHTH B IPABUIIb-
HbI# TPEYTOJbLHUK CO CTOPOHON \/§, a B MEHbIIUH IIPaBUJIBHLIN Tpe-
YTOJIBHHMK , BOOOIIE I'OBODSI, HEJIB3SI,

JoxazaTenbeTBo ciexyromelt TeopeMsl MOXKHO Hajfita B [73, 10].
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Teopema 38 (Ilas). Jobyio dueypy duamempa 1 modicho 3axaro-
YUMD 6 NPABUALHBIT WECTIUY20ALHUK CO coponoti v/3/3,, a 6 Meno-
wWull NPABUALHHYT WECNMUY20ADHUK , 8000ULe 2080pA, Heab3A. Bnu-
WeM 8 PACCMAMPUBLEMDBILL UECTNUYZ0ALHUK OKPYHCHOCTND, 8bibepem
dee me cocednue, Ho U He JUAMEMPAALHO NPOTNUBOTOAOHCHBIE BED-
WUHDL, U OMMPEHCEM O HE20 0684 NPUMBIKAOUUT K ITNUM SEPUIUHAM
MPEY2OADHUKE NPAMBIMUY, KECOIOWUMUCH PACCMATIPUBAEMOT OKPYIHC-
HOCTMU U NEPNEHOUKYAAPHOMU K BBLLO0AULUM U3 FSMUT 6ePWUH JUa-
MEMPAM WECNUY20ALHUKG. TToAYHEHHBIT B0COMUYL0ALHUK MAKICE
ABAACTNCA «YHUBEPCANLHOT TOKPBUKOTS A dueyp edunuyrozo dua-
Mempa.

Yxa3zarnue. BribepeM Hpom3BOIBHYIO NpsMyIo | U 3aKMeM HaH-
HYy1I0 OUTrypy MeXKAy ONOPHBIMH IPSIMBbIMHE, HapajuenapeiMu | Tak
KaK Ha HUX €CTb 10 OfiHOM TOUKe (DUI'YPBI, TO INUPHHA IOJIOCH MEXKILY
stumu npaMeiMy He Gosibinie 1. TloBeprem npsimyto | Ha 60 rpajycos
II0 4acoBOM CTpesIKe W MOBTOPHUB YKA3aHHOE IOCTPOEHUE, IIOJLYYNM
€Il OJHY INOJIOCY, HaKpHIBAIONy0 JaHHYIo durypy. I[loBepays npsi-
Mmyto | eme Ha 60 rpagycos, mosyuuM Tperbio noJocy. Ux mepeceue-
HUE SIBJISIETCS PABHOYTOJBHBIM IIECTHYTOJBHUKOM, HAKPBLIBAIOIIUAM
JanHyIo durypy. PaccMOTpHM IB€ €ro NpOTHBOIIO/IOXKHBIE CTOPOHBL,
JIeKaIye Ha CTOpOHAX nepBoi mosockl. Ecnu uX OJMHBI HE PaBHEI,
TO MOXKHO YPaBHATh HX cieayiomuM obpa3oM. ITocTpoeHHbil mie-
CTHYTOJBHUK OZHO3HAYHO OIPEJEJIsIICS [0 HAIIPABJIEHHIO IPSIMOH [
Haunem HempephIBHO II0BOpadMBAThH HPSMYIO [ 10 4acoBo#t crpesi-
ke. [l kaxkzmoro ee Hooro mnosioxenust l(¢) (onpenensiemoro yr-
JIOM TIOBOPOTa () PACCMOTPHM IIOCTPOEHHBIH 1o npsiMoit [{¢) paBHo-
YTOJIBHBIN IIECTUYTOJbHUK ¥ 0003HAYUM JUIMHBI OIPEIEJIEHHBIX BbI-
me ero cTopox 4epes a(¢) u b(¢). MoxHo nposeputs, uro a(¢) n
b(¢) — uenpepoiBHBIE 27 NepuopnyuecKre GYHKIMH, IPHYEM OYEBHI-
HO a(¢p+7) = b(@), b(¢p+7) = a(¢). Tak kak HenpepbiBHAst DYHKIUST
[(¢) = a(¢) — b(¢) Ha koHmax orpeska [0, 7] npuHEUMaeT 3HAYEHHUS
pasnbix 3Hak0B f(0) = a(0)—b(0) = b(¢) —a(d) = —f(¢), To B HEKO-
TOpO’ TOYKEe 3TOro OTPE3Ka OHa PaBHA HYJIO, T.€. IIPH HEKOTOPOM ¢g
b(¢o) = a(¢p), 3HauuT npu BrIGOpE | = [(¢hy) ¥ mMOCTPOEHHOTO LIECTH-
YTOJIbHHKA ITPOTUBOIOJIOXKHEIE CTOPOHLI a 1 b paBHb. Ecin paccros-
HHe MeXJly HUMH MeHBbIIe 1, TO ero MOXKHO YBEJIHIUTD 10 1 Tak, 4To
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JHECTHYTOJbHUK PACIIUPUTCs, HO JBE IIPOTHUBOIIOJOXKHBIE CTOPOHBI
OyayT 1o npekHeMy paBHBI. PacCMOTpPHM JIpyryio mapy HpOTHBOIO-
JOXKHBIX (He 00s3aTe/IbHO PABHBIX) CTOPOH M YBEJWUIHUB (€CIH HAZO)
DaccTOsiHHEe MeKAY HHMH TaK, YTOOBl CTOPOHBI @ U b 1O mpexHeMy
ocraBanuch pasHbIMU. [ToBTOpUB (ecsiu HaTO) 9TO MpeoGpa3OBaHue,
TIOJIy4MM HaKpPHIBAIONWH MIECTUYTOIbHUK C PABHBIMY CTOPOHAMHU a U
b, y KOTOPOTO PACCTOSIHUSI MEXKTy BCEMH TIAPAMHU IIPOTHUBOIIOJIOXKHBIX
CTOPOH paBHbl 1. DTOT MIECTUYTOJBHUK MO JJIMHE CTOPOHHI ¢ OIIpe-
ZAeJsleTcsl ONHO3HAYHO, ecjiM OH cymiecTByeT. Ecim sta gnuna pas-
na 1/v/3, 10 ou Gyzer npapmisheM. Ecin fnuna a MeHble 1/ V3,
& PacCTOSTHUSI MEXKJY BCEMU NMapaMU IPOTUBOIOJIOKHBIX CTOPOH IO
IpeskHeMy paBHBI 1, To cropona b Gyzer 6onmbime 1/1/3, 3HauuT TaKoH
ciydait HEBO3MOXKEH. AHAJIOTMYHO HEBO3MOXKEH caydalt a > 1/4/3.
ITosTomy mocTpoeHHas MOKPHIMIKA — IIPABUJIBHBIA IIECTHYTIOJLHUK
co croponamu 1/+/3 u mupumo#t 1. Brmmem B paccMaTpHBaeMBbIi
IIECTUYTOJBHAK OKPYYKHOCTh, ¥ OTPEXKEM OT Hero mecTb NPUMbI-
KAIOUWIMX K €r0 BEPIIVHAM TPEYTOJbHUKOB NPSIMBIMH, KaCaIOMIMMUCS
3TOM OKPY>KHOCTH B TOUKaX €e IepecevyeHus] ero JuaroHajisMu. Tak
KAK DPaCCTOSIHUSI MEXKJAY IIPOTHBOIIOJIOKHEIMU TPEYTOJIbHUKAMH He
MeHbIIIe eIUHUILbI, BHYTPH OJHOr0 U3 HUX He OyIeT HU OmHOU TOY-
KU NMOKpbiBaeMoit ¢purypsl. Takux MycTBIX TPEYroJbHHUKOB OyZeT He
MeHbIIle TpeX, U ABa U3 HuUx 00s3aTesbHO OYAyT He COCeHUMH, HO
M He IPOTHBONOJIOXKHBIMA. OTpesas MX, NOJYYUM IOKPBILKY MJIsI
ganHo durypsl. Ho Bce Taxkue NOKPHINKA KOHTDYSHTHBL.

Hemernxuit matemaruk Hlnpar noka3sas, 4ro oT nokpeimku [lana
MOYKHO OTPe3aTh €llle JBa KyCOdYKa AyraMM ABYX OKpY>KHOCTell Tak,
YTO MOJIyYEHHBIH KPUBOJHHEHHBIN NECATHYTOJBLHUK Bce elne Oynaer
YHUBEPCAJIbHO! ITOKPBIIIKOI.

JIs TpexMepHOro IpOCTPAHCTBA M3BECTHHI CIIEAYIOINHME Teope-
MbI 00 YHUBEPCAJIBHBIX IOKpHINIKaX. IlepBasi U3 HUX NPUHAIJIEKUT
aMepUKaHCKOMYy MaTeMaTuky [efiy.

Teopema 39 (Teitn). Kaowcdoe npocmparncmeennoe meao duamems-
pa 1 MOMHCHO HAKPBIM® NPABUALHYLM MeEMPasdpom ¢ pebpom V6 u
npasusLHbLM 0KMaIdpom ¢ pebpom v/6/2.
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Bropas 651718 HE3aBHCHMO J0Ka3aHa U3PaUILCKHM MaTEMATHKOM
I'pronbaymMoM U BEHIE€PCKHM MaTEMATHKOM XemmeneM.

Teopema 40 (I'pionayM-Xennem). Ompeoicem 0m NpasuAbHO20
oxmasdpa ¢ pebpom v6/2 mpu npumwvikaOwue k¥ €20 Mpem 6ep-
WUHAM NUPAEMUTDL TLAOCKOCTNAMU, NAPAANEABHDIMY OUGZOHANDHBIM
TAOCKOCTAM 0KMA30Pa U KACAOWUMUCA 6NUCAHHOZ0 8 OKMAIID Wa-
pa. Ioayuennviti 11— zpannux A8AAemMCa YHuBEPCaAbHOT NOKPHUWKOT
0af men edunuNH020 CUaMEMpa.

Joka3aTesbCTBa ITHX TEOPEM MOXKHO HaitTu B [10].

B 1997 B.B.MakeeB noka3aji, YTO YHHBEPCAJIBHOHN IMOKPBIIIKOH
Jo00ro MHOXKECTBa JuaMeTpa 1 sIB/IsieTcsl Tak»Ke pombododexasdp
— MHOTOTPaHHUK, OrpaHHYeHHbIN 12 onMHAKOBBIMH pOMOMYECKUMU
rPaHsIMH, Y KOTOPOIO PacCTOsSTHME MEXK/y NapaieJIbHBIMU I'PaHsIMU
paBHO 1. Bonee Toro, on nokasaji, YTo 0T poMOOIONEKASAPA MOIKHO
€IIe OTCeYb TPH KYCKa TAKHMH JKe INIOCKOCTSIMHM, KaK M B ciiydae
OKTa’d/pa.

2.14 3apgaua Bopcyka

W3secTrprit mosnsckuft Mmatemarnk Kaposns Bopcyk nocraBuni 3ana-
4y 0 pa3bueHuu NMPOM3BOJIBHOIO MHOXKECTBA Ha HAMMEHBIIEE YKCJIO
4acTel MEeHbIIero guaMeTpa.

Teopema 41 (Bopcyk). Kpyz duamempa 1 neavas pasbums na dee
NACTNU MEHDWE2O0 OUAMEMPA, HO MONCHO Pa3bUMDd HG MPU YaACTYU
duamempa He boavue \/§/2 KQHCOGA, NPUMEM HG MPU YACTU EUe
MeRbULE20 Juamempa Kpy2 pa3bums Heavan. Kaorcoyro dueypy dua-
mempa 1 mootcHo pasbums na mpu wacmu duamempe < v/3/2.

Yxaszanue. HakpoeMm ¢urypy mecruyronsauxkoM Ilana u3 reope-
MEI 38. PaspexxeM ero Ha TpH paBHBIX IISITHYTOJILHUKA, OMYCTHB U3
IEHTPa LIECTHYTOJbHUKA MEPIEHAUKYJSIPhl TPH IOMapHO HECMEXK-
Hble CTOPOHHL. JIuameTp Kaxxao# u3 Hux pasen < v/3/2.

Ecnu enuunyneiil Kpyr pasbuT Ha TPH 44CTH JUAMETPa MEHbIIe-
ro v/3/2 Kax/as, TO U €ro OKPY’KHOCTb Pa3GHTa Ha TAKHE YaCTH.
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Ho Ha omuo#t ©3 HUX 06sI3aTeILHO HAMMYTCS ABE TOYKH, OrpAHAYH-
BAIONLYIO ATy He MeHee 120 rpaaycoB. DTH TOUKH YAATEHbI APYT OT
npyra He MeHee, 4eM Ha < V/3/2.

Cuienyromast 3a1a4a NIPUHAAJIEXKUAT HEMELIKOMY MaTeMaTUKy JIeH-
my.

& 445*, (/Tery) Kaxnyro ¢urypy nuamerpa 1 MOXKHO pa3buTh Ha
yeTwIpe YacTH quaMeTpa < v/2/2 u Ha cemp uacTelf guamerpa < 1/2
Kpyr nuamerpa 1 MOKHO pa30uTh Ha 4YeThIpe YACTH AHaMeTpa He
Gostbie /2 /2, HO Ha YeTHIPE YaCTH MEHBIIEro ANaMeTPa — HeJb3d,
ero MoXxHO pa30uTh Ha ceMb yacTelt auamerpa He Gosbmie 1/2, HO
Ha CeéMb 4acTeif MEHBbIICro AUaMEeTpPa — HEeJIb3sl.

Yxasanue. CornacHo 3anade 443 durypy auamerpa 1 MOXKHO Ha-
KpPBITh KBaIpPaTOM cO cTopoHo! 1. Pa3pesast ero Ha 4 paBHBIX KBaJIl-
paTa, mojiy4aeM IoJiy4qaeM 4 dacTu guameTpa He OosIbIne \/5/ 2.

Ecin enuranyHbl Kpyr pa36but Ha 4 4acTH AMaMeTpPa MEHBIIEro
v/2/2 kax s, TO U ero OKpY»KHOCTh pa3bura Ha Takue yacTu. Ho Ha
ofHOM U3 HUX 00s13aTesIbHO HAXLYTCSA OBE TOYKH, OTPAHUIHBAIOILY IO
ayry He meree 90 rpaJiycoB. DT TOYKM yJAJIEHBI APYT OT ApPYyra He
MeHee, yem Ha < V/2/2. .

Cornacuo Teopeme 38 dburypy aumamerpa 1 MOKHO HAaKDBITH Iie-
cruyronsHukoM [lana. BreipexkeM w3 HeEro KOHIEHTPHYHBIN C HUM
[IPABUJIBHBLIY IECTHYTOJBHUK CO CTOpoHOH 1/4 Tak, 9To6H! OnyIIeH-
Hbl€ U3 €r0 BEPUINH NEPIEHIUKYJISIPbl Ha CTOPOHBI OOMIBIIOrO MIECTH-
YTOJIbHUKA [10MaJaJI1 TOUYHO B CEPENUHBI 3TUX CTOPOH. JTH IEPIIEH-
JVKYJISIDBI BRIPE3aIOT U3 OOJIBIIOro MECTHYTONBHUKA elle 6 paBHBIX
ISITUYTONbHUKOB, AMAMeTPhl KOTOPBHIX paBHBI 1/2, Kak W JuaMeTp
MAaJIOrO IIECTHYTOJIbHUKA.

Ecnu eguHUYHBIN Kpyr pa3buT Ha 7 yacreit JuaMmerpa MeHbIIe-
ro 1/2 kaxpast, TO U €ro OKpy»>KHOCTb pa3bura Ha He Gosee ueMm 6
TaKUX XK€ JacTelf, HOTOMY YTO Ta YacThb, KOTOpasi CONEPKUT LEHTD,
HE MOXKeT coZlep>KaTh ToueK Ha OKpy»kHocTu. Ho Torna Ha omnOil u3
HuX 00s13aTe/IbHO HAWIyTCsl ABE TOYKH, OI'DAHMIMBAIOLLYIO OYTY He
MeHee 60 rpaaycoB. DTH TOYKM YOAJIEHBI ADYT OT IPYra HE MEHee,
yem Ha 1/2.
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Crenyromas 3aaa4a IPHHAJIEXKUT aMEPUKAHCKOMY MaTEMAaTHKY
I'pexamy.

2 446*. (I'pexsm) Kpyr auamerpa 1 MOKHO pasbuTh Ha IaTh YacTei

AuaMerpa He Oosbie %\/ 10 — 2v/5, HO Ha mATHL YacTelt MEHBIIEro
JAuaMeTrpa — HeJb34.

&447. (Mocxoscras obracmuas osumnuada, 1982) B xsagpate e-
xkaT 4 Touku. JloKaXkuTe, YTO pPaCCTOsIHME MEXKIY KaKHMH-HUOYIb
JByMsl U3 HUX He OOJIBIIIE €ro CTOPOHEI , HPHYEM ITY OLEHKY yiIyd-
IIHUTH HENb3d.

& 448. (Mocxsa, 1984) B xsajpate jiexat 5 Touek. JoKaxuTe, 9T0

PACCTOSIHAE MEXIY KAKAMU-HUOYIb JABYMsI U3 HHUX HE GOJIbIIe II0JI0-

BUHEI €r0 IUArOHAJIH, IPUYEM 3Ty OLEHKY YJIy4IIATh HeJIb3sl.
Vxasarnue. Pa3butk kBaapaT Ha 4 paBHBIX KBaJApaTa.

£449*. B KBaJpaTe ¢ eAUHIIHON CTOPOHOM JeXKaT Tpu Touku. Jo-
Ka’KUTe, YTO CPEAU HHUX HalIyTCsl ABE, PACCTOSIHHE MEXKIY KOTODBI-
Mu He 6osbire V8 — 44/3.

& 450*. (I'pexsm) Kpaapar quamerpa 1 MOXHO pasbuTh Ha jBe da-
ctu guamerpa v10/4, a Ha JiBe YACTH MEHBIIEr0 JUAMETDa — HEJIb3s,
€ro MOXKHO pa30uTh Ha TPHM 4YacTH JuaMmerpa He GoJiblue \/13_0/ 16,
HO HA TP YaCTH MEHBLIETO JUaMeTpa — HEJIb3s, MOKHO pa3buTh Ha
YeThIpe 4YacTH AuaMerpa 1/2, HO Ha YeThlpe YaCTH MEHBIIEr0 ua-
MeTpa — HeJIb3sl.

Pemenune MoxHO HaliTH B [73].

£451. B IpaBUJIBHOM TPEYTOJIbHHKe JiexkaT 6 Touek. Jokarkure,

YTO PacCCTOsIHME MEXJy KaKHMU-HuOyap JByMsI M3 HUX He OosbIie

TIOJIOBMHB! €TI0 CTOPOHBI, IIPHYEM 3TY OLEHKY YJIyYLINThL HEJIb3sI.
Vxasarue. Pa3buTh TpeyrolbHUK Ha 4 paBHBIX TPEYTOJIbHHUKA,

£452. B [IpaBUJILHOM TpeyroJibHuKe JjexxaT 10 Touek. Hokaxkure,
YTO pacCTOSHHE MEXJIYy KakKMMH-HMOyAp AByMs M3 HMX He Gousbiie
TPETH €0 CTOPOHBI, IIPUYEM 3TY OLEHKY YJIyJIINTh HEJIb3S.
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¥Yxasanue. Pa3burs TpeyrosibHUK Ha 9 paBHBIX TPEYTOJILHUKOB.

& 453*. (I'pexom) TpapunbHbIE TPEyToNbHUK AuaMeTpa 1 Hebas
pa3buTh Ha [(BE YACTH MEHBINETO JUaMeTpa, HO MOXKHO pa3buTh Ha
TpU YacTH IuaMeTpa v/3/3, NpUdYeM Ha TPH YACTH MEHBIIEro JHa-
MeTpa — HEJb3$, er0 MOXKHO Pa30UTh HA YeTbipe W NSITh YacTel
quameTpa He Gosibme 1/2, HO Ha 9YeThIpe W NATH YACTEN MEHBINEro
JAaMETPa — HeJb3sl.

Pentenve MOXKXHO HaitTu B [73].

& 454*. TIpsMOyronbHUK pa3Mepa 3 X 4 MOXKHO pa3buTh Ha TpHU
vyactu nuamerpa v/10585/32, a Ha TpHM YacTH MeHbBIIEro Auamerpa
HeJIb34.

& 455*, (Mocxea, 1984) B npsimoyronbuuke pa3mepa 3 X 4 jexar
4 Touku. JlokaxkuTe, 4TO PACCTOSHUE MEXKIY KAKUMHU-HUOY b ABYMS
U3 Hux He Gosbure 25/8, mprudeM 9Ty OLEHKY YJIydIIMTDb HeJb3.

& 456. [TpsiMOYTOIBHUK pa3mepa 3 X 4 MOXXHO pa3buTh Ha 5 yacTelt
nnamerpa He 6osbmre /5.

&457. (BMO, 1981) B mupsmoyronshuke pasmepa 3 X 4 jexar 6
ToyeK. JIOKaXKUTe, YTO PACCTOSHHE MEXIY KAKMMU-HUOYAb ABYMsI
13 HuX He Gosbiie v/5.

JokazaTenbeTBa CIeayOMUX JABYX TeopeM MOXKHO Halitu B [10].

Teopema 42 (Bopcyk-Xazmsurep). Ilap duamempa 1 neawv3s pas-
6umb HG MPU YACTNU MEHDWEZ0 OUGMEMPA, HO MOHCHO Pa3bUMD Ha

wemwipe wacmu duamempa v 3 + v/3/6, npunem na wemwipe wacmu
MEHLWE20 OUAMEMPA — HEAL3A.

Teopema 43 (I'pionbaym). Teao duamempa 1 moocho pasbumos Ha
yemoipe yacmu ouamempa, menvwezo 0,989,

B 1997 6b11a aoka3ana CIedyIOmas

Teopema 44 (B.B.Maxees). Teao duamempa 1 moosicho pasbums Ha
yemuipe wacmu duamempa, menvwezo 0,98.
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O}IH&KO €e O0Ka3aTeJIbCTBO HE 3JIEMEHTapPHO.

Bopcyk npeamosoxkui, 4To J11000€ OrpaHMYEeHHOE MHOXKECTBO B
N—MepHOM IIPOCTPaHCTBE MOXHO pa3buTh Ha n + 1 MOAMHOXKECTBO
MEHBIIEro JuamMerpa. JTa runoresa Oblyia JOKa3aHa Aisl JIIOOLIX 24a0-
KUZ TE€JI, B YaCTHOCTH JJIs Iapa, OJHAKO J1JIsl TPOU3BOJIBHBIX TEJI OHA
0OKa3aJ1ach HEBEPHOH, U HEJAaBHO ObLIa ONPOBEPTHYTA B IPOCTDAH-
cTBax GOMBLIOrO 4uc/Ia u3Mepenuit (cM. 06 3TOM MOIYJSPHYIO CTa-
ToI0 [62] 1 kaury [60]).

2.15 IlpubamkeHne BBUIYKJIBIX QUTYyp
MHOT'OYTOJIbHUKaMH

ITpon3BonbHbIE BBITYKJIbIE (DUTYPBI yXKE TIOSIBJISIIACh B 3TOR KHIK-
ke, VIx u3ydeHnune B CBOE BPEMsI BbI3bIBAJIO GOJIBIION MHTEPEC, U H3J10-
JKEHWIO IOCTUTHYTHIX PE3YyJIbTATOB MOCBSINIEHO HECKONIBKO KHUT (U3
MMEIOIMXCsl HA PYCCKOM sI3bIKe M. Hampumep [77, 42, 10, 26, 25, 12,
69]). Dta Tema HMHTEpECHa TeM, YTO OHa JOCTATOYHO SJIEMEHTADHA,
u MHOrMe (PaKThl MOTYT GBITH paccKasaHbl IIKOJIbHAKAM. Jlajiee Mbl
npeaiaraeM HoaOopKY 3a4a4 O BBINYKJIBIX (DUrypax, TEMATHYECKH U
UIEHHO CBSIBAHHBIX C IPEABIAYIIMM U3JI0KEeHUEM.

B yka3aHHOII TeMaTHKe BECbMa €CTECTBEHHOMN SIBJISIETCSI CIIELYIO-
mas tema HaunnaeM, Kak Bcerga, ¢ HeCJIOXKHBIX 3aJad.

458, s moboro BHIIYKJIOH Gurypsl M eQuHHYHON ILIOMIAIY
u Joboro €, 0 < € < 1, MmoxxHO HaliTi comepxkaniuit M BbINyKIIbIHA
MHOTOYTOJIbHUK Tuiomaau 1 + € u comepskamtuiicss B M BBITyKJIBIH
MHOTOYTOJILHMK ILTOoTaan 1 — €.

£459. B pomykiayo Gburypy miomais 1 MoXHO IOMECTHTb Tpe-
YTOJIbHUK TUIomanu 1/4, u MOXKHO ee HAaKPBITh TPEYTOJbHUKOM ILIO-
manu 4.

Caenyromast Teopema fgoka3ana B 1927 r. HeMenKuM MaTeMaTH-
KoM T.DcrepManHoM.
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£ 460*. Boiykinyio burypy miomans 1 MOXKHO 3aKJIOYHTb B Na-
paJuteniorpamm momwany 2. TpeyrosapHuK molnagu 1 Helb3st 3aKITIO-
YUTh B MAPAJIIEJOTPAMM ILIOMAAY MeHbIel 2.

Cnenyromast TeopeMa JokasaHa B 1918 r. HeMenkuM maTemaTu-
koM B. 'poccom.

& 461**. Boimykiyio ¢urypy mwiomain 1 MOXKHO 3aKJIIOUHTD B Tpe-
yroJibHUK mwiomanu 2. IlapannemorpamMm miromany 1 Henb3st 3aKII0-
YUTh B TPEYTOJbHUK ILIOMAAN MeHbIIeH 2.

Vxasanue. Brumem B M Tpeyronbuuk ABC nambosbmieli mio-
m@aau, o0O3HAYMM €ro BBICOTHI hg, hp, he, TIOCTPOUM TPEYIOJILHUK
A1 B1Ci Tak, 9T00BI €r0 cpeaHue JIMHIH 00Pa30BbIBAJIN TPEYTOJBHAK
ABC (C okazanace cepegunoit A1 B u T.1.), BoibepeM B mepecede-
aun M ¢ tpeyronbaukoM A; BC Touky Ag, Haubosiee yIaleHHyIO OT
npsimot BC| 0603Ha4nM paccTOsiHMe OT Hee JI0 3TOH mpsMoil dyepes
d4, n anaysoruyHo BhIOEpEM TO4YKM Bg, Cy U onpenenM paccTOsSHUSI
dp,dc (Bo3MOXHO, 4TO BHIOOp TOuek A, B, C, Ay, By, Co HeonHO3HA-
uyeH). 3ametum, uTo M conepxutcsa BHyTpu Tpeyroibuuka ABC,
TaK Kak B IPOTHBHOM cjy4dae B M Hauwiace Obl TOYKa, yAaJIeHHAS
OT OHOI U3 €ero CTOPOH Ha PacCcTOsiHHE, OOJIbILee OIYLUIEHHO! B 3TOM
TPEYTOJIbHUKE Ha 3Ty CTOPOHY BBICOTBHI, M TOI/a 3Ta TO4YKa 06pa3o-
BEIBaJIa OBI C 9TOM CTOPOHOH TPEYroJbHUK OOJbIIEH IUIOMAAM, YeM
ABC, uto nporuBopeunt Bribopy TpeyronbHuka ABC. Eciu mio-
maap tpeyroabHuka ABC He Gosbiie 1/2, T0 Bce IOKa3aHO, Tak
KakK TOrIa Iomaas tpeyroiabhuuka A;BiCy He 6osbme 2. B mpo-
TUBHOM cJiydae nposeneM uepe3 Ag npsimyio, napasuienbnyio BC,
1 AHAJIOTUYHO [poBeleM Ipsimbie yepe3 B u Co. DTH npsiMbie 06-
pasyior TpeyrosbHuK AzBsC3 HakpbiBaONMH , YTO JNOKA3bIBAETCS
TaK»e, KaK HakpbITue Tpeyroasuukom A1 BCi.

MHoroyrosibHuK (B HEBBIPOXKAEHHOM CJTyuae, BooOIie roBopst, Iie-
cruyronsauk) ACe BAoC By 0603nauum My, a ero mwiomanp — 4epes
S9. B cuity BBIIYKJIOCTH OH comep»Kurcsi B HeM. Fosoxkum 111 Kpar-
KOCTH

dg dy de

HaZE“,ﬁb:_
a
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Mozxno mpoBepuTs, 4TO

d
1=38(M) > sy = SaBc (1+ﬂa+ﬂb+ﬂch—c>,
C

rae Sapc > 1/2 — wnomans Tpeyronbauka ABC, oTKyza nMeeM

1
S < 1.
ABC < 1+ ra £ Fp £ o’ Kg + Kp + ke <

Moxno npoeeputb, yTo KO03pdUIMEHT MONOOHSI TPEYTOJTbHUKOB
A3B3C3 u ABC paBen 1 + kg + Kp + K¢, OTKYIA

SA3B303 = (1 + Kg + Kp + K',C)QSABC <1+ K8g+ Kp+ ke < 2.

Caenymomast TeopeMa MPHHAJIEXKHT U3BECTHOMY MIBEHLIAPCKOMY
MatemaTuky I Xansurepy.

&462. Bemykiyio ¢urypy mromanu 1 MOXKHO HAKDBITh IIPSIMO-
YTOJIBHUKOM IUIOIIAAM 2. DTO HEPABEHCTBO HEJIb3sI YCWIHTb JaXKe
JJIsl IEHTPAJIbHO-CHMMETPUYIHBIX (DHUTYD.

Yxasarue. Ilposenem yepe3 KoHUBI Auamerpa (DUTYpPHI NEPIEH-
JMKYJISIPDHBIE K HEMY NIPSIMbI€, KOTOpBIE OyIyT OIIOPHBIMHU IJIsT JaHHOMN
¢uryper. IIposeneM eme napy OIOPHBIX JUIsl Hee NPSMBIX, Napasi-
JIENbHBIX AuaMerpy. [lcsydeHHBIA MNPSIMOYIOJIBHHK COAEPXKUT (DH-
rypy, & OH& COAEPXKHT BIMCAHHBIH B HEro YETHIPEXYTOJBHHMK BJBOE
MEHbIIeH IUIomany, y KOTOPOro OUAroHajb COBIQJAET C paccMmaT-
puBaeMbIM guameTpoM. PoMm0 ¢ egyHMYHON CTOpPOHOI! M BBICOTOI €
UMeeT ILUIOIaab 8 = €, IUUPHHY €, nuaMeTp > 2 — €. Ecim ero na-
KDbITh TIPAMOYTOJBHEKOM a X b, a < b, 0 a > €, a2 + b2 > (2 —€)?,
OTKyJa '

a?b? > ((2 — €)® — €%)e? = (4 — 4e)é?,

ab > 2evV1 — e =21 — ¢s.

2463. Bemykiyio ¢durypy MOXKHO HAKDBITH IPSIMOYTOJIBHHKOM U
BHYTDb €€ IIOMECTUTh IIPSIMOYTOJBHUK TaK, YTO UX CTOPOHBI OyxyT
HONAPHO IapaJUIeJIbHBl M B OJHOU Iape OTHONIeHHEe IyIuH OyneT pas-
HO 2, a B Apyroi mape — 4.
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Yxasarue. IIpoBemem depe3 cepenuny auaMeTpa (PHIYphI Iep-
TIEHAUKYJISIDHOE €My CEYeHHE M PACCMOTDPUM BITHCAHHBLIA B Hee de-
TBIPEXYTOJIbHUK, ¥ KOTOPOrO JaHHBIE AMAMETD U CEYEHHE SIBJISIIOT-
sl [EPUEHANKYJISIPHBIME JuaroHaisiMi. [IposeneM depes BepuIMHBI
3TOTO YeThIPEeXyToJIbHUKA OMOPHBIE MpsIMBIE K JaHHOM ¢urype. Ouun
06pa3yoT HaKPBIBAIOIIYIO 9Ty (DUTrypy Tpalenuio, IUIomalb KOTo-
polt paBHa IPOM3BEIEHHUIO JUAMETpa Ha JUIMHY CedeHus: (KOTOpoe
Urpaer pojib €e CpeJHell JIMHHM), W MOITOMY BABOE BOJIbIIE ILIO-
IaJu pacCMaTPUBAEMOro YeThIPeXyrojbHHKa. [IpsiMoyronpHukK, o6-
Pa30BaHHBIN CEpPeAUMHAMH CTOPOH 4YeThIPEXyroJIbHHKA, UMEET BABOE
MEHBIIYIO, YeM OH, Iwiomaab. JJaHHYIO Tpanenuio MOXKHO HAKPBITh
IIPSIMOYTOJIbHUKOM BABOE OOJIbIIEH IUIOMIaIH M TOH K€ BBICOTHI.

£464. B BBINIYKJIYI0 urypy miomany 1 MOXKHO TOMECTHUTD IIPSIMO-
yToJIbHUK Iutomsagu 1/4.

& 465. Boimykiyio Gurypy MOXKHO HAKPHITH IAPAJIENOrPAMMOM i
BHYTPb €€ IOMECTHUTDb [1apa/UIeJIOTPAMM TaK, YTO OHHM OyayT romo-
TETUYHbI ¢ KO3 dpuimenToM 2. st TpeyroJbHUKa YMEHBIIUTD 3TOT
KO3 DUIMEHT HEJIB3S.

Vxaszanue. BronmeM B GUTypy 4YeTHIpeXyroJbHUK Hambosibmieit
Jiomaau. HCHO, YTO €ro BEPOIMHBI AOJIZKHDLI JIEXKaTh Ha rpaHule
durypsi. CynecTBOBaHNE TAKOTO YETHIPEXYTOJIbHAKA MOXKHO JOKa-
3aTh JIEMEHTAPHO, €C/IM JaHHAasl (PUrypa sBJISIEeTCS MHOIOYTOJIbHU-
koM. JleficTBUTEIbHO, TOT/Ia IIEPEBUTasl BEPIIMHY YEThIPEXyTrOJIbHHI-
Ka 110 CTOPOHaM (hHUrypHI U 3aMedast, YTO ero INIOMaAb JUHEHHO 3a-
BUCHT OT ITOJIO’KEHUST 3TOM BEPUIUHbI, I0JIYYaeM, YTO MAKCUMAJILHOE
3HAYEHUE ITA IJIOMIAIb UMEET, KOTIa 9Ta BEPIINHA YeThIPeXyToJIbHH-
Ka COBIAQJET C BEPIIMHOW JAHHOTO MHOroyroJjibHuka. IloBropsis sty
[IPOLEAYDPY, MOXKHO CUHUTATDh, YTO BCE BEPIIMHBI YEThIPEXYTOJIbHUKA
JIeXKAT B BEPIIMHAX JAHHOIO MHOrOyrosibHuka. Ho Takux 4deTerpex-
YTOJIbHUKOB KOHEYHOE YMCJIO, B CPEIM HHX MOXKHO BBIODATh MaKCH-
masbHbil. [IpoBesem yepes ero BepuUIMHBI HpsIMBbIE, HapasllesbHbIe
ero auaroHassiM. IlosydeHHBI! TapasuiesiorpaMM COZEpXKHUT B cebe
nannywo ¢urypy. CepeauHnl CTOPOH PacCMaTpHUBaEMOrO deThbIPeX-



2,15, Ipubauoicerue Puayp MHO20Y20AHUKAMU 195

YyrOJIbHUKA TOXKe 00pa3syioT Hapa/uieorpaMM, TOMOTETHYHBIH Iep-
BOMY ¢ KoahduimeHToM 2, u sexkanuil BHyTpH JXaHHONU DUTYPHI.

&£ 466. s TpeyroJibHHKa OTHOUIEHHE IIomiagelt oObemeMoro u
00 bEMITIONIETO MapaJuIeIOrPaMMOB He MeHblle 4, IIpuYeM 3TO Hepa-
BEHCTBO JOCTHXKHNMO.

& 467. (Mockea,1984) B TpeyrompHuK mwomans 1 Heb3s TOMe-
CTUTh mapaJuiesorpaMm ioniaau Gonsureit 1/2.

& 468**. (B.3wcc) B somykiyo durypy miomans 1 MOXHO moMe-
CTUTH MapaJIJIENIOrpaMM miomasan 1/2.

2 469. Brmyknyio burypy MOXKHO HAKDBITH TPEYTOJBHHKOM U
BHYTPb €€ IIOMECTHUTDb TPEYTOJbHUK TaK, YTO OHU OY/yT FOMOTETHY-
Hbl ¢ Koo durnumentom 2. JIna mapasuienorpaMMa M Kpyra yMeEHb-
MIATH 3TOT KOI(PPUIMEHT HEIb34.

Yxazanue. BrimmunTe B urypy TpeyroJbHUK MaKCHMAJIbLHOU ILIO-
a0 U JOKAXKUTE, YTO TPEYTOJIbHUK, Y KOTOPOTO OH SIBJISIETCS Cpe-
JIMHHBIM TPEYTOJbHUKOM (00Pa30BAHHBIM CPEJAHUMMU JIMHUSIMU) Y10
BJIETBOPSIET YCJIOBUSIM 38Ia4H.

€ 470. BBIIyKIyio LEHTPaIbHO-CHMMETPHYHYIO (DUTYDY MOXKHO Ha-
KPBITh [IAPAJUIESIOTPAMMOM K BHYTPb €€ [IOMECTUTD IapalljIeJIorpaMM
Tax, YTO OTHONIEHWE X ILIomaneit 6yaer paBHO 2.

Yxasanue. Kak u B 3a5a4e 465 pnuieM B GUTypy YeTHIPEXYTOIE-
HAK MaKCHMAaJIbHOM Iutomamay. MoxHO ero BhIOpaTh INEHTPaJIbHO-
CUMMETDHYHBIM, T.€. [ApPa/UIeJIOrpaMMOM, MHAYE CYIIECTBOBaJ OBl
IEHTPAJIbHO-CHMMETPHYHBINA eMy OTHOCHUTEIBHO IEHTPA CHMMETPHHU
¢uryps! pyro#t BIUCaHHBIA YETHIPEXYTOJbHUK MMeeT OOl ¢ HUM
ONHMCAHHBIA IApaUIeJIOrpaMM, HO TOTa B KadecTBE MaKCHMMAaJbHO-
IO BITMCAHHOIO YeTBIPEXYTOJBHHUKA MOXKHO B3SITH [1apajijleslorpamM,
o6pa3oBaHHBI cEpeMHAMHU CTOPOH ONKCAHHOTO apaliejiorpaMMa.
OTOT napaJsutesIorpaMM HMeeT BiBoe GONBIIYIO ILUIOMAb, Y€M BIIH-
CAHHEIA B HeEro.

Cnenyronryio 3anaqy aBTop npejjaraj Ha MOCKOBCKYIO OJIMMITH-

ay.
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24711. (Mocxea, 1992) B BBIIYKIYIO [EHTPAJIbHO-CAMMETPHYHYIO
¢urypy MOKHO IMOMeCTUTH POMO BIBOE MEHbIIEH ILTOomany.

Yxaszarue. Juamerp (urypsl IPOXOAUT YePe3 LEHTP CUMMETDHA.
IIpoBeseM depes HEro NepneHANKYISPHOE AuaMeTpy cedeHue (ury-
pol. OHo BMecTe ¢ AuaMerpom o6pasyer BIHCaHHbI B purypy pomo,
IUIOAAb KOTOPOrO BJBOE MEHbIIE IIomany Tpaneuuu (Ha caMoM
Jiesle IapaJljiesiorpaMMa), ONUCAHHOM BOKDYT JaHHOM ¢uryps (cMm.
ykazaHue K 3aja4e 463).

£ 472. B BHIIYK/IBIH LEHTPAJbHO-CUMMETPAYHYIO IIECTHYTOJIbHAK
mwomaay 1 MOXKHO IIOMECTHTH IapaJsulesiorpaMM Iuomaiau 2/3. B
IPaBWIBHBIH MIECTHYTOJbHUK IUIOMAAN 1 Helb3sl HIOMECTUTD apaJi-
siesjorpamMM Gostbineit nomanu. IlpaBuibHbIN IEeCTHYTOIBHUKA IIJI0-
maau 1 Hesb3sl HAKPBITH NAPAJIIeIOrpaMMOM IUIOIIaNH, MEHBIIEH
4/3, a napasenorpaMmMoM miomaau 4/3 MOXHO.

Y. Ilern nokaszas, 4To Ji0OYI0 IEHTPAJIbHO-CUMMETPHIHYIO (Du-
I'YPy €IUHUYHOH IUIOIA 1 MOXKHO HAKPHITh [IaPaJlJIEJIOrPaMMOM I1JI0-
manu 4/3.

A Bot eme ogHa Teopema B.I'pocca.

&473. B semykayio dbur MOXKHO IIOMECTHTH TPEYIOJIBHUK, H
)

MO2KHO €€ HaKDBITh TPEYTOJIbHUKOM TaK, YTO OTHOIIEHHE MX ILIONIA-

Jeit 6ynet He 6onpmme 4. [Iyist Kpyra 9TH OLEHKM YJIyYIIUThH HEJIb3s.

Yxazanue. CMm. ykazanue K 3anaude 461. IIpumenure Teopemy 1.

& 474*. B BBIUIYKIYIO ¢urypy mionaau 1 MOXKHO HOMECTHTEH Tpe-
YTOJIbHUK IWIomaau 3/8, ofHa 13 CTOPOH KOTOPOTO MapaJljiesibHa, 3a-
JaHHOM TIPSIMOI, IpUYeM 3TO HEPABEHCTBO — TOYHOE.

Ycunenne npeapioymelt 3a1adn JaeT CJAeAYIOmas TeopeMa

475, (Baswuxe) B Bemykiyio dburypy miomagu 1 MOXKHO 11o-
MECTUTD TPEYTOJIbHUK TIIONIAIH g.Z{r_ﬁ > %. B sniunce momamy 1 mo-

MECTUTh TPEYTOJIbHUK IUIOmaau, 6osbireit %? HEJIb3s1, a B Burypy,
OTVIMIHYIO OT JUIAICA — MOXKHO,

O6061eHneM PEABILYIIEH TEOPEMBI SIBJISIETCS
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Teopema 45 (Bistmke-Cacc). B aobyio ewnyriyro dusypy niowa-
Ou 1 MOICHO NOMECTIUMD EHINYKABLT N — Y20ADHUK NAOWGOU 5= Sin %”,
NPUNEM 68 IAAUNC NAOWAOU 1 NOMECTNUMDb N —Y20AbHUK NAOWAOU,
boavweti 5= sin 2T peavas, G 8 Puypy, OMAUNHYIO OM IAAUNCE —

n
MODICHO.

Yxasanue. Beibepem B durype mobo#t 1uaMeTp u IIOCTPOUM Ha
HeM Kpyr. Jjist mpoCTOTHI BHIK/IAAOK IIOJIaraeM AMaMeTp PaBHBIM 2,
& UEHTP KPyra COBIAJAIONIMM C HAYAJOM KOOpAWHAT. PaccMoTpum
MHOXXECTBO BCEX BIHCAHHBIX B KPYT IIPABUJIBHBIX 71— YTOJbHHUKOB.
KoopaunaTs! BepIIMH 3TUX N—YTOJIBHUKOB UMEIOT BUJ,

(cos(t + 2mk/n),sin(t + 2rk/n)), k=0,...,n— 1.

CrpoekTrupyeM BEPIINHBI yKA3aHHOTO N —YTOJIbHUKA HA TPAHUILY J1aH-
HOIM KPHBOH ¥ TIOJIYYNM BIHCAHHBIA B Hee n—yrossHUK Tn(t) ¢ Bep-
HIMHAMHA

(cos(t + 27k /n), e(t) sin(t + 2nk/n)), k=0,...,n —1.

Brryncnum ero miomaab, pa3bus ero Ha TPEYroJbHUKY ¢ 0b1eit Bep-
IIHHOKM B HavaJie KQOPAUHAT. BBRIUNC/SAS IJIOMIANb KAXKJI0TO U3 HHUX
o ¢opmyne 3aaa4un 165 u cyMMupys ux, uMeeM (GOPMYIy IJIsT ILIO-
ma,au

1 :
Tu(t) = 3 Z:l e(t;) sint;(costi_1 — costiy1),
rae t; = t + 2mi/n mod 2w, B yacTHOCTH tg = ¢, the1 = t+ 27(n +
1)/n = t+2r/n = t;. lIpumenss dopmyity npeobpa3oBanus PasHO-
CTH KOCHHYCOB B NPOM3BEACHUE CHHYCOB, TOJydaeM 6ojiee CHMMET-
puUYHYIO dopMyITy

. 2m R~ .
Tn(t) = sin " ; e(t;) sin? ¢;.

Honoxum ¢y = 2mk/N, k = 0,...,N — 1, u paccMorpum cpezHee
apudmeTnIeckoe

L N-l gip 2r N=1n-1
5 > To(ér) = = D " e(¢x + 2mi/n) sin® (¢ + 2mi/n),
k=0

k=0 i=0
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Menss B gBOMHOI cyMMe HOPSIIOK CyMMHPOBaHHS, MMEEM

N-1 . n—1N-1 )
1 sin £& 2k 2mi 2k 2nmi
— T, = L 2R, AT Y g2
ngo n(de) = —x i=0k=oe(N+n)sm(N+n)

21r n-1
N smn%\’,r ZTN (27”/ n),
rue
N-1
. 2m 2rk  2mi\ |, o [ 27k  2mi
T (2mijn) = sin 3 06<7V—+—n—) sin (‘N‘*?)

— ILUTOMAIb BIMCAHHOIO B JaHHYIO durypy N —yroabHuka Ty (2’”) .
Hnst nponsBosbHOro € > 0 MoxkHO BEIGpaTh N = N(¢€) Tak, 4ro

Tn(27i/n) > S(1 — ¢),

rae S — wiomanp JaHHOK GUrypsl (OHa y>Ke He 00s3aTeIbHO eIu-
HHYHASs, T.K. BBIIIE Mbl (PaKTH4ECKH BBIIOJHUIN Ipeodpa3oBaHue 1mo-
nobus). 13 Torna umeem

N-1 21|— n-—1 s 2T
1 (1—€)Snsin<L
— E T, E Th(2 n
N n(#k) = Nsin NonZ n(2mifn) > Nsin Z&

k=0 N =0 N

Tak kax N sin N €CTh IlepuMeTp IpaBuibHOro N/2—yroasHuka, BIu-
CaAHHOT'O B OKPY>KHOCTb €IMHMYHOIO pajJuyca, TO

Nsin% < 2w,

OTKYJa CJIeyeT HEpAaBEHCTBO

NZT ¢)>(

133amernM, uTO 3TO HamMeHee OGOCHOBAHHOE MECTO PAcCyKIAeHHs (XOTs Ha
nepsbii B3I, ouesunHoe). OHO 3amensier B mokazaresnberse Cacca HCNOMB30-
BaHUE WHTErPAJIILHOTO NCYHCIenNst. [1151 ero crpororo 060CHOBaHNS HYKHO 3HATH
TEOPHMIO TIPEZIEJIOB ¥ CTPOTYIO TEOPHIo miomaay (3kopAaHoBo#l Mepnt). Brpouem,
€cM JaHHas (burypa — MHOTOYIOJIBHEK, TO 3HAHUE XKOPIAAaHOBOM MEpHI HE HYXK-
HO.

e)Sn i 2r
sin —.
n
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U3 sToro nepaBencTBa nMeeM, uTo g Hekotoporo k =0,...,N —1

Tn(or) > (d=€)Sn —2;)Sn sin 2_7r
SuauyuT npu joboM € > 0 B cbm‘yp{ IJIOMIAaY S MOXKHO ITIOMECTUTD
N—YyTOJLHHUK ILIomany, Gosee 1_2';3 % sin 27" Ilepexons k mpezeity,
HOJIYyY8EM CYIIECTBOBAHKIE IIOMENIEHHOTO B QUIYPY EeAVHUYHON ILIO0-
a1 N—yTOJbHUKE, Y KOTOPOrO IUIOAIb He MeHee 3- sin %E

Tot daxT, uyTo A5 11060 PUrypBI, OTIMYHOHN OT JIHIICE, MOXK-
HO TIOJIYYUTh cmpozoe HepaBeHCTBo, Peltermn-ToT fOKa3as ¢ IOMOIIIBIO
HEKOTOPBIX PaKkToB U3 Teopud psanoB Pypre, U MOSTOMY MBI HE MO-

2KeM IIOMEeCTHUTDb 3TO0 JOKa3aTeJbCTBO 3J€Ch.

& 476*. Dsumnc womaau 1 MOXKHO HAKPBITb 7—YTOJLHAKOM IIJIO-
masu 2sin £, a n—yronpHEKOM MeHbIEH MUIOMAI M HENB3S.

&477. Ucnonb3ys 3amady 461, mokazkure, WTO sl NOKPLIMUA
N—YTOJbHUKAMH JJUINIC He SIBJISIETCS 9KCTPEMAJIbHOM (urypoi npu
n = 3.

Caenyromast Teopema npunayiexkur Qeitemn-Tory.

& 478. JlokaxKuTe, 9TO KaXKAYIO BBINYKJIYIO GUTYPY MOXKHO 3aKJIIO-
YUTh MEXIY JBYMsI BBIIYKJIBIMA N—yTOJbHIUKAMHA TaKUMHM, UTO IIe-

puMeTp GOJBIIEr0 MPEBOCXOAUT IIEPUMETP MEHBIIEro B Zﬂslﬂ pas.
n

DTa O1eHKa He MOXKeT OBbITH yCUJIeHa JJ1s1 Kpyra.

Yxa3anue, PaccMOTpUM MpaBUJIBLHBIR N—YTOJBHUK, HAKPHIBAIO-
it nanuywo ¢urypy. Ilepeasurast ero cTOpOHBI MapaIeIbHO CAMIM
cebe, mobbemcst nx KacaHus ¢ ¢purypoii. Ilosyvum onucansbIit BOKpyT
Hee PaBHOYTOJIbHBIY N —YyTroJIbHUK. Beibupas Ha ero croposax no of-
HOM TOYKE KacaHusl, MOJy4aeM BIIMCAHHBIA B (PUTYypYy n—YroJIbHUK.
OTa napa n—yroJbHUKOB HcKoMasi. eiicTBuTensHO, ecim A, B — co-
CellHUe BEPIIMHbI BIIMCAHHOIO N—YTroJjibHUKA, a C — Jiexkainas Mex-
Jly HUMH BepmmHa onucaHaoro, to ZACB = w(n — 2)/n, To B cuy
sanaun 42 (AC + CB)/AB MakcuMasbHO B cliydae paBHOGEIAPEHHO-
ro TpeyronbpHuka, nodtomy AC + CB < AB/ cos(n/n). Cymmupys
9TH HEPaBeHCTBa, nostydaeM P, < p,/cos(m/n).

Jl0Ka3aTebCTBO CIIEAYIONMX TEOPEM MOXKHO Haitu B [69).
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Teopema 46 (Dettem-Tor). Kaoswcdyro ewnyxayro dueypy mooicho
3QKA0NUMD MEHCTY 08YMA BHINYKABIMU TL— Y20A0HUKAEMY MAKUMU,

YMO NA0UWAL BOABUWER0 NPEBOCTOOUM NAOULATD MEHDULEZO 8 ——T-jzl -
COs n

pa3. 9ma ouerka He mooicem bumd Yycuaena 0as Kpyaa.

Teopema 47 (Hoykep). Obosnanum enucannbili 8 0aHHYI0 GLINYK-
AYI0 Puypy n—Y204bHUK MAKCUMAALHOU nuowadu Ty, a onucam-
Houll 80KPY2 Hee N—Y20AbHUK MUHUMAALHOT nuowadu Uy, u maxoice
obosnavum ux naowadu. Tozda nocaedosameavnocms Ty, evinyxaa
seepx, m.e. Tp,_1 + Thy1 < 275, a nocaedosamenvrocms Uy, evinyx-
Aaa 8Hu3, m.e. Up—1 + Upy1 2 2U,, n > 4.

Tomo6uyto Teopemy 1 epuMeTpPOB Jokasan V1. Moasrap [69).

W3BecTHa Takske cieAylomiasi TEOPEMa, M3 KOTOPOH BBITEKAIOT
SKCTPEMAJIbHbIE CBOACTBA BIIMCAHHBIX B OKPY?KHOCTb M ONHCAHHBIX
BOKPYT OKPY?KHOCTH 71—yTOJIbHUKOB.

Teopema 48. Cpedu 8cex 8HINYKABLL N—Y20ADHUKOB, SNUCAGHHBIT 6
OaHHbIL JAMUNC, HAUBOALWUT NEPUMEMP UMEEM N— Y20ADHUK, 8NU-
cannviti 6 cofporycnortii? annunc. Cpedu 6cex BLNYKAT N— Y20 AbHU-
K08, ONUCAHHHIL 80KPY2 0AHH020 IAAUNCA, HAUMEHDWUT NEPUMEMD

UMEEM MOM, KOMOPbITl 6NUCAH 68 COPOKYCHBT IAAUNC,

JlokazaTenbCTBO MOXKHO Hafitu B [6].

N3BecTHO, YTO Ccpeay JUIUIICOB, HAKPHIBAIOIINX JAHHYIO BEIIYK-
Jy1o pUrypy, IMEeTcsl eAUHCTBEHHBIH JIIUIC MUHEMAJIbHON IIoma-
U, ¥ CpeAy SJUIAICOB, COAEPXKAIIUXCsI B JaHHOM durype, mmeer-
Csl €IUHCTBEHHBIN SJUTHIIC MAKCHMAJIbLHOM ILIOMAaN. AHaJIOTHYIHBIE
¢aKTHI BEpHBI 1 B MHOTOMEDHOM IIPOCTPAHCTBE, & COOTBETCTBYIONTAE
SJUTUTICOU LI HA3BIBAIOTCS jtunconnamu JI€sHepa.

& 479*. [lokaxxute TeopeMy JIEBHepa [JIS [EHTPAIHLHO-CHMMETPHY-
HBIX BBIIYKJIBIX MHOKECTB.

Yxaszarue. MUHAMAJIBHBIN SJUTUIC KOHIEHTPUYEH ¢ JaHHOK u-
rypoii. JlefcTBUTENbHO, B IIPOTHUBHOM CJIy4ae JUIMIC CUMMETPHY-
HbIi MUHUMAJIbBHOMY OTHOCHUTENBHO IEHTPa (GUTrypBl TaKXe ee CO-
JEPKUT, [03TOMY M IEpecedYeHHe IJUINICOB ee CONEPXKHUT, HO 3TO

43 1nuncsr codboKycHbIe, €CH y HEX COBHAIaioT (hOKYCHI.
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nepeceYeHne MOXKHO HAKPHITH IIMICOM MEHbIueH Iuomanu (Jist
JOKA3aTEeIbCTBA STOr0 AOCTATOYHO cenaTh addunHOE Npeobpaso-
BAHWE, NEPEBOJSINEe STU IJUIMICH B PaBHblE KPYI'H, W 3aMETHTh,
YTO WX MEpeceyeHye HAKPHIBAETCS MEHBIIMM KPYTOM), YTO BEHET K
npoTuBopeunio. Eciau MUHUMATBHBIX 9JUIMIICOB JBa, TO caenas ad-
¢dbunHOE NpeobpasoBaHKe, MOXKHO CYMTATH OZMH M3 HHX KPYyIOM H
B COOTBETCTBYIOILEH CHCTEMe KOODAMHAT WX YDaBHEHHsI IPHHUMA-
wor sun 22 + 32 < 1,(z/a)? + (y/b)? < 1,ab = 1. Torma smmmc
22(1 + 1/a?) + y?(1 + 1/b)? < 2 Toxe HaKpbIBAET DAHHYIO bHTYDY,
& KB3JIDAT ero ILIOMaIH, JeJleHHol Ha 712, paBeH

2 2
1+1/a21 + 1/b2’

W COIVIACHO HEPaBEHCTBY O CpPeJHEM apU(pMETHYECKOM U CPEIHEM
reoMerpudecKoM oH MeHbIe (ab)? = 1, 4TO ONATH JAeT IPOTHBOpE-
que.

& 480*. Jloxaxure Teopemy JIéBHepa st IPOU3BOJBHBIX BEITIYK-
JIBIX MHOJKECTB.

DTa TeopeMa BepHA W B —MEPHOM IIPOCTPAHCTBE.

Crnenyromas TeopeMa Obluta JOKa3aHa aMEPUKAHCKUM MaTEMaTH-
KoM D.JI>)koHOM ¢ 1esbio IpUMEHEHUsT B (PYHKIIMOHAJIBHOM &HAJIN3e
(Teopuu GaHAXOBBIX IIPOCTPAHCTE).

D 481*. (. [Jorcon) JoKaxKuTe, 4TO IEHTPATLHO-CUMMETPIYHOE BbI-
IIYKJ/I0€ MHOXKECTBO BCEI/Ia MOXKHO 3aKJIIOYUTH MEXIY OBYMSI FOMO-
TETUYHBIME ¢ KO3(bdHIMERTOM /2 3mmuimcamuy.

Yxaszanue. Hakpoem durypy MmunnmanbabM aimtuiicom JIésuepa.
Cnenas acdpdurHOE npeobpa3oBanne, MOXKHO CYHTATD, YTO ITO €4U-
HuuHbIA KpyT. JonmycTum, uTo durypa cooepKUT rpaHHYHYIO TOUKY,
VIAIEHHYIO OT LEHTPa KPYTa Ha PacCTOsHKe MeHbmee 1/v/2, n npu-
JEM K MPOTHBOPEYHio. MOXKHO CYMTATh, YTO Oumrkafiiiast K HEHTPY
918 TouKa umeer kKoopmmHaTh (0,A), rme A < 1/v/2. Torna nammas
durypa conepxuT Kpyr z2 + y2 < A2, nostoMy npsMast y = A sB-
JISIETCST OTIOPHOM K 3TON (PHUrype, U MOITOMY HpsIMasi ¥ = —A TOXKe,
anaunT durypa Jjexut s obnactu 22+ 2 < 1, |y| < A. Haxpoewm sty
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obmactp smmuncom (z/a)? + (y/b)2 = 1, (1 — A2)/a® + (A/b)? = 1.
Ero mnomans paBHa

a
V1= (1= )2)/a?

Ona 6yner menbme 7, ecim (a))? < 1 — (1 — A?)/a?, Te, nampu-
mep, npu a* = (1 — A?)/)?, Tak kax 2v1 — A2\ < 1. ITonyuaercs
IIPOTHBOpPEYHE C BHIBOPOM MHHHMAJIBLHOTO HAKDLIBAIOMIETO 3JLIHIICA.

mab=1m

& 482*. Jlokaxxure, 9TO [apaJuleJIorpaMM HeJlb3sl 3aK/II0YUTh MeX-
LIy ABYMsI TOMOTETHYHBIMH C K03bpuuuenToM /2 s/umumncamy.

& 483*. Jokaxkure, YTO €AMHUIHBIN KBaAPaT HEJIb3d 3aKJ/IIOYUTH B
JIINIIC TIOMAAN MeHbIuel 7/2, 1 B HETO HeJIb3sl IIOMECTHTD SJUINIIC
wionay /4

£ 484. B 1eHTPaIbHO-CUMMETPHYHYIO BBIIYKJIIYIO (PUIYDPY ILIOIEIHI
1 MOXKHO IIOMECTHTH HPSIMOYTOJIBHHK IUIOWaau 1 /7.
Yxasanue. Ilpumennte 3ana4ay 481.

2 485**, (P.Lotcon) JokaxkuTe, UTO BBINYKJIOE MHOMKECTBO BCETHA
MOXKHO 3aKJ/TIOUHMTh MEXIY ABYMSI TOMOTETUYHBIME ¢ Ko3dumen-
TOM 2 3JITAIICAMH,

& 486*, JlokakuTe, 94TO TPEYroJIbHUK HeJb3sl 3aKJIOYHTh MEXKIY
JABYMSI TOMOTETHYHBIMY C KO3(PUIMEHTOM 2 3JIHIICaMH.

2.16 JlnHeliHble cHCTEMBI BBIIYKJBIX (DUTYyP
A CMeIllaHHbIe IJIOHIAIU

Jnst moboro o,0 < a < 1 u mobBIX ABYX IJIOCKHX MHOXECTB A u
B o6o3naunm oA + (1 — @) B MHOXKECTBO BCEX TOYEK, HENSIIUX B
JaHHOM OTHOIIEHMM 1 — ¢ : (v OTPE3KH, Y KOTOPLIX MEPBBI KOHEI]
npuHagiexur A, a Bropoit — B. Ilpu a = 1/2 sro ompenenenue
IIEPEXOIUT B ONPEIe/IeHHe TIOJYCYMMbl MHOXKECTB. B BBIPOXKIEHHBIX
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ciyqasx « = 0 win 1 muoxecrso aA+ (1 — ) B coBuaznaer ¢ B wiu
A COOTBETCTBEHHO.

Cnenymoomue 3a1a49u sIBJISIIOTCSI, B OCHOBHOM, 0606meHnsiMu co-
OTBETCTBYIOIHUX 3a7a4 u3 pasnena 2.4. Pemenns GonpmuHCTBA 13
HIX MOXHO Haiitu B [77, 16, 17].

&487. Ecnu MuOoxecTBa A ¥ B NapasiIesbHO HepeBHHYThH (BO3-
MOXKHO Ha pa3Hble BeKTOpa), To MHoxecTBO aA + (1 — a)B Toxe
TapaJIesIbHO TIePeJBUHETCA.

& 488. Ecim muoxectsa A u B BBIITYKJIbI, TO X MHOXKECTBO oA +
(1 — @)B Toxe.
Jajiee paccMaTprBaeM TOJIBKO BBIITYKJIBIE MHOXKECTBA.

2489, Cummerpuzauust [ tefinepa oTHOCHTEIBHO OfHOM U TOH Xe
ocu ¢uryp A, B, aA+(1—a)B yrOBIETBOPSIET YCIOBUIO BHITYKJIOCTH

oA’ + (1 - a)B® C (eA + (1 — a)B)S.

£490. Ecim n—yroabHukn A 1 B UMEOT COOTBETCTBEHHO IapaJ-
JIeJIbHbIE CTOPOHBL @4, b;, T0 @A + (1 — @)B ecTh nN—yroipHAK CO
cropoHaMu aa; + (1 — a)b;, COOTBETCTBEHHO MapaJIIeIbHBIMU CTOPO-
HaM a;, bi.

& 491. Ecny MHOXecTBa A 1 B MeOT 1epuMeTphl py, pB, TO MHO-
xecTBo @A + (1 — &) B umeet nepumerp apy + (1 — a)pp.

Vrxasanue. Jokaxkure 9T0 CHauaja AJiss N—YrojabHUKoB A u B
C COOTBETCTBEHHO IIapaJiIeJIbHBIMA CTOPOHAMH, [IOTOM JJIsI MPOU3-
BOJIBHBIX MHOTOYTOJIbHUKOB, BBOZS (DUKTUBHBIE CTOPOHBI HYJIEBOM
JJIAHBL, & TIOTOM IepefiauTe K IPerelIy.

£492. Eciiu MHOkecTBa. A 1 B umeror auamerpel D4, Dp, T0 MHO-
x)ecTBo A+ (1—a)B umeer quamerp e Gonbiuit aDa+(1—ao)Dp.

&2 493. Eciin muoxkectBa A u B mveror mupuny ba, bg, To MHOXe-
crBo A + (1 — o) B umeer mupuHy He MeHbuyio abg + (1 — a)bp.
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& 494. Eciiu MuaOoxkecTBa A 1 B MeoT BHEMIHKE panuycel R4, Rp,
To MHOXecTBO @A + (1 — o) B uMeer BHemHU# pajguyc He MeHbIIMH
aRas+ (1 -a)Rp.

& 495. Ecnu mEO)ecTBa A M B HMEIOT BHyTpeHHHE paguych Ry,
Rp, To MHOXecTBO 0A + (1 — @) B mMeeT BHYTpeHHHit pajguyc He
Gonpumit aRa + (1 — a)Rp.

£ 496. okaxkuTe, 9TO MOJIYCyMMa MHOXKecTBa 2A (romoTeTnuHO-
ro ¢ Koadounuentom 2 MHOXKECTBY A) U OKPYKHOCTH pajuyca 2€
paBHA €—OKPECTHOCTH MHOXKecTBa A

€ 497. BepHo 11, YTO [OLyCyMMa KPYroB — KpPyr?

& 498*. BepHO /1, YTO MOILYCYMMa SJUTHICOB — 3JLTAnC?

Cmewannoti miomaasio S(A, B) eomykisix ¢uryp A, B Ha3bl-
BaeTcs Y/BOEHHas IUIOIALb (PUTYDHI %(A + B), yMeHbIIEHHaS Ha
noJiycyMmy miomaneit ouryp A, B.

&499. Ecniu muoxecTBa A 1 B NapaJuIeJIbHO IE€PEeABHHYThL (BO3-
MOXKHO Ha Pa3Hble BEKTOPA), TO CMEIIaHHAs IO b He U3MEHUTCS.

&€500. CMemanHas IUIOMIQ (b IUIOMAh MHOTOYTOJIBHUKA H OTpPE3-
K& eJUHAYHOU JJIMHBI paBHA JJIMHE NPOEKIIMN MHOrOYTrOJIbHHKA Ha
NpPSIMYIO, TIEPIIEHANKYJISIDHYIO 9TOMY OTPe3KY.

2501, Ilycts A, B — eCTh N—yTOJIbHEKH C COOTBETCTBEHHO [IADAJI-
JIeNbHBIMU cTOpoHamu, u Touka O jexut BHYyTpH ux obomx. O6o-
3HAUMM HMX COOTBETCTBEHHO NapaJlIe/IbHbIE CTOPOHBI G, d;, M OIy-
mennble n3 O Ha HUX BLICOTHI uepe3 h;, h}, i = 1,...,n Jlokaxure,
9TO

n n
2S(A) = a:hi,28(B) =) _ ajh,
i=1 i=1

n n
25(A,B) =Y dihi+ > aihj,
i=1 i=1

S(aA+ (1 —a)B) = a?S(A) + a(l — a)S(4, B) + (1 — )*S(B).
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Yxasanue. CoryacHo 3apade 490 y n—yronpuuka aA + (la)B
cTOpoHBI paBHBL aa; + (la)al, a BeICOTHI, Oonymenusle u3 O Ha HUX,
pasusl ah; + (la)h). Torna

S(aA+ (1 -a)B) =) (aa; + (1a)aj)(ah; + (1a)hy).

i=1
&502*. B YCJIOBUSIX NpeAblAymeil 3aKa9yn JOKAKHUTE, Y9TO
n n
2S(A,B) =Y _ajh; = Y a;hi.
i=1 i=1

Yxasanue. Ilycres OC; — nepneHguKysp, onyienHbit u3 O Ha CTo-
pony A;A;i1 n— yrosbuuka A miauHbl ; (MM €€ [IPONOJIKEHHE) U
AHAJIOTMYHO ompeJenuM neprneHnukynsipsl OC] st n— yroJbHUKa
B (npu i = n nox ¢ + 1 nonumaeMm, ecrecrserno, 1.) Torma miomaas
n—yronsauka A1C1As ... A,C) A1 paBHa

1 n
-2- Z aih;
1=1

(aTO BBITEKAET U3 TOTO, YTO IIOMALb YeThipexyroiabinka OA;CiA 11
paBHA IOJIYIIPOU3BENIEHUIO €r0 NMEPIEHIUKYIAPHBIX AHaroHaJel), u
AHAJIOMMYHO IIomaap n—yroabuuka A)C1 A, ... A} Cp A} paBHa

1 n
1=1

Tpeyroneuuku A;A;C; n A;C;A; nmeror obliee OCHOBAHNE I PABHBIE
BBICOTBI, M [T0STOMY paBHOBesuKd. OTCI0[a BBITEKAET, YTO IIJIOLIA N
n—yronerukoB AjC1A45 ... A}, Cr A u A|ClAs... AC) Ay paBHEL

2503. Hoxaxkure HopMyITy [JIsT IPOU3BOJILHBIX BHITIYKJIBIX MHOTO-
yroibHUKOB A, B.

S(aA + (1 —a)B) = a?S(A) + (1 — a)S(A, B) + (1 — a)?S(B)
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Vxaszanue. JobaBuM ¢OpMasbHO CTOPOHBI C HYJIEBOH IJIMHOMN,
MOXXHO CYMTATH, YTO MHOIOYTOJIbLHUKU A, B MMeoT nonapHo napali-
JIEJIbHbIE CTOPOHBI.

£ 504*. CMmewmanHas IWIOMAAD IIOMALD JABYX MHOTOYTOJIBHHUKOB C
[ONIAPHO [IAPAJUIeIbHBIMYA CTOPOHAMH, OAWH M3 KOTOPBIX ONNCAH BO-
KPYT OKPY>KHOCTH €QUHHAYHOIO PaJuyca, paBHA ITOJIOBHHE IIEPUMET-
pa Jpyroro MHOTOYTOJIbHUKA.

Vxaszanue. Ilpumenure 3agatdy 502.

£505*. CmelnanHast IIOMAIb [IOMALb BHITYKIOH (Uryph! 1 eu-
HUYHOrO KPyra paBHA MOJIOBHHE IIEPUMETPa 9TON (PUrypshl.
Yxasanue. Ilepexon K npeneny B npeaplayliel 3agade.

& 506*. Jlokaxxure GOpMy/Ty LIS IIOMAH (BDHIYPEL
S(aA + (1 — a)B) = a?S(A) + a(1 — a)S(A, B) + (1 — a)?S(B)

Yxasanue. Ilepexon K npeneny B npeaplaymei 3agade.

2.17 HepasenctBo BpynHa—MHUHKOBCKOro

Teopema 49 (Bpynn—Munkosckutt). Ecau mnoocecmea A u B evi-
NYKADL U UMENTN NAOWAOU SA, 3B, a mHuoocecmeo aA + (1 — a)B
uMmeem naowads 8, mo \/s > a,/sa + (1 — a),/5p. Pasercmeo 603-
MOHCHO AUWD K0204 PU2Ypdl 20MOMETNUNHDL.

& 507. IIposepsre, uTo TeOpeMa BpyHHa—MHHKOBCKOTO PABHOCHITH-
Ha creayiomeMy yreepxkaennio. Ecin MHokectBa A 1 B BBINYKIIBI,
TO X CMEIIAHHAS IJIONAb HE MEHbBIIE CPEJHET0 IeOMETPHYECKOI'0
mromane#t A u B. PaBeHcTBO BO3MOKHO JIMIIL KOraa (OUTYpPhI FOMO-
TETHYHBI.

& 508***, JlokaxkuTe, ITO €C/Ii MHOKECTBa A 1 B BBIMYKIIbI, TO HX
CMeIIaHHasl IUIOMAAb HE MEHbILIE CPEJHEro reoMeTPUYecKOTO IUIO-
maneit A u B. PaBeHCTBO BO3MOXKHO JIMIIL KOTZa (bUTYDPHI rOMOTE-
TUYHBL.
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Vxasanue. JIokaxkeM TOJIBKO HEPABEHCTBO, HCIOJBL3YSI METOZ
®pobennyca (cM. [42]). Omumem Bokpyr A, B npaBuibHbIE TPEYTO/Ib-
Huky X1Y12Z,, XoY2Z5 ¢ COOTBETCTBEHHO NAPAJIEIBHBIMEA CTOPOHA-
mu. Onumem BOoKpyr A paBHOYroJibHBIN 3n—yroasHuk M;, Tpu cTo-
POHBI KOTOPOT'O JIEXXAT Ha CTOPOHaX TpeyroibHuka X1Y17Z1, u ana-
JIOTHYHO IIOCTPOMM 3n—YTroisHUK My, onucannsi Bokpyr B. [lna
mo6oro € > 0 BribepeM n = n(€) Tak, 4TO

S(A) < S(My) < S(A) +¢, S(B) < S(Mp) < S(B) +¢,
S(A,B) —e < S(M;,M3) < S(A,B) +e.

[IponosmxuMm i—10 cropory M; 50 nepecedeHHst CO CTOPOHAMH Tpe-
yronbauka X1Y1Z; (eciu OHa JIeXKWT Ha CTOPOHE, TO B KAUECTBE
HPOJOJIKeHUsl GepeM caMmy 9Ty CTOPOHY), U PACCMOTPHM IIPOJOJIIKE-
Hue ¢ + 1 CTOpOHBI. DTU ABE MpPsIMBIE BBICEKAIOT U3 TPEYTOJILHUKA
X1Y1Z; nBa TpeyroJibHUKA ¢ BEPTHKAJbHBIME yriiaMu. Bribepem u3
HUX TOT, HAIpaBJIEHWE HA KOTOPHIM M3 €ro BEpPUIMHBI COOTBETCTBY-
€T OPHMEHTAIlNH, HAIPUMED, 10 4acoBoél crpeske. OBO3HAYMM 3TOT
TPEyroJIbHUK A, & ero O0KOBBIE CTOPOHE! l;, T, TOTAA ero IIOomaab

paBHa

1 . 2m
Ay = Eliri sin 2,

a8 TakK Kak 06’be}II/IHeHI/Ie BCEX ITUX TPEYTOJIbHUKOB IIOKPBLIBACT Cl’)I/I-
Typy AX1Y1Z1 \ Ml, TO

S(My) = ZA sin &7 3" anm-,
i= i=1

rae S1 = S(X1Y1Z;). Ananorugno nmeem

2r 3n

Sy — S(Ma) = Sm23" > Ui,
i=1

rae So = S(X2Y2Z3) u myuHbl GOKOBBIX CTOPOH MAaJIEHBKUX Tpe-
yronbeukoB obosnauens! U, rf. Pacemorpum ¢urypy oA + (la)B,
TOrJ|a BOKPYT HEe OMMCAH IPABHIBLHLIN TPEYTOJIbHUK

AXYZ =aANX\Y12Z1 + (1 - a)AXQYQZQ
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miomaau S, CTOPOHBI KOTOPOro napaJuiesibHbl ctopoHam AX,;Y;Z;,
U paBHOYrosibHbIH 3n—yronmsauk M = oM + (1 — a)Ms, cropons!
KOTOpOro NapaJjuUleNIbHBl CTOPOHaM M;. AHAJIOTHYHO CJIy4alo MHO-
TOYTOJILHUKOB M; €ro MOXXHO pa3GuTh Ha TPEYTOJIBHUKH C YIJIaMH
npu BepmuHe sin27/3n u GokoseiMu croponamu ol; + (1 — a)ii,

ar; + (1 — a)r] (cornacuo 3anaue 490). ITosTomy
sin 22 32
S—S(M) = 3n > (odi + (1 — a)lf)(ari + (1 — a)r}).
i=1

Orcrona B cuity mogobust TpeyrojibHUKoB AX;Y;Z;, AXY Z nmeem
S(M) =

2r 3n

= (VS +(1-a)y/Gp)- T > (ale+(1-a)i)(arct{1-a))) =

= 0.'251 + (1 - a)252 + 2a(1 - a) S51852—

2r 3n
_sin 3n Za2l 4+ (1 — o)t + (1 — @)(lirh + Uiri) =
i=1
17 3n 277 3n
(sl Sin 30 23k z’) +(1-a)? (Sz _sn 2> i )
i=1 i=1

s 2w 3n
o(1 - a) (2\/5152 -5y (rk+ zgm) .
=1
Ho cornacuao 3amaue 503
S(M) = o2S(My) + (1 — 0)28(Ms) + 2a(1 — a)S(M;, My).

[TosTomy

3n
sm
25(My, M) = 21/5,85 — 3" > (i + Uire).
i=1
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Ilpu crpemisiernu n K GeckoHeuHocTd 75 — l; m 1] — I} cTpemsaTcs K

uyso. ITosToMy n = n(€) MOXKHO BHIOPATh TakK, YTO

sin 22 3n
(Ml) <8 - 3n le + €,
=1

sin 22 2
S(Mz) < 83— — > (1) + e
i=1

27r 3n

S(M]_,MQ) >/ 5189 — Sin 30 3” Zl l’ — €.

Cornacuo neparenctBy Kouru-ByHsikoBckoro

3n 3n 3n
D> 1= O ul)®
i=1 =1 i=1

[Tpumensis HepaBeHCTBO

aray — byby > \fa? — b3 Jad — 1},

BEpHOE, €CJ/I BCE Pa3HOCTH HEOTPUIATECI/IbHDBI, UMEEM

2T 3n

. . 2

sin - Sin 5

V518 — 23" > Ll > /818, ~ 23"
=1

3n 3n
S ey e
=1 i=1

2r 3n 2w 3n

> .18~ sin 57 3n Zl2 Sy — sin 57 3n Z(l/)2

OTKYZa CJIEAYeT, YTO

S(My, My) — € > \/S(My) — /S (M) —e.

Tak Kak € > 0 POHU3BOJILHO, TO OTCIO/IA UMEEM

S(My, Ma) > /S(My)+/S(Mp).



210 Tnaea 2. Hepasencmea 0as swnyxavs guzyp u mea

Haxoxkaenne ycnoBuil oGpallleHUsT STOTO HEPABEHCTBA B PABEHCTBO
TpebyeT WCIIOIb30BAHUSI MHTETPAJbHONO HCYUCJIEHUS, U II09TOMY
371eCh He IPHBOIUTCS.

Hepaserncrso BpyHHa—MUHKOBCKOTO MMEET MHOTO Da3HBIX JO-
KazaresnbeTs. B [16, 17] moxxHo HaitTu mokasatensctBo B.H. Hesone
[29]. Emme oqHo [0Ka3aTENbCTBO MOYXKHO NOIYYHTh C IOMOIBIO CHM-
Merpu3aruu IItelinepa, Teopemer 23 u 3amaun 489.

£509. Eciii MEOXecTBa A 1 B BRIIYKJIBL, TO IIOMBAb UX TIOIYCYM-
MBI He MEHBIIIE CPeIHEro reOMETPUYECKOro ux miomaneii. PaBescTso
BO3MOXKHO JIMIIb KOrZa (OUrypsl paBHBL

Vxasanue. Ilpumennts TeopeMy Bpynna—MUHKOBCKOTO.

£510. Jlokakure, 4TO IIPU CUMMETPH3AIMH BBIITYKJIOTO MHOYKECTBA.
€ro IUIOIIaJh HEe YMEHbBIIAETCs], & €CJIM OH He ObLI LEeHTPaJIbHO-CHM-~
METPHUYHBIM, TO yBEJININBAETCS.
Yxasarnue. Ilpumenuts Teopemy Bpysana—MHUHKOBCKOTO.
Cnenyromasi TeopeMa y»ke Bcrpeuyaniack B paszene 2.1. Ceftuac
MOXKHO TIOJIyYUTH €€ APYroe JOKa3aTelbCTBO.

Teopema 50 (Jlromnbe). Cpedu 6cer SLINYKABT N—Y20AbHUKOS C
OGHHBIM NEPUMEMPOM U JAHHDIMU HATPABAEHUAMY CTNOPOH HAUGONL-
WYI0 NAOULA0L UMEETN ONUCAHHBIT BOKPY2 OKPYHCHOCTNU.

Yxasanue. Ilpumenuts Teopemy Bpynna—Munkosckoro.

Teopema 51 (Pomxepc—Illennapa). ITpu cummempudayuu eunyx-
A020 MHOIHCECTNBA €20 NAOWATD YBEAUNUBAEMCA HE Boaee Yem 6 NoA-
Mopa Pa3a, NPUNEM POSHO 8 NOAMOPA DA3A MONCEM YBEAUNUMCA
MOABLKO NACULATD MPEY20ALHUKA.

JloKa3aTesbCTBO 9TOM TEOPEMBI MOXKHO NpounTaTth B [40].

2.18 HepaBeHcTBa AJ1s BBINYKJIBIX (puUryp
C TpeMs JIMHEHBIMU MepaMu

Crenyiompe TO4YHbIE HEPABEHCTBA CIIPABE/JIVBEI J1JIsI TPOU3BOJIBHOM
BeIyKJIOM burypst M. BogbIIHHCTBO M3 HUX IPHHAJIEXKAT SITIOH-
cKoMy MaTeMaTuKy KybGore.
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Teopema 52 (Ky6Gorta). Cnpasediust, Hepasencmea

2v/d? — b2 + 2barcsing < p < 2vd? — b2 + 2d arcsin —IZ,

d

Beprnue ouenxu docmuzatomcs mMoavKo OAA MEPECEMEHUSA KPY2G C
duamempom d U NOAOCH WUPUHBL b, umerowur obwul yenmp cum-
mempuu. Huorcrnue ouenxy 00cmuzatomes 0As YEHMPAALHO-CUMMEM -
punHotl gueypui, cocmoauseti us xkpyaa duamempa b u deyx xoanaxos
C BEPUUHAMU, YORAEHHDLMU OM UEHMPA KPY2a HA paccmosnue d/2,
U 02PAHUMEHHBIMY JBYMSA KACAMEABHbMU K IMOMY KDPY2Y.

JlokazarenscTBo. BoimosHnM cuMmMeTpusanunio MUHKOBCKOrO J1aH-
HOYt uryper M. CornacuHo 3amauam 335,336, 337 mosydmm MEHT-
paJIbHO-CUMMeTpUYHYI0 urypy M™* Toit >Ke IIMPHHBI, TOTO Ke IIe-
pumerpa u Toro ke auamerpa. CormacHo 3amaue 25 b = 2r,d = 2R,
IIO3TOMY OHA COINEPXKUT OTPE30K JJIMHEI d C CEPeINHOM B IIEHTPE CUM-
MeTpHH W Kpyr paguyca r = b/2 ¢ UeHTpOM B HeM Ke. Boimykiias
000J104uKa 9TOoM (bUrypPBI MOITOMY COAEPKUT B cebe (urypy us Kpyra
¥ JByX KOJINAKOB, ONMHCAHHYIO B (opmynupoeke Teopembl. Ciemo-
BATEJIbHO €e HepUMeTp p (OH XKe [epUMeTP UCXOLHOH urypsi) He
MEHbIIIEe IIepUMETpa (DUTYPHI U3 KPyra H JBYX KOJIAKOB, U PaBeH-
CTBO JOCTHUTAETCsl TOJIBKO KOTJIa STH (DUTYPHI COBMAJAIOT. Tak Kak
IJIOIATb UCXOOHOM (DUTYPBI MOXKET OBITE MEHBIIIE, YEM Y €€ CHMMET-
pH3AIUH, TO NMOJYYUTh TAKUM K€ CHOCOOOM TOYHYIO OLIEHKY CHHU3Y
JJIST TUIOIIQIMA HEJIb3SI.

£ 511. Beruuciute ero 1 yGequTech, YTO TAKOB, KAK yKa3aHo B Gop-
MYJIUDOBKE TEOPEMBI.

&512*, [TokazkuTe, YTO 3KCTpPeMaJIbHAsI MUTYPA OIIPEEsICEHA HE OJI-
HO3HAYHO, & MIMEHHO, CYIIECTBYET elile ofHa PUrypa ¢ JaHHBIMH OUa-
METPOM U INHPHUHON M MUHMMAJIbHBIM IIEPAMETPOM, KOTOpasl HE SIB-
JISIeTCsl LEeHTPAJIbHO-CHUMMETPIIHOM.

Tak kak mupuna ¢urypsl M* paBHa b = 2r, To 3Ta durypa
JIEKUT BHYTPH HEKOTOPOU IOJIOCHI IIMPHHBI b C TeM Ke IEeHTPOM
cumMeTpuu. B TO >ke BpeMs OHa JIXKWT U BHYTDH Kpyra paauyca
R = d/2 c uentpom B HeMm ke. IlosToMy OHa JieKUT B mepecede-
HUH 3THUX QUryp X MMeeT IIEpUMEeTp W IUIOWakab, He GoJiblune, YeM
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y YKa3aHHOTO Iepecevenusi. Tak Kak NpH CHMMETPHU3AIUH IUIOMAIb
HE YMEHBIIIAETCsI, TO JOKA3aHHOE HEPABEHCTRO ISl IO, OCTAeT-
csl B cuite 1 Jtst ucxonHok purypst M. OHO OUEBHIHO JOCTHrAeTCs,
KOTJZ1a 3Ta GUTrypa COBIAJAET C YKA3AHHLIM IEPECeYeHUEM.,

&513*. IlokaxuTe, 4T0

2v/d? — 4r? + 4r arcsin% < p < 2V/d? — 4r? 4 2d arcsin %T

BepxHpe OleHKM JOCTHTAIOTCSI TOJIBKO JUJISI IIepecedeHusi Kpyra ¢
JAHaMeTPOM d M TIOJIOCH! IMUPHHBI 2r, HMemuX o0l eHTp CHM-
Merpuu. Hinkuue onenkn JOCTHTAIOTCS TOMILKO [JIsl UEHTPAJIbHO-
CHMMETPHYHON (PUTypBI, COCTOSIIIEH U3 KPYTa PaJuyca T U JABYX KOJI-
IIAKOB C BEPIIWHAMH, YJIAJIeHHBIMH OT IIEHTPa KPYyra Ha PacCTOSHHE
d/2, v OrpaHUYEHHBIMYU [BYMsI KACATEJIHLHBIME K 9TOMY KPYTy.

Vxaszanue. IloBropuTe AOKA3aTEILCTBO TEOPEMBI M BOCHOJbL3Y M-
TeCh TeM, YTO [IPH CUMMeTPH3allii BHyTpeHHU paauyc He yObIBaer,
IIDY pacUIMPEHHUN MHOXECTBA €r'0 BBINYKJiast 000JI0YKa PACIIHPSIETCS,
U ee NEPHUMETD BO3PAaCTaeT.

Teopema 53 (Ky6ota). Cnpasedausv. nepasencmea

bd/2 < s < by/d? — b2 + d? arcsin -g
Huotcnasn oyenra 00Cmu2aemcs mosvKo 0Af MPEY2oAbHUKG C OCHO-
sanuem d u wupunoti b, no mosvxo npu v/3d > 2b (npu neswnoare-
HUU 9020 HEPABEHCTNBA YKA3AHHLI MPEY2OALHUK CO2AACHO 3a0ade
83 ne cywecmsyem). Bepznas ouyenxa docmuzaemca 0ai nepeceve-
HUA Kpyaa ¢ duamempom d U NoAOCH Wupunvs b, umerowur obuul
UEHMP CUMMEMPUL.

JokazaTenncro. Bepxusist oneHka mosydeHa Ipu JOKa3aTesb-
CTBE Npenblayiel Teopembl. st oIy deHns HUXKHeH OLEHKH pac-
CMOTPUM JMaMeTp (DUryphl U [I0JIOCY HAHMMEHbIIeH IIHPHHBI, apaJ-
JIQIbHYIO IMAMETpPy U HakpblBaoomiyo ¢urypy. Bossmem Ha ee rpa-
HUYHBIX NPSIMBIX 10 OfHON Touke. JIo6aBMM K HMM KOHIBI AMaMET-
pa ¥ paccMOTPUM 00pa30BaHHbBIA STUMH TOYKAMH YETHIPEXYTOJbHUK.
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OH cozepxxutcs B pUType, IOITOMY €€ IUIOMAAh He MEHbBIIe, YEM €r0
IUIOIa/b, KOTOPAs COIVIacHO 3ajade 83 He Menbmue bd/2. PaBeHcTBO
BO3MOKHO JIMIIb KOTZa (GUrypa COBIEJAET C ITHM YETHIPEXYTOJIbHHU-
KOM, MOTYILIUM BBIPOXKIAThCSI B TPEYTOJIbHUK, IPUYEM €ro IHUPHHA
B HAIPABJIEHNUH, IIEPIEHAUKY/ISIPHOM IUArOHAIH, ABJIOmelics qua-
MmeTpoM, pasHa b. Ho eciiu BBIpOXK ieHUsT HE IPOMCXOAMT, TO IIUPHHA
¢burypsl MeHbIE b, YTO HEBO3MOXKHO.

Bonee nonpobuoe u3noxenue MoxkHO HaitTu B [77] (Ky6ora TaM,
IPaBJa, HE YIIOMHHAETCH).

&514. lokaxure, 410

2
rv d? — 4r2 4+ r%(7 — 2 arccos %T) < s < 2rv/d? — 4r% + d® arcsin =,

d

HuHAS OIeHKa JOCTUraeTCst TOJBKO JJIsl NEHTPaJIbHO-CHMMETPHY-
HOY urypst, cocrosielt u3 Kpyra pajuyca r U ABYX KOJIIIAKOB C BEpP-
IIHHAMM, YAAJIEHHBIMHA OT IIEHTPA KPyTa Ha paccTostuue d/2, u orpa-
HAYEHHBIMU JIBYMSI KaCaATeJIbHBIMHU K 9TOMY KpyTy. BepxHsia oleHKa
JIOCTHTAETCs [IJIs1 TIepecedeHns! Kpyra ¢ AMaMeTpoM d ¥ IOJIOCHI IIH-
PHHBL 2r, UMEIIMMX 00Ul IIEHTP CUMMETPHUU.

Yxasanue. Tlpumensas 3agaquy 358, mosny4yaeM IeHTPaJIbHO-CHM-
METPHYHYIO (PUTYyPYy C TE€M K€ AUaMETPOM U TOH Ke IJIOHmaIbio, Y
KOTOpOU 1 MOXeT TOJIbKO yBesuuurcs. Ilmomans sroit durypsl He
MEHbIIe, YeM IIOMAAL Kpyra paguyca r ¢ ABYMS KOJIIIAKaMH.

Teopema 54 (KyGora). Cnpasedauso nepasencmeo

COS &
(p—2d)y/p(4d —p) < 45 < Wp(p — 2d),

20e a — Kopend ypasnenua psina = 2Da. Bepzrhee Hepasencmeo
00CTNUZAEMCA AMUUWD OAA AUHBDBL, NOAYYEHHOU NPU Nepeceveruy 08YT
PABHBLT KPY208, Y KomMopoll ux obuyas Topoa pasha d, a GAUHA KAdHC-
doti u3 dye pasna p/2. Huowcnee nepasencmeo docmuezaemca npu
p < 3d moavko dan pasrobedpentozo mpeyeosvHura ¢ 60x0680% cmo-
porol d u nepumempom p.

HokazarenbcTBo. [lokakeM BepxHIOIO OIEHKY. BrimosHuM cum-
MeTtpuzanuio Munkosckoro. Ilpu atoM p, d He MeHSIOTCH, IIOIAAbL
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He yMenbiaercs. Juamerp pesmut dburypy mnornosnaM. CoryiacHo 3a1a-
ge 381 cpemu Takux GhuUryp MakCHMAaIbHYIO ILUIOMAAb UMEET JIHH3A,
onucaHHasi B GOPMYJIHPOBKE TEOPEMBI.

€515, ITokaxxuTe, 4TO BMECTO CUMMETpPH3aIs MUHKOBCKOTO MOX-
HO npuMeHHaTh cuMMmerpuzanmioo [llrefinepa (3amaua 358).
[pu sToM momane ¥ JHAMETDP HE MEHSIIOTCS, EPUMETD He yBeJH-
YHUBaeTCs, JUaMeTp JaeauT Gurypy nomnosaM. BepxHee HepaBeHCTBO
obpamaercss B paBEHCTBO TOJIBKO ISl PUTYPhl, UMEIOHIel Iepnesay-
KYJISIpHbIE OCH CUMMETPHH, CJI€I0BATENbHO TOJBKO JJIsl JIMH3BI.

Joka3aTesbeTBO HUYKHE} OLEHKH JI0BOJIBHO IpoMOo31KO. Ero Mox-
HO HaliTH B [77).

Teopema 55 (KyGora). Cnpasedauso nepasencmeo
4s < 2bp — wb?.

Pasencmeo docmuzaemcs daa guzypuv, cocmasienHnotl u3 npamo-
yzoavnura wupunst b u daunwn (p — wb)/2, npucmassennu £ Hemy
¢ boxoe noayxpyeos duamempa b.

JokasarenscTBO. Bhmosmum cumMerpusanuio MUHKOBCKOTrO.
Ipu sToM p,b He Mewnsrorcs, Wwioman, He yMmeHbmiaercsa. Purypa
Jnexur B nojoce mupunbt b. CorsiacHo 3anade 385 cpenu Takux u-
I'Yp MaKCHUMAJbHYIO IUIOIAAb MMEET NPSIMOYTOJbHUK C MOJyKpyra-
MU, ONMCAHHBIN B (POPMYJIUPOBKE TEOPEMBI.

£ 516. IlokaxkuTe, 4TO BMECTO cuMmmerpu3ann MUHKOBCKOTO MOXK-
HO HPUMEHHTb cuMMeTpusanuio [IlTeifiHepa OTHOCHTENLHO OCH CHM-
METPHH HauMeHbIel IoJockl, cogeprxkameit ¢urypy. [Ipur sTom mu-
puHa ¥ Wiomaab GhUrypel He MEHSIIOTCSI, IEPUMETD He yBeIN4YUBaeT-
cs1. I[Tpw 9TOM Mostyyaercsi, 4T0 PaBEHCTBO BO3MOXKHO TOJIBKO 11s1 (PH-
r'ypbl, HMEIONIe! YKa3aHHYIO OCbh CHMMETDHH, CJIEJOBATENBHO TOJIBKO
JJTST TIPSIMOYTOJIbHUKA C MOJIYKPYTaMH.

Cnenytomasi TeopeMa, MpEAJIOKEHHAsT KaK FUIOTE3a U3BECTHBIM
dpannysckum matemarnkom Pasapom, Oblia JoKa3aHa SNOHIAMHU
Kapau u fAManyTu.
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Teopema 56 (Papap-Kapan-SAmanytn). Cnpasedsuso nepasencmeso

4s > bp — %62'

ITpu p > 21/3b pasencmeo docmuzaemes din pasnobedpertozo mpe-
Y20ALHUKG nepumempa p u 60K08vMU 8bcomami b.

Hepasenctso s > b%/ V'3, KoTOpOE OBPAIAETCs B PABEHCTBO TOJIb-
KO JUIsl IPaBHUJIBHOT'O TPEYTOJIbHUKA, OBLIO NOKA3aHO B TEOpeMe 7.

@517 Ipu p > 2v/3b crpaBenINBO HEPABEHCTBO

4s > bp — —2—b2,
V3
KOTOpOe 06paIaeTcs B paBEHCTBO TOILKO IJIsI JIJIsI PABHOOEIPEHHOr0
TPEyroJIbHUKA TIepuMeTpa p 1 OOKOBbIMU BhicoTaMu b.
Jloxa3aTesbcTBO MOXKHO Halty B [77].
Caenyrolmye 18e TEOPEMBI IPHUHAIJIEKAT JATCKOMY MaTEMATHKY
Bounezeny.

Teopema 57 (Bounezen). Cnpasediuso nepasencmeo
pr/2 < s <r(p-—mnr).

Huotcnas ouenkxa docmuzaemcs moavko x0200 mHozoyzoavkuk M
onucar eoxpye kpyza paduyca r. Pasencmeo e seprret oyenxe do-
cmuzaemca 0as guaypul, COCMABAEHHOT U3 NPAMOYZ0ALHUKG ULU-
purvt 2r u daunvt (p — w2r)/2, npucmassenHuT K Hemy ¢ 60K08
noAYKPY208 paduyca T.

JokazaTenbcTBo. HIMKHSIS OIlEHKA JUIST CJIydasi MHOTOYTOJIbHH-
KOB JIOKa3aHa B 3aJa4e 29 BMecTe co ciIy4yaeM paseHcTBa. s mpo-
H3BOJIbHON (pUTypBI OHA JOKA3BIBAETCSI PACCMOTPEHUEM OMUCAHHOIO
BOKPYT (pUrYypHI MHOTOYTOJBHUKA U TIPEAE/IbHBIM IIEPEXOAOM.

B 3amade 243 noka3aHO JJIsl BRITYKJIBIX 1 —YTOJBHUKOB CIIEIYIO-
Ilee HepaBeHCTBO 8 < pr— fr?, B KotopoM f = ctg S+ tetg e >
T, TaK KaK f — IOJIynmepuMeTp 7n—yroJIbHHKA, OIIHMCAHHOTO BOKDYT
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€IMHNYHOTO Kpyra. 13 3Toro HepaBeHCTBA CJIeZlyeT HEPaBEHCTBO TEO-
PeMBI ISl BBIMYKJIBIX N —YTOJBHHKOB. st mpomsBoJibHON dury-
PbI OHA JOKA3BLIBAETCS PACCMOTPEHHEM OIMCAHHOrO BOKPYT hUTYDBI
MHOTOYTOJIbHUKA ¥ TIPEJEIbHBIM IIEPEXOIOM.

Teopema 58 (Bonnesen). Cnpasedaueo nepasencmeo

Cos &
8«

2de a — Kopend ypasnerus psina = 4Ra. Beprree nepasencmeo do-
CMURAEMCA AR AUHSDL, NOAYHEHHOT NPU NepecedeHul 08YT pasHHLT
xpyeos, Yy xomopot ur obwan ropda pasHa 2R, a dauna xazcool u3

dye pusha p/2.

R(p—4R)<s< p(p — 4R),

O oburypax MMHMMAJIBHOTO HEepUMMETpa U 3aJaHHOIO
JuaMeTpa, coaep>KalmX JaHHYIO0 (hurypy

&518**. JlokaxuTe, 4TO cpeau Bcex ¢uryp amamerpa d, comep-
JKaNMX NPSIMOYFOJIbHUK pa3MmepaMmu a X b, a > b HamMmeHbIIMH TIe-
pumerp umeer npu d < 2(a? + b?)/a neHTpPaILHO-CHMMETPHIHBINA
IIECTUYTOIbHUK ¥ €r0 MEPUMETP PaBeH

4 (a + bd >
2v6? + a2/’
a ipu d > 2(a? + b%)/a — napajienorpamMm, U €ro NepUMerp paBeH

4(a+ \/b2+(d/2-—a)2).

&£519*. Jlokaxure, 4T0 181 Beex dburyp quamerpa d, COmeprKanmx
IPABWILHBINA MECTHYTONBHUK CO CTOPOHOM @ HauMeHbllee 3HAYEeHHE
nepumerpa npu d < 4a/+v/3 pasuo 4a + d, npu 4a/v/3 < d < 2V/3a
PaBHO

4a + 21/ a? + (d — V3a)?,
npu 2¢/3a < d paBHO 2a + V/3d.
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&520*. Ecin  smncy ¢ ¢poxycamu Cp, Cy NPOBENEHBI B3 TOYKH
A kacarenvubie AA;, AAs, To yruet LA1ACy n LA AC paBHBI.

Crenyromast Kiaccu4yeckasi TEOpeMa IMPUHAJIEIKUT (DPAHILY3CKO-
My MaTteMaTuky 19-—ro Beka llamo.

Teopema 59 ([lans). Jarw dea sanunca ¢ obuumu Goxycamu u us
mouku A 6oavuie2o u3 HUT NPoBedeHb. KACAMEADHBIE K MEHDUEMY
anauncy. Joxasxcume, wmo Cymma OAuH IMUT KACATNEADHDIT MUHYC
odauna menvuweld u3 0yz SAAUNCA, 3AKAOUEHHBIT MENCOY MOUKAMU
KGCaHUuA, He 3asucum om eubopa movky A.

&521*. Jlokaxkure, 9T0 A5 BCeX PUTYD AnaMeTpa d, CONEPIKAILIX
JaHHBIN 3JIIUIC, HAMMEHBIINY niepuMerp uMeer QHUIypa, OrpaHuYeH-
Hasl JUIUIICOM M KACATEJbHBIMA K HEMY, NIPOBEJIEHHBIMHM M3 TOYEK,
PAacCIOJIOXKEHHbBIX Ha GOJIBIION OCH 3JIIHIICA Ha PAcCTOSIHUSIX df2 oT
€ro LEeHTpA.

HepaBeHcTBa ¢ TpeMs JIMHEHHBIMM U3MEPEHUSIMHU IJIsI
TPEYroJIbHUKOB M YeThIPEXYTOJIbHUKOB

B crenyronmx 3agadax pedb HIOET O TPEYTOJBHUKAX, €CJIM He Oro-
BOpeHO mpoTuBHoe. Mx m3Mmepenusi o6o3HadeHbl, Kak OObIYHO: d —
fuamerp, h — mupnna (T.e. MEUHMMaJIbHAsI BBICOTA), P — MOJIyIe-
puMerp, R — MUHMMAaJbHBIM pajuyc HaKpBIBAIOUIErO Kpyra, T —
panuyc BIIMCAHHOTO KPYyTa.

£522*. JlokaKATe HEPABEHCTBA

2
§+\/%+h2§psd+ i ;
V2 +2y/1— (hjd)?
d? d | / d?
—_—— | <p< = 2 2 _
d\1+\1- 15 | Sp<5+\2RP+2R\| R — —,
3
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Yxasarue. Ilpumenurs 3anaum 47,48,

&£523*. JlokaxxuTe HEPABEHCTBA

(p—d)v/p(2d - p)<S<~\/p(p—d),

3
%

= < o—
rp=5< d? — 4r?
Yxasanue. Ilpumenurs 3anaxn 47,48, 46.

£524*, Jloka>kuTe HEPABEHCTBA

i <r< h =,

1 h

244/2-2/1- 1 1+2y/i+ @

d2 RZ_dT2 d( RQ_%Z)
<r<

2(R+\/R2—%3) d+2\/zR2+2R,/R2—§

p—d d
e /p2d=p)<r< — —d).
. p(2d — p) < <5 p(p — d)

£525*, JIokaxKuTe HEPABEHCTBA.

209 pGi—p) < h < Vo

;22 R2-—<h<R+\/R2—d—2

2rd?
h< —m—r
= 42 —4r?
Vxaszanue. Ilpumenuts 3anauy 523.
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& 526*. okaxure, uro npu d/2 < h < v/3d/2

2 h dv/2d? — 2d\/d2 —
—_— < <
sgrtast 5h )
a B obuieM ciyqae
d d®  h dv2d? — 2dvd? — h?
< R< —_— 4 — .
5 S fismax| o 49, oh 2h

Yxasanue. [Inamerp paBeH HaubosbIel cTOpoHe, a h paBHO Omy-
mieHHoM Ha Hee BeicoTe. Ilpu dukcupoBaHHBIX d,h BepmuHa Tpe-
YrOJIbHUKA JIEJKUT Ha NPSIMOY, mapaJuieNbHOM ero auaMerpy (ocHO-
BaHUIO), U B TO K€ BPeMsl OHA JIEXKUT B IIEPECEYEHUN JIByX KPYTOB C
IEHTPaMy B KOHIIAX AWAMETpa M C PaJuyCcaMy, PABHBIMH JUaMETDY.

&527*. Jlns 4eThIpexyTOJIBHIKOB IaMeTpa d ¥ IepEMeTpa P MaK-
CHMAJIbHASI IIJIONIAAbh PaBHA

p+2d /= d )
42, %\ /0% — ad?
( 123 VP 4\/p

VYxasanue. PaccMoTpeTs cilydan, KOTa AMaMeTp pPaBeH Juaro-
HAJIH, U KOTJa OH PaBEH CTODOHE.

2 528*. Cpenut BBHIMYKJIBIX YETBIPEXYTOJBHUKOB, Y KOTOPBIX IAaHA
CyMMa Tpex CTOPOH, M IBa yIVia, 0Opa3oBaHHbIE MMM, MaKCUMaJIb-
HYIO IJIOMaJb TOT, B KOTOPBbI BIHCAH IIOJIYKPYr C AMAMETPOM Ha
4eTBEPTOH CTOPOHE,

Yxa3anue. 3acbukcupyeM cpeHIO CTOPOHY. [IBe ocTaibHbIe CTO-
POHBI [IPH MPOJOJKEHNH 00pa3yIoT Yyrojl H3BECTHOM BeJIM4uHEL. Tpe-
YTOJIbHUK, 06pa30BaHHBIN 9TUM YIJIOM M YeTBEPTOH CTOPOHOM, HMeeT
MAaKCHMAaJIBHYIO IJIONI@Ab TOTJA M TOJBKO TOTJAa, KOrja OH DaBHO-
GeipeHHbI!, 3HAYUT YETHIPEXYTOJBHUK C (DUKCHPOBAHHBIMU OJHOM
CTOpPOHOM M CyMMO# OBYX CTOPOH, CMEXKHBIX C Heill, a Takke ¢ puK-
CHPOBAHHBLIMHU yryiaMu, 0Opa30BaHHBIMH STHMHU CTODOHaMH IpPYT C
APYroM, IMeeT MaKCHMAaJIbHYIO IIOmaAb TOTAa U TOJILKO TOTAa, KO-
IJ1a YIVIbI IPH €ro 4eTBeprToii cropoHe paBHbl. OTpasum 3TOT dye-
THIPEXYTOJIbHUK CHMMETPHYHO OTHOCHTENIBHO 3TO# CTOPOHBI. O0b-
equHNB 00a STHX YETHIPEXYT'OJbHUKA C O0miel CTOPOHOM, IOJIYduM
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BBINYKJIBIH IIECTUYTOJBHUK C U3BECTHHIM IIEPUMETPOM M M3BECTHBI-
MH yIJIaMH, CHMMETPHYHBIY OTHOCHUTEIBHO OJIHON M3 CBOMX JHArOHa-
Jieft, oAb KOTOPOro BABoe Gosbiie MIONa i JaHHOTO YeThIPEX-
yronpHuKa. CorslacHO TeopeMme 12, cpeau Takux IMECTUYTOJILHUKOB
HauOOJIBIIYIO IUIOMAAb MMEET OIMCAHHBIN BOKDYT OKpYXHocTH. B
CHUJTy CUMMETDHH €€ LIEHTD JIEXKHUT Ha JUATOHAJH, T.e. HAa 4YeTBepPTOH
CTOPOHE YeTBhIPEXYTOIbHUKA.

£529. Cpean 4eTbIPexyTONbHIKOB, Y KOTOPBIX BCE CTOPOHBI, KPO-
Me OJIHOM, paBHbBI @, MAKCUMAJIBHYIO IIJIOINa/b UMEET OJIOBHHA IIpa-
BWJIBHOTO IECTUYTOJbHUKA.

Yxaszanue. CM. crepyongyo 3anaqy.

£530. Cpeny n— yroJIbHHKOB, y KOTOPBIX BCE CTOPOHBI, KpOMe OZ-
HOHM, PaBHbI G, MAKCHMAJIbHYIO ILTOLIaAb MMEET IIOJIOBHHA IPaBHJIb-
Horo 2(n — 1)—yrospHuKa.

Yxasanue. OTpasuTh N—yroJbHAK CUMMETPHYIHO OTHOCHTENLHO
CTOpPOHBI, HE paBHOM a. B 06beIUHEHNH ¢ UCXOAHBIM NOMYYMM (BO3-
MOXKHO HEBBIIYKJIbI#) pasHocTOpoHHuU 2(n — 1)—yronsuuk. Cpenu
TAKUX MAKCHMAJIbHYIO IUIOMAAbL UMEET NPABHJILHBIMH.

&531. Cpenu 2n + 1—yromnunkos guamerpa d u MIupuHLL /3d/2
HaliTH MMEOMNH MUHUMAJIbHBIN NIepHMETP.

2.19 HepaBeHcTBa s TeTpasgpa

TeTpaspoM HA3BIBAETCS] IPOU3BOJIbHASI TPEYTOJIbHASI TUpaMua (He
obs13aTesIbHO npaBuiibHasl). ByaeMm noss30BaThes ciieAyomumu 06o-
3nauenussmu. O0beM Terpasnpa obozHaurMm V, rmiomanu rpaHeit —
S;, 1 = 1,2,3,4, nnomanp nosepxHocty — S = S1 + Sg + S3 + 4.
BricoTy, onymeHHyio U3 BEpINMHBI Ha rpaHb S;, 06o3HauuM h;, i =
1,2,3,4. MunumaspHyio u3 BeicoT 0003nauuM h. [Inuusl pebep Tet-
paszpa 0603Ha4uM a, b, ¢, a1, by, ¢1 (oxuHAKOBBIE OYKBbBI COOTBETCTBY-
10T CKpeluBalomuMmcs pebpam), nepumerp rerpasapa P = a+b+c+
ay + by + c1, quamerp Terpasapa D = max{a, b, c,a;, b1, 1}, cymma
kBaapaTos pebep § = a? + b2 + ¢? + a? + b} + . Pamuyc Brmcan-
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Horo mapa o603Ha4uM r. PaIuyc HAMMEHBIIEro 1apa, COJIePKAaIIero
TeTpa’dyap, oboznaunm K.

2532 Jlokarkure, 4TO B JIFOO0M TeTpasape ecThb pebpo, K KOTOPOMY
NIPUMBIKAIOT TOJIBKO OCTPBIE TIJIOCKUE YTJIBI.
Yxaszanue. B kauecTBe 3TOoro pebpa MOXKHO B3SITh JHAMETP.

£533. Hoxkaxkute, uro 6D > P > 3D.
&534. Ilokaxure, uto h;S; = 3V.
£ 535. Iokaxurte, aro 3V = Sr.

2536. Mokaxure, uto 1/r = 1/hy + 1/hy + 1/hg + 1/hy.
Yxasanue. Ilpumennre 3anauu 535, 534.

&537. okaxwure, uto 2r > (hy2 + hy? + h3? + h7%)~Y2 > h/2.

Yxa3anue. [Ipumennure 3amaan 536, 210.

Busvicomoti mempasdpa HA30BEM OTPE30K, COEAMHSIIOMHUN CKpe-
nBaomyecs: pebpa TeTpasapa W NMepreHAUKY/sEpHbI uM, JlnHb
bussicoT obozHauuMm l;, i = 1,2,3. Munanmanbuyio u3 6usbicor 060-
3Ha4YuM [.

£538. JlokarkuTe, 4TO GUBBICOTHI PABHBI PACCTOSHUSIM MEXKLY
CKPEIMBAIOMUMUCS pebpaMu TeTpasapa.

Bumeduarotli mempasdpa HA30BEM OTPE30K, COEIUHSIONINNA cepe-
JUHBI CKpemuBalomuxcst pebep terpasapa. daunbl 6umesman obo-
3HAYUM My, 1 = 1,2,3. MunumanbHyo n3 bumenunan ob6o3HaIUM M.

2539, Jlokaxure, 4T0 GUMeIHAHBI TETPASIPA IEPECEKAIOTCS B OI-
HOIl TOYKe, Ha3bIBAEMOI LIEHTPOM TSIXKECTH TETPAa’pa, U JAEJISITCS B
Hell nononam.

&540. Bepuo nu, h > [? Bepro qm, h < 1?

&541. Terpasap uMeeT paBHbIE IPAHK TOLA M TOJIBKO TOLAA KOTLA
€ro IPOTHBOIIOJIOXKHBIE pebpa paBHBI.
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2542, Terpasap nMeeT paBHbIE I'PaHM TOTAA B TOJILKO TOTJa KOTA8
ero GumeanaHbl ABAAIOTCS OMBLICOTAMH.
Yxasarue. Ilpumennte 3anauy 541.

£ 543. Terpasap uMeeT paBHble IPAHH TOTIA X TOJIbKO TOLHA KOTIS
€ro IrpaHy PaBHOBEJIMKH.
Yxasanue. IlpumennTe 3amauy 542,

&544. Terpasap nmeer paBHbIE TPAaHH TOTHA M TOJBKO TOTJA KOTAa
€ro BBICOTHI PaBHBEI.
Yxa3anue. Ilpumenure 3anaun 543, 534.

€545, Hoxaxure, uto r > h/4 v paBeHCTBO BO3MOXKHO TOJILKO JJIsI
PABHOIDAHHOTO TETPAa’pA.
Yxasanue. Ilpumennte 3amaun 536, 544.

& 546. Jlokaxure, 4TO

h = < 4r £ v/ hihohghy <

<
V(2 + h3% + h3? + hp?) /4

chithaths+hy
< 4 <
PapeHcTBa BO3MOKHBI JIMIID [J1s1 PABHOTPAHHOTO TETPAIAPA.
Yxasanue. Ilpumenute 3anaun 536, 210, 544.
Meduarot mempaadpa Ha30BeM OTPE30K, COCOUHSIOMMN BEpLIN-
Hy TeTpas/pa ¢ LUEHTPOUAOM (TOYKOI IepeceveHns MEAHaH) IPOTH-
BOMOJIOXKHOM rpanu. Jiunbel Meguan obosnauuM M,, i = 1,2, 3,4.

\/(h% + h3 + h2 + h2)/4.

2547, JlokaxKuTe, YTO MEAHAHDI TeTpa’dipa nepecekaloTcst B OgHON
TOYKE, COBIAJAIOMEN C HEHTPOUIOM (LEHTPOM TSIXKECTH) TEeTPa’sapa,
U JeNsiTcs B 9ToM Touke B oTHomeHud 3 K 1. Jlokaxkure, uro paguyc-
BEKTOP LEHTPOMZA TeTpa3fpa paBeH cpeiHeMy apudMeTHYecKOMY
panuyc-BeKTOPOB BEpIINH TeTpa’apa.

ITnockocts, npoxozsiniast yepe3 pedSpo TeTpaspa ¥ AessAImas no-
TIOJIaM TIPOTHMBOIIOJIOXKHOE pebpo, HA3BIBAETCS MeJUAHHOU NAOCKO-
cmwvio.
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£ 548. Jlokaxxure, 4YTO MEIUAHHBIE TLIOCKOCTH TETPA3/IPA AENIAT ero
00'beM TI0II0JIaM ¥ TIEPeCceKalOTCsI B €r0 LEeHTPOU/IE.

Vxasanue. MenuanHasi TIJIOCKOCTh pa3bHBaeT TETPadp Ha JBAa,
uMeromue obIlnee OCHOBAHNE W DPABHBIE BBICOTBI, W IPOXOAUT Yepes
4epe3 MeIUaHbI, IIPOBEJIEHHBbIE U3 KOHIOB pebpa, JIeKAaIero Ha Heil.

&549. (Adam) Ioxaxwure, uto 3r < R. PaBeHCTBO BOBMOXHO JIAIIB
JUIs1 IPABUJIBHOTO TETPadIpa.

Vxasanue. Terpasap, o6pa3oBaHHBIN HEHTPONIAMY €ro IpaHei,
nonoben ucxogHoMy ¢ Konddunuentom 1/3. Onucannast BOKpyr ma-
Joro Terpasapa cdepa umeeT pamuyc R/3 u nepecekaercst co BceMu
rpaHsiMu 6osibInoro Terpasapa (mian Kacaercst ux). Ilosromy
R/3>T.

[TnockocTs, Aensimasi ABYTPAHHBIM yTroJ IIpUA JAHHOM pebpe Ter-
pasgpa ION0JiaM, HA3bIBAETCS OUCCEKTPAJIbHONM IJIOCKOCTBIO 3TOrO

ymia.

& 550. JlokaxKuTe, 9TO BUCCEKTPAIBHBIE ILJIOCKOCTH TETPA3pa Iie-
b

peceKaTca B OJHON TOYKe, COBIANAOMIEH ¢ IEHTDPOM BIIMCAHHOTO

mapa.

& 551. Jlokaxure, 94T0 06bEM TETPAYIPA MOXKHO BBIPA3HTH YEPE3
ero JABYTPaHHBI yros o mpu pebpe a u romamu Si, Sy rpauei,
comepskalux 3To pedbpo no dhopmyiie %Sl S,

&552. BucceKTpasbHas IIOCKOCTb JEJIUT IPOTUBOLOJIONKHOE pel-

p
PO TeTpaspa MPOMOPIMOHAJIBHO IUIOMIAASIM IDaHel, COeNNHSIEMBIX
3TUM pebpoM.

Vxasanue. PaccMoTpers 1Ba TeTpasapa, Ha KOTODBIE OHA JEJHT
naaHbi Terpasap. CornacHo 3amauve 551 oTHomeHue mx 06bEMOB
PaBHO OTHOIIEHWIO IJIOMIaAel rpaHeif, MeXkjy KOTOPBIMM OH& IIPO-
BefieHa. PaccMaTpuBasi 3TH TeTPa’dlphl CO CTOPOHBI O0INEro OCHO-
BAHWsI, NOJIy4aeM, YTO OTHOIIEHWE UX BBICOT(PABHOE OTHOIIEHWIO, B
KOTOPOM JIEJTUTCS TIPOTHUBOTIOJIOXKHOE pebp0o) PABHO OTHOILEHUIO IO
maaett rpaneit, coeqUHAEMbBIX 3THUM pebpoM.
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OTpazuM MeaHaHHYIO IJIOCKOCTb OTHOCHUTENBLHO GHCCEKTPaJIbHON
IJIOCKOCTH, mpoxonsmel depe3 To ke pebpo. IMonyuennyio moc-
KOCTb Ha30BeM CHMEIHAHHON ILJIOCKOCTBIO.

2553, JokarkuTe, YTO MeAUAHHAS IUVIOCKOCTb LEJUT ABYTrPaHHBIN
yToJ1, 0Opa3oBaHHbIi I'paHAMH ¢ IJomansamMu Sq, Sp, HA YIVIBI a7, a3,
Tak, 4ro sin )/ sinag = S3/S;.

Vxasanue. PaccMoTperh ABa TeTpasapa, Ha KOTODHIE OHA AEJIAT
nanubiit Terpasap. CorsacHo 3a1a4e 548 nx 06bemsr pasabl. Corac-
HO 3a1a4e 551 mosTomy S7sina; = Sy sinas.

& 554. JlokaxxuTe, 4TO CHMEIUAHHAS ILIOCKOCTh yIJla MEXIy I'pa-
HAMHE ¢ TomaasaMu Sp, So AeIUT IPOTHBOIOJIOXKHOE pebpo B OTHO-
mennyn S7/ S2. DTa MIOCKOCTb €CTH TEOMETPHYECKOE MECTO TOYeK,
PacCTOsIHUS OT KOTOPBIX JO ITHUX rpaHedt oTHOCsATCSI Kak S1/5s.

Vxasanue. PaccMoTpers iBa TeTpaszpa, Ha KOTOPBIE OHA AEJIUT
nauubiit rerpasap. CornacHo 3amadam 553,551 oTHOwmeHne nx o6b-
emMoB paBHO S7/S%. ¥ nux obliee OCHOBaHHe, [OSTOMY OTHOIIEHHE
BBICOT TOxke paBHO S?2/S2. 3HAYUT M TPOTUBOTONOXKHOE pebpo, U3
KOHIIOB KOTOPOI'O IIPOBEJEHBI 3TH BBHICOTHI, JEJIUTCS CHMELHaHHOM
TIIOCKOCTBIO B OTHOMeHuH S+ /S2. PacCMOTDMM BEICOTHI TETPA3IPOB,
omyIieHHble Ha rpann S1, Sg. Tak Kak 06beMbl TETPa3APOB OTHOCSIT-
cs1 kak S7/S2, To 3TH BHICOTHI OTHOCSITCS Kak Sp/Ss.

&2555. JokaxkuTe, 4YTO CUMEIUAHHBIE IJIOCKOCTH IEpPEceKaloTcsl B
touke Jlromnpe (cM. 3agaqy 270).

Hcronsayst crienpaibHy0 TEPMUHOJIOTHIO, IPEALIAYILYIO 3a0a4y
MOXKHO c(pOpMYJIMPOBATH CJIEAYIONMM 06pa3oM: Touka JIousne u3o-
FOHAJIbHA [[EHTPONAY TETPAdAPA.

£556*. Touka JIoWIbe JEXUT B IUIOCKOCTH, MPOXOAsIMmeld uepe3
cepeanny OHBBICOT.

£ 557*. T110CKOCTb, IPOXOASmAs depe3 GuMequany U CEpeuHy CO-
OTBECTByOIIEH OUBBICOTHI IPOXOJMUT TaK¥Ke depe3 TO4YKYy Jlouine
(T.e. BCce Tpu TakKme IIOCKOCTH IIPOXOAAT Yepe3 TOuKy JIomibe).
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[IpsiMyI10, MPOXOJSAINYIO Yepe3 IEHTP ONHCAHHON BOKDYT HaHHON
rPaHd OKPYKHOCTH TEPIEHIUKYJISIDHO TPaHM, HA30BEM CpeduHHbiM
nepnerouKYyAAPOM K 3TOM rpaHyu.

& 558. JlokaxKuTe, 9TO C eIMHHbIE NIEPUEHANKYJIIPBI TETPa’Ipa Iie-
?
peceKaloTcst B IIEHTPE OIMUCAHHOI'O BOKDYT HEro Iapa.

2559*, (etibruy) JlokaxuTe, 9TO CyMMa KBaPATOB PACCTOSTHHIN
OT TIPOU3BOJIbHOM TOYKHK [I0 BEDIIMH TETPA3APA NPUHUMAET MHUHU-
MaJIbHOE 3HAYEHHE B LEHTPOHUIE TETPA’dIpa M 3TO 3HAUYEHHE DABHO

OME + M2 + M2+ M?)/16 = 5/4.

Vxazanue. O6o3nayum 73,1 = 1,...,4, u r BEKTOpa, HAIPABJ/IEH-
Hble U3 IEHTPOUIA TETPA3/Ipa B €ro BEPIIMHBI ¥ JaHHYI0 TOUKY. Cym-
Ma KBAJPATOB PACCTOSIHUHM OT Hee O BEPIIIUH TETPA3Apa PaBHA

4 4

4
Z(m —7r)? =4r? + er — ZZ(T,-,T) =
i=1 i=1

=1

4 4 4
4r2+2r,~2 -2 (ZHJ‘) = 47'24-27"1-2 >

Tak kak
b= +P+l +aitbitd= Y ()=

1<i<j<4

4
327‘?—2 Z (m,rj),

i=1 1<i<j<4

4
0=(r1+r2+r3+r4)2=2r?+2 Z (riy75),
i=1 1<i<j<4
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TO

4 4
§=4) ri=> 9M2/4.
1=1

1=1

£560. U3 touku Jloonnse OIIYIIleHbl NEPIEHAUKYJIAPLl Ha I'DaHu
TeTpasapa. Jlokaxkure, 4TO OHA COBIIAIAET C HEHTPOUIIOM TETPASIPA,
06pa30BaAHHOTO OCHOBAHUSIMY ITHX IIEPIEHINKYJISIPOB,

Yxasanue. Bo3abMmeM m106y10 OPYryio TOUKY <«TeTPasapa IIPOeK-
1ty ¥ OIYCTHM K3 Hee MEePHEeHIUKYJISIPbl Ha FPaHKU JAHHOT'O TETpa-
snpa. Cymma ux KBaapaToB DOJIbIIE CYMMbI KBAJAPATOB PACCTOSIHUMN
Zo rpaHeit or Touku Jlomabe (cM. 3azadu 270, 555), a 3HaUMT, U OO
BEDHINH TETPa’ipa IPOEKIHi, 1 MEHbIIEe CYMMbI KBaJpPaTOB PaccTo-
SIHU# OT Hee 10 BepIIMH TeTpasapa npoekiuii. CornacHo 3aqade 559
9TO O3HAYAET, YTO TOUKa JII0MNbe COBIIAIAET C IEHTPOUIOM Tepasapa
IIPEeoeK LN,

&561. Jlokaxure, uto 46/9 = M? + M2 + M3 + M} < 64R?/9.
Yxasarue. IIpumenute 3amaay 559.

& 562. Tokaxure, uto My + My + M3 + My < 16R/3.
Yxasanue. Ilpumenure 3agaqu 561 u 210.

£563. Jlokaxkure, 4TO PaBEHCTBA B TPEX IPEABLIYIIAX 331a4aX
BO3MOYKHBI TOJILKO JUJIsI MMPABUILHOrO TETPA/IPA.

Vxasanue. UenTpous coBnazaer ¢ HEHTPOM OIMCAHHOM cdepsl
TOJIBKO JIMIIB y MPaBHJILHOTO TeTpasapa. JeficTBHTENBHO, YCTD Ty,
1 = 1,...,4, — paBHbIE 1[I0 JJINHE BEKTOpA, HAIIpaBJIEHHbIE U3 IICH-
TPOHUA TeTpasfpa B ero BepiiuHbl. Q4YeBHIHO, YTO CpeOy HUX HET
TIOTIAPHO NPOTHBOIMOJIOXKHBIX. TaK KaK MX [UIMHBI paBHBI, & CyMMa
PaBHa HYJIIO, TO NOMapHbIE YIVIbI MEXAY HHMH paBHbI, HHa4e CyMMa
JABYX u3 HuX OyzAer JJWHHEEe CYMMBbI JIBYX OCTaJbHBIX ¥ CyMMa BCEX
4yeTbipex OyaeT oIMyYHa OT Hyjs. Bo3BoAs CKaIsipHO B KB3JIpaT pa-
BEHCTBO 1'1 + 12 + 3 + 74 = 0, mosy9aeM, 4TO KOCHHYCHI MOIApPHbIX
YIJIOB MEXJy BeKTOpaMu paBHbl —1/3, T.e. Takue ke, Kak B ClIydae
HPABWILHOTO TETPa’3Apa.
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£ 564. JJokaxure, 9TO
4h < 16r < hy + ho + hg +hg < My + My + M3z + My < 16R/3
16h? < 64r> < h? + h2 4+ K2+ h2 < 46/9 =
= M? + M2 + M2 + M? < 64R?)9.

Yxasanue. IIpumennre 3amauu 561, 562, 546.
&€565. Jlokaxure, 9TO HEPABEHCTBA B NPENBLLYLIEH 3ajade Ipe-
BPAIAIOTCI B PABEHCTBA TOJIBKO JIJIsl MPABUJIBHOIO TETPA3APa, 3a
HCKJIIOYEHHMEM MIBYX IEPBbIX HEPABEHCTB B IIEMOYKAX.

Vxasanue. Eciu B TeTpasape BBICOTHI COBIIQAAIOT C MEAHAHAM,
TO OH TIpaBUJIbHEIN. elicTBuTesnbHO, ycTs 74, 7 = 1,...,4, — BEeKTO-

pa, HAIpaBJIeHHbIE U3 NEHTPOUIa TeTpasapa B ero sepiunsbl. CoBma-
JIEHHE BBLICOT C MEJMaHaMH 03Ha4aeT, uTo r1(ro —r3) = r1(rg—7r4) =

0, oTkyna ri7T9 = TI1T3 = T1T4, & TaK KaK 79 + T3 + T4 = —7T1, TO
—r% = rir9 + 7173 + r1rq4 = 3rire, TO riT2 = —r%/3, AHAJIOMMYHO
rim9 = —r3/3, 3nauut |ri| = |rg|, u aHaNOrMYHO MONyYaEM, U4TO Bce

r; PaBHEI 110 JJIMHE.

IlpoBenem uepe3 kaxkpoe pebpo TeTpasapa IUIOCKOCTh, Mapasl-
JIEJIbHYIO IIPOTHBOIIOJIOXKHOMY pebpy. IlocTpoeHHbIe mecTs II0cKo-
cTell OrpaHHYMBAIOT NapaJsUlesIenuiles], ONUCAHHBI BOKPYT TETPas]-

pa.

&566. (Cepeya) Jlokaxmure, 4T0 pefpa ITOr0 MapasIeeNues
paBHBI GuMeauaHaM TETPasApa, BBHICOTHI PABHBI OUBLICOTAM TETDa-
sapa, a 0bbeM B TpH pal bGosbiie o6beMa TeTpaspa.

567. Y PaBHOIPAHHOI'O TeTpa’s[pa OIUCAHHBLIN IapaJijiesenunesn
OpPAMOYTOJIBHBIH.
Yxasanue. IIpumennre 3amauu 566, H42.

& 568. (ILImetnep) llepensunem pebpo Terpasapa napasulesbHO Ca-
MoMY cebe Tak, 4TOObI ero MmepIeHIuKYJIsIpHAs IPOEKINs Ha [apaJ-
JIEJIbHYIO €My TpaHb TapaJjuiesieNuIena JeImIach [MOroaM IMpOTH-
BOIOJIOXKHBIM pebpoM TeTpasapa. Jokaxkure, 4To rnpu 3T0M 00bEM
TeTpa’sApa He MEHSIETCS, & IUIOMAIb TOBEPXHOCTH YMEHBITHTCS.
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Vxasanue. Tlpu aTolt onepaiuu miomagu ABYyX IpaHell He MeHsI-
I0TCsl, & CyMMa ILIomianeil OCTaJbHBIX I'paHell YMEHBIIAETCS B CHILY
HEpPaBeHCTBa

Va2 +22 +v/a? + 42 > 2\/a? + ((z +y)/2)2.

&569. He usMensisi 06beMa TeTpasapa W yMEHbIIAs €ro [IOBEpX-
HOCTb, MOXXHO IIOJIyYUTh TETPay/ip, Y KOTOPOro GUBBHICOTA SIBJISIETCSI
OuMeguaHoi, T.€. B OIMCAHHOM BOKDYT HEro napaJulefieliunene OIHO
13 pebep NepneHauKYyJISIDHO €ro rpaHu.

Yxasanue. [lpuMeHnTs JiBa pa3a onepanyio IpeablaIyniel 3aaa-
UM,

£€570. He usmensiss 06beMa TeTpaspa ¥ yMEHbIIAs €ro IOBEpX-
HOCTb, MOXXHO TIOJIY YUTh TE€TPa’3p, Y KOTOPOro Bce OGUBBICOTHI SIBJISI-
ercsi OMMenMaHaAMH, T.e. ONHUCAHHBIA BOKDYI' HETO IapaJsiiesierumnes]
Oyer nepneHIuKYyJ/IsPHBIM.

Vxasanue. IlpuMeHuTs JBa pa3a NpeaplAynLyio 3a7a4y.

£571. Jlokaxknre, 4TO AjIsl TETPasApa U3 IpeIblaymel 3a1aun

V = hisls/3,8 > 21203 + 1312 + 1312,

Yxasanue. [TpoBepurb, uTO BCe rpaHu TeTpasapa pasHbl. Haittu ero
pebpa 1o Teopeme Iludaropa. Imomans rpanu Haiitu mo ¢gopmyse
I'epona.

&572*. O6o3HaunM S; BEKTOPA, OCTABJICHHEbIE HA IPAHH TETPAdAPa
NIEPIICHAVKYJ/ISIPHO UM, ¥ HAIIPABJIEHHBIE BHE €r0, U UMEIOIHe JJIH-
Hbl, PABHBIE IUIOIIAMSIM COOTBETCTBYIOIUX rpaneit. [lokakure, 9ro
CyMMa 3THUX BEKTODPOB paBHA HYJIIO.

Yxasanue. TIpoBepuTh, YTO MPOEKIHSI' CYMMBI BCEX BEKTOPOB Ha
mo60# u3 HUX paBHA Hymo. st 9TOro mMpuMeHNTb (HOPMYJIBI AJIs
IJIOMIAY IIPOEKIHHU TUIOCKOH (DHUrypHI.

3ajaua 572 umeer 000bIIEHME A1 TPOU3BOJBHOTO BBHITYKJIOTO
MHOTOTPaHHMKA U cleayiomee «pu3ndeckoey peuieHue. 3amnoIHuM
MHOIOIPaHHMK UeasbHbiM razoM. Cujia JaBiieHHS ra3a Ha I'DaHU
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IPONIOPIIMOHAJIBHA UX IUIOIAMASAM U MEepIIeHIUKYsipHa rpadsm. Cym-
Ma CHJI JIOJPKH& PaBHSIThCSI HYJIIO, HHAYE MHOTOTPAHHUK TIOJIETUT.

&573*. HoxaxuTe, uro maauHa sektopa S; + S; pasua 3V/h; j, re
V — obwem Terpasapa, a h;; — OuBbICOTA, OIyIeHHas u3 pebpa
TeTpas/ipa, SIBJISIIONIErocs repecedenue rpaneit S;, Sj, Ha CKpemuBa-
oreecst pebpo.

Yxasanue. Bekrop S; + S; napannenen 6usbicote h; ;. Ilpose-
CTH IJIOCKOCTh 4epe3 IepecedeHue rpaneit S;, S; u OusbicoTy h; ;.
Omna pasz6buBaer TeTpasap HA ABa. BeIYucanTh UX 06bEeMBbI, YMHOMXKASA
wiomaay rpangeit Si, S; Ha TpeTh COOTBETCTBYIOMIEH BHICOTHL. [y
BBICOTBI BEIYHCIIHTB, YMHOXHB h;; Ha KOCHHYC yrila MeXnay h;; u
BekTopoM S; (coorBercTBerHO Sj.) OGBEMBI TETPAIPOB CIOKHUTH U
BOCIIOJIb30BATBCA TEM, UTO MPOEKIUs BeKTopa S; + S; Ha OUBBICOTY
hi; paBHa ero gnuHe.

&574. Jlokaxure st MIPOX3BOJILHOTO TeTPas/Ipa HeEpaBeHCTBO P <
V63, Koropoe ofpamaercss B PaBEHCTBO TOJNBKO IIsT LIPABHIIHHOIO
TeTpa’pa.

Yka3zaHue: npuMeHuTe 3ama4dy 210.

&575*. Haiinure TeTpasmp a) HamMmeHbIero obbeMa 6) HaMMEHb-
el NOBEPXHOCTH B) HAMMEHbINEro nepumerpa (cyMmmnl pebep), y
KOTOPOrO HaVMeHbIIas U3 BBICOT paBHa h.

@576, ([loamvwa, 1978) Mokaxure, uTo 1151 OGO TETPAIAPE,
A2+ h i+ hg2+h2 =172+ 152+ 052
Vxaszanue. CMm. ykazanue K 3anaye 577.

@&577. Noxaxure, uto | < ((I72 + 152 +132)/3)"1/2 < 21/3r. Pa-
BE€HCTBa BO3MO>XHBI JIUIIb IJISI IIpaBHJIBHOT'O Te€Tpasapa.

Yxazanue. Bozsogst S; + Sj CKaJISIPHO B KBaJpaT, U MPUMEHsIst
3asauy 573, umeeM

(3V)?
i

S?+ 82 +2(S;,85) =18+ S =
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CymMupyst 9TH HEPABEHCTBA IO BCEM TapaM i < j, IoJydaeM, 4To
3V 2 3V)?
32:s2+2 > sus)= y SR z< s
1<i<j<4 1<i<j<4 :J i=

Tak kKak cyMMa BeKTOPOB S; paBHa HYJIIO, TO BO3BOIsSI €€ CKAJISIPHO
B KBaJpaT, HMeeM

ES2+2 > (8,85 =0,

1<i<j<4

II03TOMY M3 IIPEeAbIAYIIEr0 PaBeHCTBA CJIEAYET, YTO

IIpumenss 3amagy 534, umeeM
(3V)? _ ¢~ (3V)*
POyl De
=1 t =1 ?

OTKyZa
4 3
S orP=3 "1
i=1 i=1
W3 3amaun 537 cneayer, uro 2r > (172 + 152 + 15%)~Y/2 orkyna
L< (T2 + 152+ 152)/3) 712 < 2v3r

PaBeHCTBO BO3MOXKHO JIMIIb KOTZA Bce S; PaBHBI, T.€. TETPa3Ip paB-
HOIDaHHBIN, ¥ KOTZia Bce OMBBLICOTHI DaBHBI, T.€ OH BIIUCAH B KyO.

&578*. Cpeny BCeX TETPasfpOB C JAHHBIMA OCHOBAHWEM H OIYy-
IEHHOH Ha Hero BBICOTOM MMHMMAJIbHYIO IIOBEPXHOCTb MMeeT TOT, B
KOTOPOM 3Ta BBICOTA OIYCKAETCSI B IIEHTDP KPYTa, BIMCAHHOI'O B OCHO-
Banue. Jloka>kute, 4TO B 3TOM TeTpas3Jipe BbICOTHI HOKOBBIX I'paHel,
OIIyIIeHHbIe Ha CTOPOHHI, JIeJKAlllyie Ha OCHOBAHUHU, DaBHBI.
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Yxasanue. ITycTs cTOPOHBI OCHOBaHUSI PaBHEI @, b, ¢, BBICOTA paB-
Ha h ¥ OMyCKaeTcsl B TOUYKY, VAAJEHHYIO OT CTOPOH OCHOBaHUSI Ha
paccrosiHust dg,dp, d.. VI3 TeopeMbl 0 Tpex NepHeHIuKyIspax, Teo-
pems! [Tudaropa u dopmyssr JyIst 10NN TPEYTOIBHAKA CJIEIYET,
YTO yJIBOEHHAsT OOKOBasl IIOBEPXHOCTb TETPA’/Ipa PaBHA

S = ayv/h? +d2 + by/h? + d} + c\/h? + @2,

a yJBOEHHAs ILIOMAb OCHOBAHUSI paBHA § = adgy+bdp+cd.. (nocnen-
Hs1sT (pOPMyJIa CIIPABEJIUBA BCET/IA, HO €CJIM BBICOTA HE IIONAaJaeT Ha
OCHOBAHME, TO HEKOTOpble U3 uuces dg,dp, d. orpunarensus ). Ilo-
ndrast a+ b+ ¢ = p, & = a/p,B = b/p,vc/p, nmeem o, B,y > 0,
o+ f + v = 1, u paauyc BIMCAHHOTO B OCHOBaHHE KDyra paBeH
r = s/p = ad, + Bdy + yd.. Torma 3amaua cBOIUTCA K [OKA3ATENb-
CTBY PaBEHCTBA

) S
min - =
ade+Bdp+vde=r P
= min aV/h?+d2+ B/ h? +di+yV/h? +d2 = Vh?+r2
ade+Bdy+yde=r
Jlnst ero Joka3aTenbCcTBA PACCMOTPUM BEKTOpa v, = (h,dy), vp =
(h,dp), vc = (h,d.) u3amernmM, 4to v, + fvp+yv. = (h, ), HOITOMY
13 HEPABEHCTBA TPEYTOJLHUKA UMEEM

ar/h2 + @2 + B1/h? + &2 + VA2 + d2 = alvs| + Blus| + ¥]ve| >
|lawe + Bup + vl = VA2 + 72,

Pemenune ¢ nomonpio npuHuuna Jlarpanxa MoxKHO HaiTy B [65).

579. Terpasap siBsieTcs! IIPABUWIBHBIM TOIIA ¥ TOJBKO TOTMA, KO-
rIa KakOas BbICOTA B HEM OIIYCKAETCS B IIEHTP BIUCAHHOIO B ITPO-
THBOIIOJIOXKHYIO I'DaHb KpyTra.

& 580*. Nokaxure, 9To HepasercTBo S > 37/62V2/3 o6pamaercs B
PaBEHCTBO TOJIBKO JJIs1 IIPABUJIBHOIO TeTpasapa. Jlokaxkure, 4To cpe-
1 BCEX TETPA3APOB JAHHOIO 00'beMa MUHHMAJIBHYIO IIOBEPXHOCTD
MIMEET TOJILKO IPABUJILHBIMH.
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Yxasanue. IlpumennTs 3amauy 571 u HepaBeHcTBO 3agaum 89,
MoxxHO Tak>ke IpUMEHUTDh 3aaa4n 578 u 579.

& 581. Iokaxure, 9To HepaBeHCTBO T < 3~/62-1V1/3 oGpamaercs:
B PaBEHCTBO TOJIbKO JUJIs1 IPaBUJILHOrO TeTpasapa. Joxkaxkwre, 4To
Cpeay BCEX TETPa3pOB OMMCAHHBIX BOKPYT JAHHOTO WMIapa MUHU-
MAJIBHYIO MIOBEPXHOCTh W MHHUMAJIBHBI 00HEM UMEET TOJIBKO Ipa-
BUJILHBIH.

Yxasanue. [Ipumenurs 3amaay 580 u 3amauy 535.

& 582*. Jlokaxxute A5 IPOU3BOIBHOIO TeTpa’ipa HEPaBEHCTRA

V>%h3 S>3\/-

KOTOpBIe 0OpAIIAIOTCS B PABEHCTBA TOJIBKO JJIsI [IPABHIIBHOTO TETPA-
sapa.

Yxasanue. Ilpumenum 3anauay 578 K ogHOlN rpaHK TETPasapa, Ko-
TOpPYIO Ha30BeM OcHOBaHMeM. Torma MOXKHO CYHTATBH, YTO BCE ABY-
IPaHHbIE YIVIBI IIPU 9TON I'PDAHM PABHBI, U O003HAYUTH MX BEJIMYHHY
uyepe3 ¢. [lycte H-BbicOTa, onymienHast Ha ocHoBauue u H,, Hy, H, —
BBICOTHI, ONYIIEHHbIE U3 BEPIIVH OCHOBAHHS HA IIPOTHBOIOJIOXKHEIE
rpaHH, ahg, hy, he — BBICOTBI camMoro »Toro ocHoBaHus. [IpuMeHsisi
TEOPEMY O TPEX HNEPHEHAUKYNAPaX, HMEeM

H
VHZ2 +r2
Tax kak min{hg, hp, he} > h/sin¢, To momanp u nosynepumerp
OCHOBaHMUS! YAOBJIETBOPSIIOT HEpaBeHCTBaM 3a1a4 84, 83

5> h2(H? + r?) > h+/3(H? + r?)
et »\/§H2 ’p.— H b

OTKy/Za AJj1st 00'beMa M IUIOHIa I IOBEPXHOCTH TETPAdIPa UMEEM HEPA-
BEHCTBa

hesing = H,, hysing = Hy, hesin¢ = H,,sin¢ =

R2(H? +72) 3h(H? +1?)
— 2 2> .
s+pvri+ H NeTTE + %
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U3 HepaBeHCTBa 3a7a4u 78 CIEAYeT, UTO

S min{hqg, hp, he} S h  hvr?+ H?
"= 3 = 3sing  3H

a snaunr, 72 > (hH)?/(9H? — h?), orkyzna umeem

3v3V H2+r2> 9H3

>
2T H ZOHE R
V38 hr?  3(H? 4 r?) R2(h+3H) 27H3 +h3
A T Y - ,
o h2mEt T 2t gm e T oo

Tak kak H > h, u npu ¢pukcupoBaHHOM h IpaBble YacTU ITUX Hepa-
BEHCTB BO3pacTaloT ¢ pocToM H (3To MOXKHO npoBeputh Juddepen-
upoBaHueM), To nojarasi H = h, nMeem

3\/?;V>9h V38 s T
ROER R O hEg
OTKY/Ia ¥ CJIEJYIOT HEpaBEeHCTBa 33/1a4u. PaBeHCTBA BO3MOXKHBI JINIIb
npu h = H,r2 = h?/8,sin ¢ = 2v/2/3, T.e. TOJILKO IJIs1 TTPABUIBLHOTO
TeTpas’pa.
Jpyroe penieHne MOXKHO IOJIYYHUTH, UCIIONb3Ys 3adaun 981,545,

& 583*. JlokaxKuTe AJIs TPOU3BOJIHLHOTO TETPAIAPA HEPABEHCTBO
P? > 1238

KOTOpoe o6palaeTcss B PaBeHCTBa TOJIBKO ISl IPABUJILHOTO TETpPa-

sapa.
Vxasanue. Cornacuo teopeme 1 st momaiyd TPEYTrOJIbHHUKA

CIIpaBeIJINBO HEPABEHCTBO

4v/3s < 2(ab + ac + bc) — a? — b — 2.

HpI/IMeHSIﬂ 5TH HEPABEHCTBa K Kax 101 T'paHU TeTpa3Zipa U CKJalbI-
Bas UX IIOYWIEHHO, UMeeM

ab+ac+bc+arby +aje; + by +albi+ ) +b(ar+cr1) +ce(br +ar)—
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—a? - -2 —al -} -2 >2v38.

Ocraercst OBEpUTH TOXKAeCTBO P2 =
= 6(ab+act+bct+ar1by+arci+bicr+a(bi+c1)+b(ar+cr)+e(bi+ar))—

—6(a2+bz+c2+af+b%+c%)+3((a—a1)2+(b—b1)2+(c—c1)2)+
2(a+a1—-b—b)’+(a+a1—c—c))’ +(c+er—b—b)?).

PaBeHCTBO BO3MOXKHO, JINIIL KOT/(a Bce pebpa Terpas/pa pPaBHHI.

584" JokaxkuTe JJI1s1 TIPOU3BOJILHOTO TETPA3pa HEPABEHCTBO
S < V/34/8,

KOTOpoe 00palaercsi B PABEHCTBA TOJIBKO JISI IPaBUJILHOTO TETPa-
3pa.

Yxa3anue. Tlpumennre K Ka)KJo#l IpaHM HEPABEHCTBO 3aJa4H
refper

4v/3
U CJIOXKWTE HX IIOWIEHHO. PaBEeHCTBO BO3MOXKHO, JIMIIb KOIJIa BCE
pebpa TeTpasapa paBHHI.

S<

585, Hokazkure, uro anst moboi#t BHyTpEHHEH TOYKH TeTpPa’pa
CyMMa KOCHHYCOB YIVIOB, IOJ KOTOPBIMH W3 Hee BHUIHEI ero pebpa,
HE MEHbIIEe —2, KOCHHYC OJHOrO M3 9THUX YIJIOB He Gosibmie —1/3, a
JIpyroro He Menbuie —1/3.

Yxasanue. Ilyctb €y,e9,€3,64 — €IVMHWUYHBIE BEKTOPA, HAIPaB-
JIEHHblE M3 JAHHOU TOYKM B BEPIIMHBI TeTpa’ipa. Bo3sons cymmy
STHX BEKTOPOB CKAJIIPHO B KB3JIpaT, UMeeM

0<Ze +2 Y (ene)=4+2 Y cosaiy.

1<igj<4 1<i<j<4

Orciona cienyer, 4TO CyMMa KOCHHYCOB YIJIOB (¢ j HE MeHbIle —2,
a 3HAYUT OJMH M3 HUX He MeHbine —1/3. I3 3anaun 435 BeITEKAET,
9TO OJMH U3 HUX ITHX KOCHHYCOB, He Gosbme —1/3.
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&£586. (Mocxsa, 1982) JokaxuTe, 9TO €C/IM U3 BHyTPEHHEH TOYKH
IPaBUILHOTO TETPasApa BCe €ro CTOPOHBI BHUIHBI II0J[ PABHBIMH yT-
JIaMH, TO 9Ta TOYKa — ero 1eHTp. JJoKaKuTe Takoe e yTBepKIeHue
st Kyba.

2587, JokarkuTe, 4TO HNEHTP HAMMEHBIIErO IIapa, COAep Kallero
JIaHHBIA TeTpasap, JCXKUT BHYTPH ITOTO TETPadLpa.

& 588, JIokaxKuTe HEPABEHCTBO
V6 < 4R < V6D,

KOTOPOE AJIs1 IPABHJILHOIO TETPasApa 00paliaercsi B paBeHCTBO.

Yxasanue. [lpumenuts 3amaum 585, 564, 587. Ilycte pebpo Ter-
pasapa BHIHO M3 HEHTpa obbeMiTioniei cdepsb! paguyca R mox yriiom
o, cosa < —1/3. Tlo Teopeme KOCHHYCOB KBaJApaT JJIMHBI 3TOT0O peb-
pa He menbme 2R? + 2R%/3 = 8R?/3. Ho pymmma storo pebpa e
6osibmie D.

Teopema 60. [las npousdsoavHozo mempasopa cnpasediuss, Hepa-
8EHCMEA

VW _ V8§ _ P _V§_R_ D
=3

r < < < < <D< =,
T 2¥3 T BY27T T 126 T 12 ~ 2v6

Kaotcdoe U3 KOMoPuT NPESPAUWGEMCA 8 PABEHCNBO MOALKO OAA NPa-
BUABHO20 MEMPAITPA.

JlokazaTenbcTBO caedyer U3 yTBepyKAeHul 3amad 588, 584, 583,
581, 580.

2.20 HepaBeHncTBa OJ1a napaJijiejienunesa

Ilycts v — 06beM HPOU3BOJILHOTO NapaJsuleseliuesia, § — CpeHee
apudMeTHdecKoe wionaeit ero rpaneit (II0maLb II0BEPXHOCTH, Je-
JieHHasl Ha 6) f — cpeaHee reoMeTpryecKoe IUTOMIAZEH ero rpasei,
g — cpeaHee reoMeTpUUecKoe JUIUH ero pebep, e — cpenHee apud-
MeTH4YecKoe AynH pebep, H — cpesHee reOMeTpPHYECKOE €r0 BBICOT.
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£2589. Jlokarkure, uTo 0O6bEM NapaJsuIesieNuiela He MEHBIIE IPO-
U3BEJEHHUS] €ro BLICOT. PABEHCTBO CIIPABEIJIMBO TOJIBKO JIsl IIPSIMO-
YTOJIBHOTO NapaslIesIenuneaa.

Vxasanue. Ilyctb h; — BBICOTBI, ONyIIEHHBIE HA rpaHd S; ¢ IJIO-
magamu s;. Tak Kak v = h18), TO JOCTATOYHO JOKA3aThb, YTO 81 >
hohs. OGo3nauum hb, hf BeicOTH napajutenorpamma Sy (ecan hy —
9TO BBICOTA, ONMYyIIEHHAs W3 BEPUIMHBI rpaHd S Ha rpaHb S, TO
BHICOTA TIapaJjuiesiorpamMma Sy, ONylIeHHas] U3 TOH >Ke BepPIIMHBI 060-
suauaercs hy). Torma hi > h;, nosromy comacho 3anade 159 s; >
hohy > hohs.

2590. NokaxuTe, 9T0 06bEM IapPAJUIENEIANELS HE MEHbIIE KBaI-
PATHOrO KODHSI U3 IPOU3BEIEHHs ILUIOMIAAEH BCEX TPEX €ro pasjImi-
HbIX rpaHeif. PaBeHCTBO cripaBefjIMBO TOJIPKO HJIS1 NIPSIMOYTOJIBHOTI'O
napaJiiesIenunea.

Yxasarue. Tak kak 8; = v/h;, TO

v\
Vs heha

Ocraercst npuMeHuTh 3a1a4y 566.

591, JokaskuTe, YTO IPOU3BENiEHUE ILIOMIaNell Tpex pas3jIuyHbIX
rpaHeil IapaJuiesIenuIe/ia He IPEeBOCXOIUT IPOU3BEeHNs NJINH IIe-
ctu ero pebep. PaBeHCTBO cripaBeyIiBO TOJBKO JJIsT IIPSIMOYTOJIbHOT'O
napaJuiesienunesa.

Vxasarnue. Ecnu nyuubl pebep napasienenunesia paBHbI a1, G2, 43,
TO JOCTATOYHO IIEPEMHOXKUTH HEPABEHCTBA

81 < agaz, 82 < aiaz, s3 < ajas.

Teopema 61 (Hsioron-Maxiopen-Cacc). Jas npouseoavrozo na-
PANAEAENUNEDL CIPABEOAUBH, HEPABEHCTBA

H<Y<f<Vs<e V/f<g<e

Pasencmea cnpasediussl moavKo OAf NPAMOY2045H020 NAPAALENE-
nuneda. Pasencmea v = /f, Jv = /3, v = e cnpasedausni
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mMoAvko 0as kyba. Jlas npamoyzoavHo20 napassesenuneds cnpaseo-
AUB0 Takdice Hepasenemso g < /3 < e < D/+/3. B pasencmso oo
obpawaemcs moavko 0aa Kyba.

Joka3aTeabCcTBO.

W3 nepasencts 3ama4 590,591, 210 cienyeT nenodka HepaBEHCTB
Jv<Vf<g<e

OTy LIeNOYKY HEPABEHCTB MOXKHO 0OOOIIUTH Ha Caydail n— Mmep-
HEBIX TapaJLIeaenunenos (M COOTBETCTBEHHO YIJIMHATS), U, KAK TIOKa-
3aHO B [80], mpuMeHHUTD K JOKa3aTeabcTBYy HepaBeHcTBa Cacca Jjst
onpezenureneit n—ro nopsiaxa (cm. [7]).

Hepasencreo f < s ciefnyer u3 HEpPaBEHCTBa O CPejHEM apud-
METHYECKOM U cpeqHeM reomerpudeckoM. Hepasenctso /s < e mo-
JIy9aeTCsl CJIOXKEHNEM HEPABEHCTB

81 < agag, s2 < aias, 83 < aiag

U [IPUMEHEHVEM IIOCJIEHETO HepaBeHCTBa 3amadn 86.

Hepasencrso e < D/+/3 nomyuaercs: npuMeneHneM HepaBeHCTBA
3aja4n 87, ecyin 3aMETHUTh, YTO AMAMETD IIPSIMOYTOJBLHOTO TapaJlIe-
Jenunesia paBeH ero IJaBHOW auaronanu D = \/a% + ag + ag.

Ienouka HepasencTs Jv < /s < e < D/+/3 apnsercss reomer-
pudeckoit uHTepnperanmeit Teopems! 2. Ee Toxke MoxkHO 0606muTH
Ha n— MEpHBIE NapaJliesienuie sl (1 COOTBETCTBEHHO YIJIMHUTD).

Onare Terpasap

&592*. (Mockea, 1985) Jlokarure AJ1s1 TPOU3BOIBHOTO TETPASIPA

HEPaBEHCTBA
3
l__ S l1l2l3 S 17 S miymoms
3 3 3
U HalTH ycJIOBHsI UX OOpaleHust B paBeHCTBA.
Yxasanue. Ilpumenuts 3agauy 566 u Teopemy 61.

£ 593. Hatinure TeTpasap a) HauMeHbIero obbeMa 6) HamMeHbIett
IIOBEPXHOCTH B) HAMMEHBILIETO IepuMeTPa (CyMMbl pebep), KOTOPHIit
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MO>KHO BBIITWINTD U3 JOCKH TOJIIMHBI b, & U3 JOCKM MEHbIIEH TOJ-
IMHb! BBIIWIATE HEJIb3sl.

Yxazanue. Ha mnepBreiit B3mIsy Kaykercs, yro mupuHa b Terpa-
3apa paBHa h — ero MuHUMAaJIbHOU BBIcOTe. HO Ha camoMm gente oHa
paBHa min{l, h} — MuHUMYMy u3 BbICOT U GHBBICOT TeTpasapa. s
npaBwibHOro terpasapa min{l,h} = l. Janee npuMennTe 3a1a4n
592 n 583. DKcTpeMasnbHbIE TETPa3APhl OyAyT MPaBUILHBIMH.

To, uTo MBI HA3bIBAEM MIMPUHON TETPA3Apa, SIBJISIETCS YaCTHBIM
ciny4yaeMm Gosee 0oBImero HOHSATHSI — KOJIMOTODPOBCKOTO IONEPEeYHM-
Ka, KOTOpOe MOKHO ONPEIEJINTD JJIsl KOMIIAKTHBIX MHOXKECTB JaXKe
B OECKOHEYHO-MEPHBIX NPOCTpaHcTBax. HynbMepHBI# KOJIMOropos-
CKH} IIONEepeYHNK TeTpasapa paBeH R — paauycy MHHAMAJIBHOTO
mapa, COAEPKAIIEro 3TOT TEeTPa’ap. YJBOEHHBIA IBYMEPHBIA KOJI-
MOTOPOBCKMI TIOIIEDEYHHK COBMNAJAET C HIMPUHON b HAHHOTO TETpa-
sapa. BelunciieHne OQHOMEPHOTO IOIEPEYHUKA JaXKe JJIsl IIPaBHIb-
HOTO TeTpa’pa — OYeHb TpyAHas 3aja4a. OHa PABHOCHIILHA BHIIHU-
JINBAHMIO JIAHHOTO TETPA’/ipa U3 IPSIMOr0 KPYTrOBOro IMJINHIPS HAH-
MEHBIIEro paguyca. Bce KOJIMOrOpOBCKYE NONEPEYHUKY MPABHIILHO-
ro n—mMepHoro Terpasapa Oplm Berauciens: C.B.ITyxosbv [58].

SIcHO, 9TO BCe yKa3aHHBIE BBIIIE 9KCTPEMAJIbHBIE CBOMCTBA IIpa-
BHJIBHOT'O TETPA3Apa MOXKHO c(POPMYJIHPOBATh B TEPMHUHAX €0 KOJI-
MOTOPOBCKUX I[IOIIEPEYHUKOB.

CupaBemyinBa Takke CIEAYIONMAsl TEOPEMAa, KOTOPYIO MBI OCTaB-
JasieM 6e3 IoKa3aTe/ILCTBA.

Teopema 62 (Jlarpanxx—Ceppe). Cpedu ecex mempasdpos ¢ dan-
HOMU NA0ULAOAMY 2Daneti HauboA WU 06BEM UMEETN OPMOUEHMPU-
weckull mempasdp (y xomopoeo 6ce 6vicomvL nepecexarmces 6 0ol
mowke).

HokazarenncTBo MOxKHO HaiiTu B [44], 3ama4a 26, cTp. 32-35.

YurtaTesnio, MBITAIOMEMYCSI CAMOCTOATEIBHO [10KA3aTh 3Ty TEO-
peMy, MOJIE3HO MCIIOIH30BaTh CIAEAYIOIIYIO 3aJatdy, a TAKXKe 3aJa4d
572, 580.

& 594. 13 yeTbipex BEKTOPOB, IIOCTPOEHHBIX [0 AAHHOMY TETPasli-
py ABCD B 3agade 572 MOXHO COCTaBUTb 6 MPOCTPAHCTBEHHBIX
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YeTHIPEXYTOJLHUKOB, BBHIIYKJIbIE OOJIOYKHM KOTOPBIX SIBJISIIOTCSI TET-
pasapamu. JokazaTb, YTO MX O0BLEMBI PABHBI M OJHO3HAYHO OIIpE-
JIEJIAIOTCS 110 00'beMY JAHHOTO TeTpasapa. Eciau npoTHBONOIOXKHDIE
JIByTPAHHBIE YIJIBI JIIOOOT0 U3 [IOCTPOEHHBIX TETPAIAPOB IIPSIMBIE, TO
terpasgap ABCD opronentpuyeckuil. [TponsBonbHeIi TeTpasap op-
TOLEHTPUYECKUH TOT/Ia U TOJBKO TOT/IA, KOTJA €r0 CKPEIIMBAIOIINE-
cs1 pebpa NMepreHAnKyIsIpHBL. TeTpasap OpTOLEHTPHYECKH Torha U
TOJIBKO TOI/Ia, KOTJA €r0 BHICOTHI OILYCKAIOTCS B OPTOLEHTPHI IpaHel
(TOUKM mEpecedeHnsT X BEICOT).

2.21 HexkoTopble TEOPEMBI O BBITYKJIBIX
MHOTrOrpaHHHKAaX W TejaX

31ech IpuUBEIEHbI, B OCHOBHOM 0e3 pellleHuil M yKa3aHuil, HEeKOTO-
pbie cTepeoMerpuydecKre 0OOOIIEHN U AHAJIOTY INIAHMMETPHIECKIX
TEOPEM U 3a4a4 UX IPEAbIAYIINX Pa3iesioB.

OCHOBHbIe OIpEeacJICHU TIOHATHUH BBIITYKJIOTO TeJla, BBIILYKJIOrO
MHOT'OI'PAHHUKA, OIIOPHO IIJIOCKOCTH, JUaMeTpa, IIMUPUHBI i T.I1. BBO-
JSITCS TI0 QHAJIOTMM C COOTBETCTBYIOLIUMHU <IIJIOCKUMU» IIOHSITHSIMH.

Cnenyromast TeopeMa MHOT/IA TIO3BOJISIET U3 YTBEPIKACHU, JOKa-
3aHHDbIX [JII MHOI'OTPaHHUKOB, BbIBOAHTH YTBEDXKICHUA AJIA IIPOU3-
BOJIBHBIX OI'DAHHUYCHHBIX BBIIIYKJIBIX TEJI.

Teopema 63 (Munkosckoro o npubmuskennun). IIpoussoavtoe oepa-
HUMEHHOE BLINYKAOE TEAO MONCHO SUKAOUUMD MENHCOY CKOMb Y200HO
MECHO PACTNOAOHCEHHBIMU NOJOOTHBIMY BBNYKABLMU MHO202PAHHUKA-
mu (m.e. das a06020 suinykaozo meaa K u mobozo €, 0 < € < 1,
MOHCHO Halmu codeparcaujuti K sunykawt mrozozpannux V, ma-
x0%, 4mo nodobrwiti emy ¢ koadguyuenmom 1—e 6ydem codeparcamno-
ca e K.

C noMoIpo 9TO# TEOPEMBI MMOHSITHE 00'bEMA IPOU3BOJIBLHOTO Orpa-
HUYEHHOT'O BBIIYKJIOIO TENa MOXKHO OIPEAEJHTbh KaK IPEIei Io-
CJIEIOBATEILHOCTY 00bEMOB IPHOJIMKAIOIINK €0 MHOTOIDAHHUKOB.
Takoe npexcrapierne 06 o6beMe TPOU3BOJIBLHOTO BBIIYKJIOTO TEJIA
JOCTATOYHO [JIsI HOHUMAHHUsSI BCEX CJIEAYIOUIUX TEOPEM, HO BCE Ke
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IpeAyIpeuM He 3HAIOWEro 00 9TO YUTATEJISI, YTO CTPOroe MOCTPoe-
HHe Teopun 00bEMOB (U [IOBEPXHOCTEH) COBCEM HE IPOCTO (HEIPOCTO
Jla’Ke CTPOTO ONPEAEIUTh MOHATHE 06'beMa BBIIYKJIOr0 MHOTOIPaH-
HUKA) ¥ OTOCJIATh WHTEPECYIONIErocsi 3STUMM BOITPOCAME YHTATEJI,
Harpumep, K Kuure [70] .

Teopema 64 (KOur). /Jas npouseoavrozo (ne 0ba3amenvHo ebinyx-
21020) muozozparnuxa M (u 6oobuse das 4106020 3amKHYMOR0 O2pa-
HuNENnHO020 npocmpancmeentozo meaa) R(M) < /3/8d(M). Hepa-
6EHCTB0 0OPAULAETNCA 8 PABEHCMBO AUWDL K020a 68 meao M moocHo
8NUCATY NPABUALHBLL MEMPasdp Moz0 e Juamempa, 8NUCGHHYIL
80 obsemarouyro chepy meaa M.

Jloka3aTesbcTBO. YMeHbInasi pajguyc obbemitiomneit cdepbl, MOX-
HO JOOUTBHCSA ee KacaHUst MHOXKeCTBa M B 4yerhipex Toukax. Ecim sta
cdepa MuHUMaIbHAS MJIsT MHOXKecTBa M, TO oHa Oyner MUHHMAJIb-
HOM W 1151 BIMCAHHOTO B HEe TeTpas/pa, ¥ II03TOMYy ee HeHTp Oyxer
sexaTh BHyTpH ero. Ocraercss npuMeHUTh 3a7a1y 588.

n
B n—wmepHoM mpocrpancree mHOXKHUTEb FOHra paBen ,/m.

Teopema 65 (Bnsimke—Ilteltaxaren). Jas 6unyxi020 mmo202pan-
nuxa M (u 6006we 0as 4106020 3GMENYIMO20 6BNYKAO20 NPOCTNPAH-
cmeennozo meaa) b(M) < 2v/3r(M). Hepasencmeo obpausaemcs 6
PABEHCTNEO AUUWD OAA NPABUALHOZ0 MEMPAIODA.

JokazaTenbecTBo. YBesinumBasi paguyc cdepsl, Jiexkalnei BHYT-
pu MHOXKecTBa M, MOXKHO HoOuThCsT 10O ee KacaHusi JByX HapaJ-
JIEJIbHBIX ONOPHBIX ILTOCKOCTEH 3TOr0 MHOXECTBa, MO0 ee KacaHus
YeThIPEX ONOPHBIX IJIOCKOCTEH ITOr0 MHOXKECTBA, 00Pa3yIOIIUX CO-
JAep>Kalliuil ero Terpasip, OIMCAHHBIN BOKPYT 310it ceprl. B mepBoMm
CJTydae pacCTOsIHAE MEXKY STHMH IIJIOCKOCTSIMU paBHO 21 (M), OTKy-
na

b(M) < 2r(M) < 2v3r(M).
Bo BTOpoM ciyuae 3ameTum, 4TO mHpuHa MHOXKecTtBa M He 6oJib-
e NIMPUHBI 00BEMITIONIErO TeTpasapa, a IoceHsis He 6oJIbie ero
MUHUMAaNbHON 6uBbicoTH! . [IpumMensis 3ana4dy 577, umeem

b(M) <1< 2V/3r(M).
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B 1921 memenxuit maremaruk lllTeitHxaren mepenec Teopemy
Buisimike B n—wMepHoe npocTpaHcTBo. MHOKHTENL Bostiike okazascst
pasen (2n + 2)/v/n + 2 npu 4eTHOM N U 2+/N IPU 7. HEUETHOM.

Teopema 66 (Busamke). B ewnyxioe meao edunuunozo 00sema
MOJICHO 8nuUCamb mempasdp obsema

2
3\/§7r'

B wap edunuunozo obsema mempasdp 60avwe20 06sema 8NUCIMY
HEADB3A.

OTa TeopeMa Takyke uMmeeT 0000IeHIe Ha N—MepHOe IIPOCTpaH-
CTBO.
Crnenyromas TeopeMa JOKa3aHa MOJLCKUME MaTeMaTHKaMU.

Teopema 67 (Beneuku—Pa3uimesckn). B sunykioe measo eduruy-
H020 06BEMA MOAHCHO TIOMECTNUMD Napassesenuned obsema 2/9.

st aHAJIOTHYHON 3a1a4K B N—MEPHOM [IpOCTpaHCTBe XaJ BUrep
MOJIYYHIT OIIEHKY 1",

Teopema 68 (Ayspabax). LlenmpaivHo-cuMMEMPUNHOE BBINYKAOE
MENO MONHCHO 3AKANOUUMD MENHCOY NAPAALEAENUNEIOM U 0KNAIIPOM,
06pa306aHHBIM UeHMPamU €20 2paneti. B yenmpasvHo-cummempu-
HOE BBINYKACE TEAD EOUHUYHO20 00BEME MOHCHO BNUCATND UEH-
DAABHO-CUMMEMPUYHDLIY 0kmaadp obsema ne menvue 1/6. Boxpye
UEHMPAADLHO-CUMMEMPUNHOZ0 BDINYKAO20 MEAL €OURUNHO20 00B3EMA
MOCHO ONUCATND NAPAALEAENUNED 00Bema He boavwe 6.

Vxasanue. Cpemny Bcex OKTA3ApOB, BIUCAHHBIX B JAHHOE TEJIO
TAK, YTO UX UEHTPHI CAMMETPHUH COBIIAJAIOT, BRIOEPEM OKTa3Ap HAH-
bospmero obbema. PaccMoTpum napasuienenunesy, y KOTOpPOro IeH-
TPbI 'paHell COBNAAAIOT ¢ BEPUIMHAMY OKTa3/Apa. DTOT mapaJuiese-
IIUIE], CONEPKUT JAHHOE TeJO, TaK KaK MHade ob6beM BBIOpaHHOTO
OKTa3pa MOXKHO 6bL10 661 yBeuuuTh. OTHOMEHRE 06HEMOB TTapaJl-
JIeJIeUne a ¥ OKTa’dipa PaBHO 6.

Teopema 69 (Xausurep). Bunyxaoe meso eduruunozo o6sema
MOHCHO NOMECTNUMD 8 NPAMOY20ALHHLT napassesenuned obsema 6.
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Yxasanue. CripoeKTHpPYeM TeJo Ha IUIOCKOCTD U MOy YEeHHYIO BbI-
MyKJayio hUrypy HakpoeM IIpsIMOYTOJIbHEKOM BABOe GOJbIed I1o-
manu (cM. 3ana4ay 462). PaccMoTpuM mpsiMOYTOJIBHBIN TapaJuiesie-
nunes, NPOEKTHPYIOIMHKCST B 9TOT NPSIMOYTOJIbHHK, U COOEprKamuit
JaHHOe Teyo. MOXKHO CYNTaTh, YTO €ro rpaHu, lnapaJjulesibHble JaH-
HOMY IIPSIMOYTOJILHUKY, COOEPXKaT MO OJHOI TOuKe JAHHOTO TeJia.
PaccMOTpuM BBRIYKITYI0 000JI0YKY MHOXKECTBA, COCTOSILIETO M3 ITHX
JABYX TO4YeK M paccMaTtpuBaemoil ¢urypwsl. OHa siBsiercs obbenu-
HEHUEM JIByX OOOOIIEHHBIX KOHYCOB, OCHOBAHHUEM KOTODBIX CJIYKHUT
3Ta Qurypa, a BepuimHaMu — JaHHble TOUKH., OO0beMbl KOHYCOB PaB-
Hel Sh;/3, rme S — momans ¢uryper, a h; — BBHICOTH KOHYCOB.
OcHoBanue mapa/utesIENuNesa — 3TO NMPSIMOYTOJIBHUAK ILIOMAAH 2.5,
a BbICOTa paBHa h; + hg, nosTomy ero obbem paser 2S(hy + ho) u B
nrecTh pa3 Gosbule o6’beMa paccMaTpHUBaeMOl BBIMYKJIOH 060JI0UKH,
a 3HauuT He Oosiee 4eM B IecTh pa3 Gosibliie 06beMa BCEro JAHHOTO
TeJ1a, KOTOPOE €€ OYEBUIHO COJAEPIKUT.

B n—wmepHOM mpocrpancTse BMecTo 6 HaIO B3ATH Nl

Teopema TO (Pomxepc-Llennapn). IIpu cummempusdouuu ewnyx-
N020 MHO202DAHHUKG €20 00BeM YBeAUNUBAEMCA He boaee wem 8 08a
¢ N0A08UHOT PA3a, NPUNEM POBHO 6 084 C NOA0BUHOT PA3a MOdICEM
YBEAUNUMCA MOABKO 06Bem mempasdpa.

B n—wmepHoM npocrpaHcTBe Ko3adbdpunueHT m3MeHeHus: o6beMa
n 2n
pasen 2%/ (7).

Teopema 71 (I'pronbaym). Bunykx.aoe meao modicHO 3aKAOUUND
Mmetcoy deyma nodobrumu ¢ Koadduyuenmonm 3 mempasdpamu. Jas
YEHMPAALHO-CUMMEMPUYHBIT TeEA 3Mom KoxpPuyuenm 3 ymeHs-
WUMD HEADIA.

Yxa3anue. Briumem B Tesio Terpasap Haubosbiiero obbeMa u
yepe3 KaxKIyl0 €ro BEPIIMHY NPOBEAEM IIJIOCKOCTb, IapaJsijiesIbHyIO
IIPOTUBOIOJIOXKHOM I'DaHU. DTH IJIOCKOCTH OTPaHNYMABAIOT TETPAdAD,
no/00HbI! (HO HE TOMOTETUYHBIA) AaHHOMY ¢ Koaddunmentom 3.
Menbnmmit Terpasap npu 3ToM obpaldyercst neHTpaMu rpaHelt 60b-
mero Terpasapa. Bosbmuit TeTpasap comepKUT B cebe JaHHOE TEJIOo
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(B IPOTMBHOM CJIyuae BHYTDH TeJa COIEpXKaJcs Obl TeTPasap, OX-
Ha M3 rpaHeif KOTOPOro COBIALAET C IPAHBIO MAJIOTO TETPAaslpa, HO
GoJpuIero o6beMa, YTO HEBO3MOXKHO). ECiy Tes1o HeHTpaIbHO- CHM-
METPHUYHO, TO OHO UMEET [IBa CHMMETPHUYHBIX ADPYT JAPYTY OTHOCH-
TEJIbHO €ro IEHTPa MaKCHMAJbHBIX BIMCAHHBIX Terpa’npa. Ho oba
STH TETPa’3ipa HeJb3sI HAKPHITH TOJ0OHBIM UM TETPA3POM C KO3h-
dunuenToM nonobust MeHsIIe 3.

Teopema 72 (Illrtetinep-1IBapi). Cpedu ecex mea ¢ dannvim 063-
emom HauboAvwWY0 noseprHocmd umeem wap. Cpedu ecex mes ¢
Oannwill 063EMOM HOUMERDUWYN NOBEPTHOCTIL UMEET WAP.

DT1a TeopeMa TaKKe IIEPEHOCHTCS HA N—MEPHOE IIPOCTPAHCTEO.
Onnako onpenesnenne moHATH 00beMa U IIOMAAN IIOBEPXHOCTH He
3JIEMEHTapHO JIa’Ke B TPDEXMEPHOM CiIydae.

Teopema 73 (Bubepbax). Cpedu ecex mea ¢ darnrvim Ouamempom
HaUbOAWUL 065eM U HAUBOALWYIO NosepTHOCMY umeem wap. Cpe-
du scex mea ¢ dannbiti 06BeMOM UAL 0GHHOT MOBEDPTHOCTNDIO HOU-
MeH WU JuaMemp uMeem wap.

OTta Teopema 6e3 H3IMEHEHHUI IIEPEHOCUTCSI Ha N—MEpHOe IIpo-
CTPaHCTBO.
Vxasanue. Ilpumenuts cummerpuzalnio MUHKOBCKOTO.

Teopema 74 (Bpynn—Munkosckuit). Ecau mesa A u B sunykase 4
umerm o06semvl v, VB, 0 MHodcecmeo aA+ (1 —a)B umeem obsem
v, mo v > a s+ (1—0a)Yvp. Pasencmso 603mMooicHO auwb £0206
uzypvL 2omomemunHbL.

OTa TEOpeEMa IIEPEHOCHTCS HA NM—MEPHOe IMPOCTPAHCTBO C 3aMe-
HOIt 3 Ha n.

@opmyna HItettnepa 060bmaercss Ha TPOCTPAHCTBEHHBIN CIIyHai
cnenyoumMm obpazom. O6beM €—OKPECTHOCTH BBIILYKJIOTO MHOTIO-

PaHHHUKA PaBeH
47

3
rae V — ero obbeMm, S — miomaap nosepxsoctu, M = %—Z al, tae
cymMma bepercs 1o Bcem ero pebpam, [ — nimnHa pebpa, o — yros npu

V + Se+ Me? + —é3,
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TOM pebpe, JOMOHSIIONNH JO 7 ABYTPAHHBIH YIOJl MHOTOTDAHHUKE
1pu 3ToM pebpe.

JlJ1s1 IpOM3BOJIBHBIX BBIMYKJIBIX TeJs BeludnHa M onpenesnsieTcst
6oJtee CJI0XKHO, ¥ MBI 3ech He OyaeM ee OnpenesnsiTh.

Teopema 75 (Mnukosckuit). Jaa npouseosvHozo evnyKi020 MHO-
202PAHHUKG CNPABEOAUBHL HEPABEHCTNEA

S2>3VM, M? > 4rS.

£595. BrBeuTe n3 3T0M TEOPEMBI TeOopeMy 72.
IIepBoe HepaBEHCTBO TEOPEMBI 75 YTOUHSIETCSI B CJAEAYIOMIEH Teo-
peme, gokasanuoit B 1943 r. HeMeukum mareMatukom 1. Bonem.

Teopema 76 (I'. Bonb). Jas npouseoavhozo 6vnyxaozo mHo202pat-
HUKG CNPABECAUBH, HEPABEHCTEA

§? >3V ltga/2.

HekoTopsim aHasiorom Teopems! JIiousbe 1iisi 1pocTpaHCTBa NPo-
M3BOJIBHOI DPa3MEpPHOCTH BJISIETCS CJIEyIONIasl TeopeMa, JOKa3aH-
Has noamaHHeIM Poccmiickolt uMIiepun m3BeCTHBIM (PHHCKHM MaTe-
MaTtukoM JImaaenedom.

Teopema 77 (/Tunnened). Cpedu ecex uINYKABE MHO20ZDAHHUKOS
0anH020 06BeMa U ¢ JAHHBIMU HANPABAEHUAMY 2POHET HAUMEHBULYIO
NOBEPTHOCTIG UMEEM MHO202DAHHUK, ONUCGHHHT 60KDPY2 wapa.

Cy1iecTBOBaHKE M €AMHCTBEHHOCTb MHOTOIPAHHHUKA C AAHHBIMH
IJIOMIQISIMA ¥ JTAHHBIMU HAMpPABJICHUSIMU TPaHed yTBep>KIaeT Teo-
pema Munkosckoro. A.Jl.AjlekcasapoB maji 3JeMEHTaApHOE JO0Ka3a-
TeJLCTBO Oo0Jiee CHJIBHOTO YTBEDIKIEHUSI, HO OHO CJIMIIKOM CJIOXKHO,
YTO TIOMECTUTH €r0 3I€ECh.

Chrenyioniye TeopeMbl SBJSIIOTCST 0OODIIEHUSIM aHAJIOTHYHBIX He-
PaBEHCTB, HOKA3aHHBIX B MPEALIAYNINX Pa3/esiax JJIsi TeTPasapa H
napaJliesIenuIe1a.
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Teopema 78 (Dettem-Tor). Obzem GLNYKA020 MHO202PAHHUKG C €
sepwunamu, [ epanamu u k pebpamu, codepocawsezo wap paduyca
T, HE MEHDULE

k. «nf nf ome 3
§sm-—];—(tg—2—gtg -2—k' )T’.

Y mmozozpannux ¢ n epanamu obsem He menvuse
(n — 2)(3tg?wy — 1) sin 2wy,
20e wp = § =5, YV MHO202DAHHUK C T 6EPUUHAMY 00BEM HE MEHDULE

V3
Bce pasencmaea doCTNU2QI0MCA MONDKO O NPasuUALHHLL MHO202DOH-
HUKOSG.

31ech yMECTHO OGbACHUTD (TE€M KTO HE 3HAET), YTO IPABIJILHBIM
MHOT'OTPAaHHHKOM HAa3bIBAETCS! BBIMYKJIBIH MHOI'OTPAHHUK, Y KOTOPO-
ro Bce U'PaHU pPaBHBbIE IIPABWJIbHbIE MHOTOYTOJIbHUKA U BCE MHOIO-
IPaHHbIE YIVIbl PABHBIE U IPABUILHBIE (T.€. HMEIOT PABHBIE JIBYTDAH-
HblE YIVIBI MEXIY COCeIHUMH rpaHsMH). Kpome npaBuibHOrO Ter-
pasgpa ¥ Kyba, ecTh elne IPAaBIJIBHBIA OKTasap (BOCEMUTDAHHUK )
— OBOUCTBEHHBIN KyOy INpaBW/ILHBIY MHOTOI'DaHHUK, KOTOPBIH 00-
pa30oBaH LiEHTpaMu rpaneit Kyba, u mMmeeT nosToMy 6 BepmuH U 8
TPEyTOJIbHBIX TpaHeli (B CBOIO 0OYepeab IEHTPHI IpaHell okTasapa 06~
pasyior Ky0) , a Tak»Ke [OHEKasap (BeHaJNATUIPAHHUK), KOTOPbIH
uMeer 12 naTuyrosbHbIXx rpaHedt m 20 BepliuH, M B3aMMHO J(BOM-
CTBEHHBIH eMy (B TOM K€ CMBICJIE, YTO ¥ KyD C OKTa3IpOM) HKOCA3AD
¢ 20— TpeyrosbHpIMU I'paHsMu U 12 BepmrHamu. Jloka3aTesbcTBO
CYILIECTBOBAHMUSI BCEX ITMX MHOTOTDAHHUKOB M OTCYTCTBHUSI APYTHUX
uMmeercss B nocuenHelt xkuure EBkimaa (Kak yTBepXKIaioT HHOT/A,
EBkynz nucas MoHOrpaduio O IIPABWIBHLIX MHOTOTPAHHUKAX, & JJIsI
TOrO, 4TOOBI SIBHO HX IIOCTPOUTH K IIPOBEPUTHL BCE UX 3aMedaTeslb-
HBIE CBOMCTBA, eMy IPHILIOCH HAIACATh M NPEANIECTBYIONIVE TOH
ONWHHAALATH KHUT, COCTABUBIIMX 3HamenuThle «Hauanas).
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BEIITyKJIOCTD B OIpEe/IeHNH IPABIILHOTO MHOTOTDAHHIKA BaXK-
Ha, noToMy uto B 19 Beke dpanirysckuit matematuk Ilyanco na-
1es1 4 HEBBIMYKJIBIX (TaK HA3BIBAEMbIX 3BE3L44YaThIX) MHOTOTPAHHHUKA,
KOTODBIE YIOBJIETBOPSIIOT BCEM OCTAJIbHBIM YCJIOBHSIM OIPENE/IEHMHS
IIPABUJIbHBIX MHOTOTDAHHUKOB, M KOTODBIE CTAJIA HA3BIBATH HEBBLI-
IyKJIBIME IIPABMJIBHBIMH MHOrorpaHuukamu (wim tejamu Ilyamnco,
& BBIIIYKJIbIe NTPABHJIbHbIE MHOTOTDAHHHKH €I ¢ JAPEBHOCTH HA3bl-
BaloT TesaMu I1naToHa), mocse TOro, KaK BBISICHAJIOCH, YTO APYTHX
IIPaBIJIbHBIX 3BE3/IYATHIX MHOTOTPAHHHUKOB HeT. BripoueM, HEBBIIYK-
JILIMHA TEJIAMH MBI 3/IeChb HE UHTEPECYEMCs, U CHEIAB 3TO OTCTYILIE-
HHE, OISITh BO3BPAIAEMCSI K 3KCTPEMAJBHLIM CBOMCTBAM BBIMYKJIBIX
MHOTOTPAHHHKOB.

Teopema 79 (Deitemr-Tor, Pnopuan). Obsem 6uNYKA020 MHOZ0-
2paHHUKa ¢ e sepuuramy, f epanamu u k pebpamu, codeprcause2ocs
6 wape paduyca R, ne 6oavwe

27Tf _ 2f 2T€\ 13
3"0S ok ‘8o (1 °t8” o) °t8 2k)R

Y mmozozpantur ¢ n sepwunamu obsem He boave

n— 2

(3 — ctg? wy) ctgwn.

s npouseosbHO20 8BINYKAOZ0 MHO202DAHHUKA CNPABEAUBO HEDA-
8EHCME0

P rigTigl,

r b q
2de p = 2k/f — cpednee wucao cmopon 00nol epanu, g = 2k/e —
cpedree WUCAO HUCAO pebep, BuTO0AUUL U3 00HOU eepuiunbl. An
TPOU3BOABHOZO BHINYKAOZ0 MHOLOZDAHHUKG C T 6EPUIUHAMU UAU C T
2PAHAMU CNPABECAUBO HEPABEHCTNEO

? > \/§tgwn.

Bce pasencmea docmuzaomca moavko OAR NPABUALHBIL MHOZ0ZDAH-
HUKOG.



2.21. Hexomopole meopemvl 0 8HNYKADT MHO202DAHNUKAT U MeAaT 247

Teopema 80 (Deiterr-Tor). Jas npoussosvhozo eunykiozo n— pan-
HUKG CNPABECAUBO HEPABEHCTNEO

S8 .
73 > 54(n — 2)(4sin? w, — 1) tgwn,

NPUNEM PABEHCTNBO JoCTU2GEMCA 0Af KYba U NPpasusvbHo20 dodeka-
adpa.

W3 Bcex mpaBWIBHBIX MHOTOIPaHHUKOB 000611aroTcst Ha n—Mep-
HBIE IIPOCTPAHCTBA (IIpU 1 > 4) TONBKO TeTPasAp (TaM ero Ha3blBaIOT

MPABUJIBHBIM 7.—MEPHBIM CHMILIEKCOM ), Ky6 u okTasap. s mpons-
BOJIBHOTO T2—MEPHOTO CUMILJIEKCA CIIPABEJJINBO HEPABEHCTBO

sn n3n/2(n+ 1)(n+1)/2
yn-l = n! ’

rae V — ero obbeM, a S — wiomniaap nosepxuoctu. st n—mepHOro
napaJsuIeIeNuIea CPaBeInBO HEPABEHCTBO
S’n
Vn——l

> (2n)".
Hoka3arenscrBa MOXHO Haiiru B [70].

HexkoTopsle 3agauu IllTeiinepa
O IOBEPXHOCTSAX U 00beMax

£596. U3 Bcex IPU3M C OOUHAKOBOM BBICOTON M OGIINM OCHOBAHH-
eM HauMeHbIIyIo (Kak G0KOBYIO, TaK U IOJHYIO) IOBEPXHOCTb UMEET
IpsiMast IpU3Ma.

597 U3 Beex IIpU3M ¢ OBIIM OCHOBaHHEM U OIMHAKOBOM IIOBEpX-
HOCTBIO HauOOJIBIIYIO BBICOTY M 00beM MMeeT IpsIMAasl IIPU3Ma.

€598, I3 1ByX NPsSMBIX IPABWIBHBIX IIPU3M, IIPH3MA MMEIOIIAs]
Hosbure GOKOBBIX rpaHeii, nMeerT:

a) MEHbIIYIO IOBEPXHOCTDb 1P PABEHCTBE BHICOT I PABHOBEIMKO-
CTH OCHOBaHHUH 0benx Ipu3wM;
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6) Gonbiiee ocHOoBaHne ¥ Gonbuminit 06beM B CiIydae paBHOBEH-
KocTy GOKOBBIX IOBEPXHOCTE! M paBEHCTBE BBICOT,

B) Gosbiyio BbICOTY U GosbIunit 06beM, eciin OCHOBaHHs H GOKO-
BbI€ MIOBEPXHOCTH COOTBETCTBEHHO PaBHOBEJIMKH;

I) MeHblllee OCHOBaHHe M GOJIBIIYIO BBICOTY, eci GOKOBbIE IO-
BEPXHOCTH ¥ 0O'bEMBI COOTBETCTBEHHO DABHOBEJHNKH;

£599. Ky6 numeer HanbobImuii 06beM CPEH BCEX IapaJlIelIelHIIe-
JI0B C JIJAaHHOM IMOBEPXHOCTHIO.
Yxasanue. CM. Teopemy 61.

£600. Ky6 uMeeT HauMEHBIIYIO TIOBEPXHOCTb CPEIH BCEX IIAPAJLIe-
JIENNNEZOB C JaHHBIM 06 beMOM.
Yxasanue. CMm. Teopemy 61.

£601. Cpenu BceX n—TIPaHHBIX HPU3M C JAHHOM BEIMUMHON GOKO-
BOM IIOBEpXHOCTH HambosbmKi oObeM HMMeEeT NIpaBIIbHAS IIPSIMast
IIPH3Ma, OCHOBAHHE KOTOPOH COCTaBIISIET IIECTYIO YacThb IOJHOM 1o-
BEPXHOCTH. JTa NpU3Ma ONHCAaHA BOKPYT IIapa, KOTOPHIN KacaeTcs
ee BOKOBBIX rpaHeil B UX I[EHTpaX.



[naBrpiM B 06CTaHOBKE TOCTHHON, B KOTOPOM MBI CHIEIH,

TEM, 4YTO TAK CHJIBHO OTJIMYAJIO €e OT 'OCTHHON B HallleM JoMe,

6GBLIO HEBEPOSITHOE KONMMYIeCTBO KHUT. KHurn 66111 mosciony.

He To1bKO BCE CTEHBI KOMHATHI, KOPHAOPa M MAJIEHbKON TIPHXOXKelt
6bUIH YBEIIAHB! TIOJIKAMH OT II0J1a A0 MOTOJIKA,

HO K Ha IOJIY JIEXKAJIM KHHATH BBICOKMMH CTONKAMI.

Anocronoc Hokenanue, «Jdans Ilerpoc u npobiema Foapabaxas, 1992.
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